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Abstract
In this paper, we have introduced the S-type distributed delays into

the Cohen-Grossberg neural networks since this type of delays may arise
in practice and is more general than usual type of distributed delays.
In order to use the topological degree method in providing the exis-
tence of the equilibrium except for zero equilibrium, some new analysis
techniques are demonstrated. Moreover by means of simple but efficient
Lyapunov functions we have also presented some sufficient conditions to
ensure the exponential stability or asymptotically stable of those equi-
libria. Our results , which are easily checked and are more general than
those in the existing articles, have avoided the deficiency as that in the
existing Refs.

Mathematics Subject Classification: 39B72, 34D23,37L15, 34K20,
34K60

Keywords: Stability, Lebesgue integral, Neural networks, Signal Function
1To whom correspondence should be addressed and 4800 Calhoun Rd. should be added

to the mail cover. email: lyuchina@yahoo.com.cn



948 Jun Yang, Puchen Liu and Haidong Liu

1 Introduction

Because the potential applications in associative memory, parallel computation
and optimization problems, Cohen-Grossberg neural networks have attracted
many authors to consider their dynamical behaviors[1,2,4,12-13]. And among
all dynamical qualities, the asymptotic stability may be ideal in engineering ap-
plications. However, time delays occurring in the neuron interaction may lead
to unstable phenomena, such as oscillation, bifurcation and chaos, so many
scholars have studied the asymptotic qualities of delayed neural dynamics[3,5-
8,10]. But in practice, S-type distributed delays may also arise in neural elec-
tronic systems and this type of delays includes constant delays and distributed
delays as special cases and therefore has significance in neurodynamic the-
ory. As far as we know, few authors have investigated the following general
Cohen-Grossberg neural networks with S-type distributed delays

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dxi

dt
= αi[−hi(xi) +

n∑
j=1

bijfj(xj) +
n∑

j=1

cijgj(

0∫

−∞
dηij(θ)xj(t+ θ)) − Ji]

xi(s) = φi(s), −∞ ≤ s ≤ 0, i = 1, 2, · · · , n,
(1)

where xi(or xi(t))denotes the state variable associated with the ith neuron at
time t; αi = αi(xi) represents an amplification function; hi represents an appro-
priately behaved function; n ≥ 2 means the number of neurons in the network
system. fj and gj are activation functions which show how the neurons react to
the input; bij , cij are the weights of the neuron interconnections; Ji is nonneg-
ative constant external input. φ(s) = col(φ1(s), φ2(s), · · · , φn(s)), φi(s) ∈ C0 (
space of continuous bounded functions mapping (−∞, 0] toR ),

∫ 0
−∞ dηij(θ)xj(t+

θ) is the Lebesgue-Stieltjes integral, and nondecreasing bounded variation func-
tion ηij satisfies

∫ 0
−∞ dηij = kij, i, j = 1, 2, . . . , n. From the viewpoint of appli-

cations, the dynamical study for neural system Cohen-Grossberg neural models
is quite important and can not be replaced by the investigation of the tradi-
tional neural networks such as Hopfield neural networks and cellular neural
networks.

On account of facts mentioned above, in our work, we have analyzed the
stability of the general neural system (1). By use of the Lyapunov function
method, M-matrix qualities, and some analytical techniques, we have presented
some sufficient condition to ensure the existence, stability of the equilibrium
of neural network system (1). Our results are easily verifiable in practice and
have a comparatively wider adaptive range than those in literature [12] since
our amplification function αi may not upper bounded and activation functions
fj , gj may be not necessarily monotonically nondecreasing.
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2 Preliminary Notes

R denotes the set of all real numbers; Rn is the set of n-dimensional vectors
with each component in R; sgn(s) is the usual signal function; A◦B = (aijbij)
represents the Hadamard product of arbitrary matrixes A and B; Matrix M =
(mij)n×n is an M-matrix if and only if mii > 0, mij ≤ 0(i �= j), i, j = 1, 2, · · · , n
and there exist positive constants ρi such that

