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Abstract
The current paper illustrates how the economic problem of strategic

information transmission and choice manipulation between a sender and
a decision maker hides complex scenarios that remain overlooked due to
the simplifying assumptions imposed in the literature. We generalize the
space of analysis, usually restricted to the reals, to an abstract product
space. The information provided by the sender is encoded in a multi-
function that forces the decision maker to choose according to the pref-
erence relation induced by the encoded information. Such preferences
do not generally coincide with those defined in a complete information
environment. We also provide sufficient conditions for the correspond-
ing utility functions to be continuous. Our results imply that the ad
hoc assumptions imposed in the economic literature do not suffice to
prevent choice manipulation.
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1 Introduction

The transmission of information between an informed sender and an unin-
formed rational receiver and the subsequent strategic analysis derived from
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the unverifiability of the information being transmitted was first introduced
by [5] within the economic literature. In their model, an unilaterally informed
agent, who observes privately a signal realization regarding a one-dimensional
variable, sends a noisy message to a decision maker, who takes an action de-
termining the wealth of them both.

The strategic transmission of information when either multiple one dimen-
sional real variables or a single multi-dimensional real variable are considered,
has been studied by [4] and [2], respectively. These papers aim at providing
sufficient conditions for the design of strategic mechanisms that induce the full
revelation of all transmitted information. Their motivation derives from the
experimental consumer choice literature, where it is empirically shown that the
information given to decision makers can be strategically designed by senders
so as to modify their final choices, see, for example, [1] and [10].

The economic theoretical literature requires the common knowledge of all
utility and probability functions on the set of variables before being able to
define an optimal full revelation mechanism. At the same time, the existence
of an optimal mechanism requires utilities to be continuous and differentiable
in a real space.

We illustrate how the problem of strategic information transmission and
choice manipulation hides complex scenarios that remain overlooked due to
the simplifying assumptions considered in the economic literature. In order
to do so, we generalize the space of analysis, usually restricted to the reals,
to a generic product of abstract spaces. This generalization allows for the use
of multiple multi-dimensional (not necessarily real) variables in the study of
the aforementioned problem. These variables will be referred to as goods in
the current paper to highlight the bridge with the empirical consumer choice
literature on which the theoretical economic models are based.

In the current paper, the only information available to the decision maker
is encoded by the sender in a multifunction. After receiving the multifunction,
the decision maker naturally decomposes the available information dimension
by dimension using coordinate functions on the set of variables. The multi-
functions defined in this paper are mechanisms that force the decision maker
to choose according to the preferences induced by their encoded information.
It must be remarked that the preferences induced in this way will not generally
coincide with those defined in a complete information environment.

Contrary to the cited economic literature, the information provided by the
sender is completely verifiable by the decision maker. In other words, we do
not allow the information sender to lie, but only to display the information
subsets he finds more convenient, leading to a much less restrictive strategic
environment than that considered by this literature. Indeed, we show that
the common knowledge assumption regarding utilities and probability func-
tions allows for the manipulation of the decision maker’s preferences before
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the strategic information transmission process modelled in [5], [2], and [4]
takes place.

Finally, we provide sufficient conditions for the utility functions induced by
the information sender on the decision maker to be continuous. In this way,
the main requirement1 imposed by the economic literature to guarantee the
existence of an optimal revelation mechanism would be satisfied, even though,
as we illustrate, the mechanism remains manipulable.

2 Preliminaries and Notations

Let X be a nonempty set. A preference relation on X is a binary rela-
tion �⊆ X × X satisfying reflexivity (∀x ∈ X, (x, x) ∈�), completeness
(∀x, y ∈ X, (x, y) ∈� ∨ (y, x) ∈�) and transitivity (∀x, y, z ∈ X, (x, y) ∈
� ∧ (y, z) ∈� ⇒ (x, z) ∈�).

We usually write x � y in place of (x, y) ∈� and read: x is (weakly)
preferred to y.

A utility function representing a preference relation � on X is a function
u : X → R such that:

∀x, y ∈ X, x � y ⇔ u(x) ≥ u(y).

The symbols ≥ and > denote the standard partial and linear order on the
reals, respectively.

Given two natural numbers i, n ∈ N, i ≤ n will be a short for i ∈ {1, 2, . . . , n}.
The Cartesian product of n nonempty sets X1, . . . , Xn will be denoted by∏

i≤nXi. Henceforth, all Cartesian products are to be considered non-trivial
(that is, n ≥ 2).