∑n
i=1 ρimij > 0, or

∑n
j=1 ρjmij >

0; diag(di) means the diagonal matrix with diagonal elements di. Norm ||φ|| =

max1≤i≤n(sup−∞<s≤0 |φi(s)| ) for φ(s) ∈ C0, i = 1, 2, · · · , n; d
dt

or D+ mean

the upper Dini-derivative and h′(s) means usual derative. We say a vector or
a matrix is positive (nonnegative) means every components of it are positive
(nonnegative). Then we firstly assume that functions αi(s) are continuous,
(bij), (cij) are nonnegative matrices, fj, gj are all nonpositive and the following
conditions hold:

(T1) ∀s > 0, αi(s) > 0;αi(0) = 0.∀s1, s2, |fi(s1) − fi(s2)| ≤ σi|s1 − s2|,
|gi(s1) − gi(s2)| ≤ μi|s1 − s2|, σi > 0, μi > 0, h′(s)) ≥ γi > 0

(T2) M = γ − B+σ − (C+ ◦K)μ is an M-matrix , γ = diag(γi), σ = diag(σi),
μ = diag(μi), B

+ = (|bij|), C+ = (|cij|), K = (kij), i, j = 1, 2, · · · , n.
Definition 2.1 x∗ ∈ Rn is an equilibrium point of (1), if constant vector

x∗ = col(x∗1, · · · , x∗n) satisfies hi(x
∗
i ) −

∑n
j=1 bijfj(x

∗
j ) −

n∑
j=1

cijgj(kijx
∗
j) + Ji =

0, i = 1, 2, · · · , n.
Definition 2.2 The unique equilibrium point x∗ of system (1) is said to be

exponentially stable on norm || • ||, if there exist positive constants M1 and
λ > 0 such that

||x(t) − x∗|| ≤M1e
−λ(t−t0), t ≥ t0 (	)

holds for any solution x(t) of system (1) with the initial data at a neighborhood
of x∗ . The constant λ is called exponential convergence rate. If the inequal-
ity (	) does not hold but only ||x(t) − x∗|| approaches to zero monotonically
decreasing, then the equilibrium point is called asymptotically stable.

Definition 2.3 If positive initial data generate positive bounded trajectories
of (1), then we call them admissible trajectories.

3 Asymptotic stability

Theorem 3.1 If the neural system (1) with positive initial data satisfies
conditions (T1) and (T2), then except for zero, the system has another equilib-
rium point. If it is a positive equilibrium points, then it is globally exponentially
stable and if it is zero equilibrium, then it is asymptotically stable at least.
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Proof Part 1 Existence of nonzero equilibrium point
Define vector function

ψ = col(ψ1, · · · , ψn) = h(x)−Bf(x)−Cg(x)+J, h(x) = col(h1(x1), · · · , hn(xn)),

here ψi = hi(xi) −
n∑

j=1
[bijfj(xj) + cijgj(kijxj)] + Ji, i = 1, 2, · · · , n.

Thanks to definition 1, the nonzero equilibrium point x∗ of system (1) is
equivalent to the solution of the vector equation h(x)−Bf(x)−Cg(x)+J = 0.
Then define the homotopic mapping

Φ(x, r) = rψ + (1 − r)x, r ∈ [0, 1],

where Φ(x, r) = col(Φ1(x, r),Φ2(x, r), · · · ,Φn(x, r)). We obtain

Φi(x, r) = r[hi(xi) −
n∑

j=1
bijfj(xj) −

n∑
j=1

cijgj(kijxj) + Ji] + (1 − r)xi

= r[hi(xi) − hi(0) − n∑
j=1

bij(fj(xj) − fj(0)) − n∑
j=1

cij(gj(kijxj) − gj(0))]

+rJi + (1 − r)xi + r[hi(0) − n∑
j=1

bijfj(0) − n∑
j=1

cijgj(0)]

By condition (T1), we further find

|Φi(x, r)| ≥ |r[hi(xi) − hi(0)]sgn(xi) + (1 − r)xisgn(xi)| − r[
n∑

j=1
(|bij |σj

+|cij|μjkij)|xj| + |Ji| + |hi(0)| + n∑
j=1

(|bij||fj(0)| + |cij||gj(0)|)]
≥ [1 + r(γi − 1)]|xi| − r

n∑
j=1

(|bij |σj + |cij|μjkij)|xj|
−r[|Ji| + |hi(0)| + n∑

j=1
(|bij ||fj(0)| + |cij||gj(0)|)]

Thanks to (T2), as for the ensuing deductions, we refer readers to take the
similar steps (i.e. to use the topological degree method further ) in the corre-
sponding parts of Refs.[3, 7, 8]. Hence, we can obtain the existence of equilib-
rium point x∗ of the system (1). But we must point out that there is a zero
equilibrium point obviously, i.e x∗ = 0 .

Part 2 Stability of equilibrium points
At first, it is easily verified that our conditions satisfy condition (33) (35)

and (36) of Refs.[2]. So any positive initial data generate an admissible trajec-
tory by Lemma 1 in Refs.[2]. Moreover, by condition (T1), there exist positive
constant βi such that αi(xi) ≥ βi for any x(t) on those admissible trajectories
if the equilibrium x∗ are positive ( by the following statement).
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Thus, with case of positive nonzero equilibrium point, we rewrite (1) as the
following

d|xi − x∗i |
dt

= −αi(xi)sgn(xi − x∗i )[(hi(xi) − hi(x
∗
i )) −

n∑
j=1

bij(fj(xj)

−fj(x
∗
j )) −

n∑
j=1

cij(gj(
∫ 0
−∞ dηij(θ)xj(t + θ)) − gj(kijx

∗
j ))],

(2)

Put y(t) = col(y1(t), · · · , yn(t)), yi = yi(t) = |xi(t) − x∗i |, and by (T1), (T2).
Noting hi(xi) − hi(x

∗
i ) = h′i(ξi)(xi(t) − x∗i ) for some ξi between xi and x∗i , we

find
1

αi(xi)

dyi

dt
≤ −γiyi +

n∑
j=1

|bij |σjyj +
n∑

j=1

|cij|kijμj sup
−∞<s≤t

yj.

Because M is an M-matrix, there exist ρi > 0, i = 1, 2, · · · , n such that

ρiγi −
n∑

j=1

ρj(|bij|σj + |cij|kijμj) > 0, ∀i = 1, 2, · · · , n. (3)

Define functions

Fi(ϑ) = ρi(γi − ϑ) −
n∑

j=1

ρj(|bij |σj + |cij|kijμj), i = 1, 2, · · · , n

Then by (3) we have

Fi(0) = ρiγi −
n∑

j=1

ρj(|bij |σj + |cij|kijμj) > 0, ∀i = 1, 2, · · · , n,

and there exists constant λ > 0 such that

Fi(
λ

βi
) = ρi(γi − λ

βi
) −

n∑
j=1

ρj(|bij |σj + |cij|kijμj) > 0, ∀i = 1, 2, · · · , n. (4)

Define Vi = Vi(t) = eλtyi(t), i = 1, · · · , n, we find the derivative along the
solution of (2)

dVi

dt
= eλt[dyi

dt
+ λyi]

≤ −αi(xi)[(γi − λ
βi

)Vi −
n∑

j=1
(|bij |σjVj + |cij|kijμj sup

−∞<s≤t
Vj)]

(5)

Let ρ = min
1≤i≤n

{ρi}, ρ = max
1≤i≤n

{ρi}, δ > 1, l∗ = δ||φ(s) − x∗||/ρ such that

Vi(s) = eλs|φi(s) − x∗i | < ρil
∗, −∞ < s ≤ 0, ∀i = 1, 2, · · · , n. (6)
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Now, we intend to prove