A preference relation � on
∏

i≤nXi is called additive, see [14], if it is repre-
sentable by an additive utility function, that is, if there exist u :

∏
i≤nXi → R

and ui : Xi → R, where i ≤ n, such that:

(A.1) ∀(x1, . . . , xn) ∈
∏

i≤nXi, u(x1, . . . , xn) = u1(x1) + · · ·+ un(xn);

(A.2) ∀(x1, . . . , xn), (y1, . . . , yn) ∈
∏

i≤nXi,

(x1, . . . , xn) � (y1, . . . , yn) ⇔ u(x1, . . . , xn) ≥ u(y1, . . . , yn).

If u :
∏

i≤nXi → R is an additive utility function, then for every nonempty
set Y and every function p : Y → ∏

i≤nXi, we have (u ◦ p) =
∑

i≤n(ui ◦ pi),
1The other main condition is the compactness of the domain of the utility functions.
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where pi is the i-th coordinate2 function of p. Clearly, (u ◦ p) satisfies an
additive-like property. Thus, abusing notation but in order to be formally
consistent, we can extend the notion of additivity to a preference relations
defined on a generic nonempty set.

Definition 2.1 Let
∏

i≤nXi be the Cartesian product of n nonempty sets en-
dowed with a preference relation �. Given a nonempty set Y and a function
f : Y → ∏

i≤nXi, a preference relation can be defined on Y as follows:

∀y1, y2 ∈ Y, y1 �f y2
def⇐⇒ f(y1) � f(y2).

The preference relation �f will be called the f -relation induced by �.

Definition 2.2 Let
∏

i≤nXi be the Cartesian product of n nonempty sets
endowed with a preference relation �. Let Y be a nonempty set and fix
f : Y → ∏

i≤nXi. The f -relation �f will be called additive if the inducing
relation � is additive on

∏
i≤nXi.

Finally, we recall the notion of multifunction (or set-valued map). Given
two nonempty sets A and B, a multifunction from A to B, denoted by T :
A ⇒ B (see Chapter 6 in Beer (1993)), is a map associating to each element
of A a (possibly empty) subset of B. The domain of T is the set Dom(T ) =
{a ∈ A : T (a) �= ∅}. In particular, Dom(T ) = A means that T takes only
nonempty values.

For additional topological concepts and standard results the reader may
refer to [9] or [12].

3 Main Assumptions and Properties

Henceforth, we will let G denote the set of all goods, or commodities, and fix
n ≥ 2. Moreover, for every i ≤ n, Xi will represent the set of all possible
variants for the i-th characteristic or attribute of any commodity in G, while
X will stand for the Cartesian product

∏
i≤nXi.

Thus, an element xGi ∈ Xi specifies the i-th characteristic of a given good
G ∈ G, while an n-tuple (xG1 , . . . , x

G
n ) lists all its characteristics.

Definition 3.1 For every i ≤ n, Xi will be called the i-th characteristic factor.
The Cartesian product X =

∏
i≤nXi will be referred to as the characteristic

space.

2Given i ≤ n, the i-th coordinate function of p : Y →∏
i≤nXi is the function pi : Y → Xi

such that pi(y) is the i-th component of the n-tuple p(y).
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The preference relation onX will depend on the preference relations defined
on the characteristic factors according to the following assumptions, which will
hold through the paper.

Assumption 1. For every i ≤ n, let �i be a preference relation on Xi

and ui be a bounded (above and below) utility function representing �i.

Henceforth, let u : X → R be defined by:

∀x = (x1, . . . , xn) ∈ X, u(x) =
∑
i≤n

ui(xi).

Since each ui is an increasing real function, the sum function u is increasing
and it induces a preference relation �u on X, defined as follows:

∀x, y ∈ X, x �u y
def⇐⇒ u(x) ≥ u(y).

Assumption 2. Endow X with the preference relation �u.

The following two results can be easily obtained.

Proposition 3.2 The preference relation �u is additive on X.

Proof. By definition of u.

Proposition 3.3 For every f : G → X, the f -relation �f , induced by �u, is
additive on G.

Proof. By Definition 2.2.

Henceforth, let ϕ : G → X be defined by ϕ(G) = (xG1 , x
G
2 , . . . , x

G
n ), for

every G ∈ G.
Note that X may contain tuples of characteristics that do not necessarily

describe any existing good. Therefore, ϕ is injective, but not necessarily bi-
jective. Without loss of generality, we will work under the assumption that
X = ϕ(G), that is:

Assumption 3. ϕ is bijective.