Vi(t) < ρil
∗, and

d

dt
Vi < 0, ∀t > 0, i = 1, 2, · · · , n. (7)

If (7) do not hold, there must be some i1 ∈ {1, 2, · · · , n} and t1 > 0 such that

Vj(t) ≤ ρjl
∗, t ≤ t1, j = 1, 2, · · · , n, Vi1(t1) = ρi1l

∗, and
d

dt
Vi(t1) ≥ 0, (8)

( as another case D+V (t) < 0, t ∈ R, then Vi(t) < ρil
∗ holds for all t ∈ R by

(6) ). Hence, from (4), (5) and (8), we find

d

dt
Vi1(t1) ≤ −αi(xi)[(γi − λ

βi
)ρi1 −

n∑
j=1

(|bij |σjρj + |cij|kijμjρj ]l
∗ < 0,

which is contradicted with (8). Therefore, (7) are true. Thanks to (7), we have
yi(t) < l∗ρe−λt, ∀ i = 1, · · · , n, hence,

||x(t) − x∗|| < l∗ρe−λt → 0, as t→ +∞, (9)

which also imply the uniqueness of the positive equilibrium point if it exists.
Therefore, by definition 2 and inequality (9), we obtain the exponential sta-
bility of the positive equilibrium of system (1).

Statement If we only obtain αi(xi) > 0, then we just put Vi = yi(t), and by
repeating the similar process, we still obtain the conclusion (7) . That is, x(t)
still approaches to x∗ along the solution of (1) only if initial data are positive.

For the zero equilibrium point, we can denote the admissible trajectory
set as Sx(0) := {x(t), t ≥ t0, x(t0) = x(0) > 0}, then for any δ > 0, there is
a positive constant βi such that αi(xi) ≥ βi for any x(t) in Sx(0)\Bδ where
Bδ := B(0, δ) is the neighborhood of the equilibrium point zero with radius δ.
Thanks to above statement, when x(t) ∈ Bδ, x(t) still approches to zero. But
δ is arbitrary, so let δ → 0, x(t) → 0. Hence the equilibrium point zero is also
unique.

The proof of the theorem is completed.

Remark 3.2 when the equilibrium point x∗ is zero, the convergence rate
may be very low and thus the exponential may lose the sense and asymptotical
stability is more exact.

Remark 3.3 In our theorem, we do not require differentiability, mono-
tonicity of fi, gi and the symmetry of the matrices (bij)(cij) as those in Refs.
So, to a certain extent, we have generalized the existing results. Furthermore,
we have avoided the deficiency just as that Singh has pointed out in Refs[6].
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4 An example
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dxi

dt
= (xi)[−xi −

2∑
j=1

bij(π − arctan(xj)) −
2∑

j=1

cij{π
−arctan(

∫ 0
−∞ dηij(θ)xj(t+ θ))} − Ji],

xi(s) = φi(s) > 0, −∞ ≤ s ≤ 0, i = 1, 2,

(10)

where the notations are similar to those in the introduction part, Ji are positive
and

∫ 0
−∞ dηij = 1/2, bij = 1/4, cii = 1/3, cij = 1/2(i �= j), i, j = 1, 2. We can

easily check that the conditions (T1) and (T2) are satisfied. So by our theorem
we can obtain that the system (10) has another equilibrium point except for
zero, with positive initial data, which is exponential stable when it is positive,
and zero equilibrium point is asymptotically stable. But only using the results
in Refs., we can not draw the conclusion.

5 Conclusions

In this article, we have utilized a kind of simple Lyapunov functions and some
inequality method to obtain the exponential stability or asymptotic stability of
the Cohen-Grossberg neural system involving the S-type distributed delays. A
few analysis techniques are also provided to ensure the existence of the nontriv-
ial equilibrium point of the neural networks. Our results have released some
restrictions on the amplification functions and behaved functions. In view of
those mentioned above, we have generalized the results in the cited literature,
which has important significance in neurodynamic theory and engineering ap-
plication.
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