Clearly, by Assumption 3, every G in G corresponds to exactly one n-tuple
of X.

Moreover, by means of the map ϕ, the relation �u induces the preference
relation �ϕ on G (see Definition 2.1) which is additive (by Proposition 3.3).

Assumption 4. Endow G with the additive ϕ-relation �ϕ.
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We also assume the decision maker to be endowed with a subjective prob-
ability density over each characteristic factor Xi. This fact is described by the
following assumption.

Assumption 5. For every i ≤ n, μi : Xi → [0, 1] is either a continuous
probability density or a non-degenerate discrete probability density on Xi.

We do not consider degenerated probability densities (that is, probability
densities whose support reduces to a single element), since they do not induce
risk on the choice process.

The probability densities μ1, . . . , μn must be interpreted as the subjective
“beliefs” of the decision maker. For i ≤ n, μi(Yi) is the subjective probability
that a randomly observed good from G displays an element xi ∈ Yi ⊆ Xi as
its i-th characteristic.3

Finally, following the standard economic theory of choice under uncertainty
(see [11]), we assume that every decision maker assigns to each unknown i-
th characteristic xi ∈ Xi the i-th certainty equivalent value induced by her
subjective probability density μi.

Definition 3.4 Let i ≤ n. The certainty equivalent of μi and ui, denoted by
ci, is a characteristic in Xi that the decision maker is indifferent to accept in
place of the expected one to be obtained through (μi, ui).

In other words, for every i ≤ n, ci is an element of Xi whose utility ui(ci)

equals the expected value of ui. Hence, ci ∈ u−1
i

(∫
Xi
ui(xi)μi(xi)dxi

)
, if μi is

a continuous probability density, and ci ∈ u−1
i

(∑
xi∈Xi

ui(xi)μi(xi)
)
, if μi is a

discrete probability density.

The existence of the i-th certainty equivalent characteristic defined by

the decision maker in Xi is trivially equivalent to u−1
i

(∫
Xi
ui(xi)dμi(xi)

)
, or

u−1
i

(∑
xi∈Xi

ui(xi)μi(xi)
)
, being a nonempty set. It is not difficult to provide

examples of pairs (μi, ui) on the set Xi such that ci does not exist. In these
cases, the decision maker can fix an element of Xi whose utility provides the
subjectively closest approximation to the expected value

∫
Xi
ui(xi)μi(xi)dxi, or∑

xi∈Xi
ui(xi)μi(xi); see [7] and [8]. Clearly, any approximation process gen-

erates a bias on the choice of the decision maker. However, as it will become
evident below, our results remain unaffected by this fact. Hence, without loss
of generality, we will work under the following assumption.

Assumption 6. For every i ≤ n, ci exists.

3Note that the probability densities μ1, . . . , μn can be assumed either independent or
correlated, without this fact affecting our results.
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The use of certainty equivalent values implies that if the known characteris-
tic delivers a higher (lower) utility than the corresponding subjective certainty
equivalent value, the decision maker prefers the good defined by the former
(latter) one.

4 Info-multifunctions and Induced Preferences

Consider a multifunction T : G ⇒ {1, 2, . . . , n}. Such a multifunction asso-
ciates to each good G a (possibly empty) finite set of indices. These indices
can be interpreted as those corresponding to the known characteristics of the
good G. Following this interpretation, a multifunction T becomes a mecha-
nism describing which information and from which good is made available to
the decision maker by the information sender.

In a manipulation oriented setting, it is also natural to assume that the
information sender would disclose information so as to direct the choice of the
decision maker towards a predetermined subset of goods in Dom(T ). In order
to do so, the information sender cannot allow for the whole information or no
information at all to be displayed. Thus, he cannot use as a mechanism the
global info-multifunction T ∗ defined by:

∀G ∈ G, T ∗(G) = {1, 2, . . . , n},

or the empty valued info-multifunction T∅ defined by:

∀G ∈ G, T∅(G) = ∅.

Clearly, Dom(T ∗) = G. However, requiring Dom(T ) = G for T ∈ M(G, n)
does not necessarily imply that T = T ∗. Examples of multifunctions T �=
T ∗ such that Dom(T ) = G can be easily given: consider, for instance, T ∈
M(G, n) defined by T (G) = {1}, whenever G ∈ G.

Furthermore, the goods belonging to Dom(T ) should provide the decision
maker with a higher utility than those in the complementary set.

This idea yields the following definition.

Definition 4.1 A multifunction T : G ⇒ {1, 2, . . . , n} is an information mul-
tifunction, or info-multifunction, if:

(M.1) T �= T ∗ and T �= T∅;

(M.2) ∀G ∈ Dom(T ),
∑

i∈T (G) ui(x
G
i ) >

∑
i∈T (G) ui(ci).

We will denote the set of all info-multifunctions by M(G, n).
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According to our interpretation, any set of information is induced by a
multifunction inM(G, n), and vice versa. Assigning a multifunction, however,
is more general than assigning an information set, since the multifunction does
not specify the value of each of the known characteristics. The value of each of
the known characteristics remains specified by mean of the info-map associated
to the given multifunction.

Definition 4.2 Let T ∈M(G, n). For every i ≤ n, let ψTi : G → Xi be defined
by

ψTi (G) =

{
xGi if i ∈ T (G),
ci otherwise,

with ci being the i-th certainty equivalent of μi and ui. The product function∏
i≤n ψ

T
i : G → X defined by

(∏
i≤n

ψTi

)
(G) = (ψT1 (G), . . . , ψTn (G)),

where G ∈ G, and denoted by ψT , is the info-map determined by T .

Given T ∈ M(G, n), the info-map ψT allows to describe each good as an n-
tuple where all unknown characteristics are substituted by their corresponding
certainty equivalent values. Clearly, info-maps are not necessarily bijective.4

Given T ∈ M(G, n), the decision maker is endowed with an incomplete
information set, that may force her to change her original preference relation,
�ϕ. Indeed, in place of �ϕ, the decision maker will base her choice on the
ψT -relation induced by �u; see Definition 2.1.

More precisely, for every G,H ∈ G,

G �ψT H
def⇐⇒ ψT (G) �u ψ

T (H).

Thus, by the definitions of u and ψT , for every G,H ∈ G,

G �ψT H ⇐⇒ u(ψT (G)) ≥ u(ψT (H)) ⇐⇒
∑
i≤n

ui(ψ
T
i (G)) ≥

∑
i≤n

ui(ψ
T
i (H)).

Proposition 3.3 immediately yields the following.

4If we were to consider them, the info-map ψT∗
would be equal to the identification map

ϕ, while the info-map ψT∅ would be the constant function defined by ψT∅(G) = (c1, . . . , cn),
whenever G ∈ G.
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Proposition 4.3 For every T ∈ M(G, n), the preference relation �ψT is ad-
ditive on G and represented by u ◦ ψT .

Note that �ψT is in general different from �ϕ. Therefore, different prefer-
ence relations can be induced depending on the information set presented to
the decision maker. This implies that knowing the original preference relation
of a decision maker, �ϕ, allows for displaying information sets in such a way
so as to manipulate her final choice.

More precisely, an information sender who knows ui, for i ≤ n (equivalently,
�i for i ≤ n), as well as μi, i ≤ n, can manipulate the choice made by the
receiver. As already mentioned (see Section 1), this assumption is in line
with the common knowledge of utilities and beliefs used by the cited economic
literature to define optimal revelation mechanisms.

5 Conditions for Continuity

We shall finally study sufficient conditions for a generic info-multifunction to
determine continuously representable preference relations.

More precisely, we shall provide conditions such that the induced preference
relation �ψT is representable by a continuous utility function when restricted
to Dom(T ).5

In order to reinforce our initial assumptions, replace Assumption 1 with
the following.

Assumption 1(Bis). For every i ≤ n, let τi and �i be a topology and a
preference relation on Xi such that there exists a continuous utility function
ui : Xi → R representing �i.

Besides, we need to add the following assumptions to those introduced in
Section 3. The reals R are, of course, endowed with the standard Euclidean
topology.

Assumption 7. Let X be endowed with the product topology τp and
assume the utility function u = u1 + u2 + · · · + un : (X, τp) → R to be
continuous.

Assumption 8. Let G be endowed with the weak6 topology τϕ induced by

5The problem of getting continuous utility functions representing preference relations
determined by specific information sets in a more general topological setting is studied by
[6].

6The weak topology on X induced by u : X → R is the topology having as a subbase
all the sets of the form u−1(V ), where V is an open subset in the reals. For the general
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the function ϕ : G → (X, τp), that is, the coarsest topology on G with respect
to which ϕ is continuous.

We leave it to the reader to check that, by Assumption 7, the preference
relation �u must be continuous7 with respect to the topology τp. At the same
time, the preference relation �ϕ, in the way it has been defined (see Definition
2.1 and Assumptions 3 and 4), is also forced to be continuous with respect to
the topology τϕ. Nevertheless, neither the order topology induced by �u needs
to coincide with τp, nor the order topology induced by �ϕ needs to coincide
with τϕ.

For a discussion concerning the conditions sufficient for Assumption 1(bis)
and Assumption 7 to be verified we refer the reader to [6].

The new set of assumptions leads to the following results.

Proposition 5.1 For every i ≤ n, the function ϕi : G → Xi, defined by
ϕi(G) = xGi , is continuous.

Proof: Note that ϕ =
∏

i≤n ϕi and that a function taking values into a product
of spaces is continuous if and only if all its coordinate functions are continuous.
Thus, each ϕi is continuous by Assumption 8.

Proposition 5.2 The preference relation �ϕ is additive and continuously rep-
resentable on G.

Proof: By Assumptions 7 and 8, u ◦ ϕ is a continuous function from G,
endowed with τϕ, to the reals (endowed with the standard topology). Clearly,
u ◦ ϕ represents �ϕ and its additivity follows from Assumption 4.

definition, see [3].
7Let (S, τ) be a topological space. A preference relation � on S is called continuous with

respect to τ if for every s ∈ S, [s,→) = {t ∈ S : t � s} and (←, s] = {t ∈ S : s � t} are
closed subsets of (S, τ). In other words, � is continuous with respect to τ if τ is finer than
the order topology induced by �, see [13]. Unless further assumptions are considered (for
example, that the order topology is separable and connected, see Corollary 3.2 in [13]), this
does not necessary imply that the preference relation is representable by a continuous utility
function.

In general, the order topology induced by a complete preorder ≥ on a set S, denoted
by τ≥, is the topology having as a subbase all subsets (s,→) = {t ∈ S : t > s} and
(←, s) = {t ∈ S : s > t}, where t ∈ S. All the intervals of the form (a, b), where a, b ∈ S and
a < b, are open subsets of (S, τ≥), while all ≥-rays of the form (←, s] and [s,→), are closed
subsets of (S, τ≥). In particular, for every s ∈ S, the singleton {s} is a closed subset of S.
As a result, the order topology induced by ≥ is the smallest topology on S with respect to
which ≥ is continuous.
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Let T ∈ M(G, n). If Dom(T ) is discrete and finite, it is straightforward
to show that the restriction of ψT to Dom(T ), denoted by ψT �Dom(T ), is con-

tinuous. Hence, by Proposition 4.3, u ◦ (ψT �Dom(T )

)
is an additive continuous

utility function representing �ψT over Dom(T ).

We shall show that the restriction ψT �Dom(T ) can be proved to be continuous
even if we relax the finiteness assumption on the choice set Dom(T ).

For every G ∈ Dom(T ), let

DG = {H ∈ Dom(T ) : T (H) = T (G)}

Since for every G ∈ Dom(T ), T (G) ⊆ {1, 2, . . . , n}, it is clear that there
exist at the most 2n sets of the form DG.

Lemma 5.3 Let T ∈ M(G, n). Then, for every G ∈ Dom(T ), ψT �DG
is

continuous.

Proof: Fix G ∈ Dom(T ) and note that ψT �DG
=
∏

i≤n ψ
T
i �DG

. For every

i ∈ T (G), ψTi �DG
= ϕi�DG

; while for i �∈ T (G), ψTi �DG
is the constant function

H ∈ DG → ci ∈ Xi. Thus, ψT �DG
is the product of continuous functions;

hence, it is continuous.

Lemma 5.4 Let T ∈M(G, n). If, for every G ∈ Dom(T ):

(a) DG is a closed subset of G;

(b) ψT �DG
is continuous;

then, the map ψT �Dom(T ) is continuous.

Proof: Note that Dom(T ) is the disjoint union of finitely many sets of the
form DG. Hence, apply the pasting lemma (Theorem 18.3 or Exercise 18.9 in
[12]).

Theorem 5.5 For every T ∈ M(G, n) such that {DG : G ∈ Dom(T )} is a
family of closed subsets of G, the additive preference relation �ψT is continu-
ously representable on Dom(T ).

Proof: u ◦ ψT represents �ψT on G and, by Lemmas 5.3 and 5.4, u ◦
ψT �Dom(T ) is continuous.
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