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Abstract

In this paper, we obtain some special types of integrals of Daubechies
Wavelets which are used as Galerkin basis functions for numerical solu-
tion of partial differential equations of one dimension. Galerkin bases
are constructed by integrating Daubechies functions which are com-
pactly supported and which constitute an orthonormal basis of L2(R).
Theoretical and numerical results are obtained for elliptic problems of
second order with different types of boundary conditions. Optimal error
estimates are also obtained. Comparison of solutions with simple finite
difference method suggests that for this class of problems, the present
method will provide a better alternative to other classical methods. The
methodology can be generalized to multidimensional problems by taking
care of some technical facts.
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1 Introduction

In this paper, we study wavelet functions applying to numerical solution of
partial differential equations (PDE) in one dimension. Wavelets in our consid-
eration are compactly supported wavelets discovered by Daubechies [7], called
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Daubechies wavelets, which are differentiable. These wavelets have applica-
tions in a number of areas such as signal processing. Since these functions
combine orthogonality with localization and scaling properties, it is a very
attractive idea to attempt to these functions for numerical solution of PDE
problems.

To discretize a PDE problem by Wavelet-Galerkin method, the Galerkin
bases are constructed from orthonormal bases of compactly supported wavelets
(such as Daubechies wavelets). The basis functions can be constructed in a
number of ways. If wavelets are used in a direct way, such as one in [8], in such
construction, several difficulties are encountered. First, due to lack of regular-
ity, “low order” wavelets cannot be employed resulting in higher dimensional
algebraic equations. Second, the approach is not very effective in the treat-
ment of all types of boundary conditions. We can get rid of the difficulties, if
we use a different approach where Galerkin basis functions are constructed by
obtaining integrals of Daubechies basis functions in such a way that the result-
ing functions satisfy different types of boundary conditions. However, in this
approach, the resulting bases will not satisfy the multiresolution properties of
wavelets which are satisfied by the bases in direct approach.

In the present paper, we construct the Galerkin basis functions for second
order elliptic (Dirichlet, Neumann and mixed) problems in any arbitrary do-
main (a, b) as follows:

(i) Take the restrictions of dilates of translated scaling functions to (0, 2N−1),
wher N is the order (or genus) of the wavelet.

(ii) Shift the support of the wavelet from (0, 2N − 1) to (a, b).

(iii) Obtain integrals of the functions taken in (i) in (a, b) in a such a way that
they satisfy the homogeneous form of the essential boundary conditions of the
problem.

We discuss the approximation properties of the above functions, hereinafter
called wavelet integrals, and describe in details how they can be used in the
Galerkin solution of boundary value problems. Numerical results are computed
and the convergence rates are examined which are found to be better in com-
parison to finite difference solutions. In solving higher dimensional problems,
the wavelet method will be cumbersome in case of complex geometric domains
which can be sorted out at least by using the fictitious domain methods such
as penalty method as in Wells and Zhou [17] or in Glowinski et. al. [9]. All the
computations in this paper are done in MATLAB 6.1. The rest of the paper
is organized as follows:

Section 2: Galerkin Approximation of Boundary Value Problems

Section 3: Basic Properties of Daubechies Wavelets

Section 4: Wavelet Integrals and Their Approximation Properties
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Section 5: Solution of Second Order Problems

Section 6: Concluding Remarks

2 Galerkin Approximation of Boundary Value

Problems

The Galerkin method for numerical approximation of boundary value problems
(BVP) of PDE is a variational type method. To solve a linear elliptic problem
using variational type methods, the problem is first converted into a linear
variational (sometimes weak) problem

Find u ∈ H such that
A(u, v) = F (v), for all v ∈ H

}
(2.1)

where H is a (real) Hilbert space with inner product < ., . > and associated
norm ‖.‖, A(., .) : H × H → R is a bilinear form on H and F (.) : H → R

is a linear functional on H . By Lax-Milgram Lemma (see [5]), problem (2.1)
posseses a unique solution, if the bilinear form A(., .) is continuous and H-
elliptic (or coercive) and the linear functional F (.) is continuous.

Now we consider a family {Hn} of finite dimensional closed subspaces of H .
Then we can approximate problem (2.1) on Hn as

Find un ∈ Hn such that
A(un, vn) = F (vn), for all vn ∈ Hn

}
(2.2)

which has a unique solution, by Lax-Milgram Lemma and we have the approx-
imation property

‖u− un‖ ≤ C inf
vn∈Hn

‖u− vn‖ (2.3)

The Galerkin method deals with the solution of the approximate problem
(2.2) in the form of a finite series

un = u0 +
n∑

j=1

cjφj (2.4)

where {φj}n
j=1 is a basis for Hn in (2.2) each of whose elements satisfies the

homogeneous form of essential boundary conditions and u0 satisfies the actual
essential boundary conditions. The parameters cj , j = 1, . . . , n, are deter-
mined in such a way that (2.2) holds for vn = φi, i = 1, . . . , n, that is, for n
choices of vn so that n linearly independent algebraic equations in n unknowns
cj are obtained. On substituting in (2.2), we get

A(u0 +
n∑

j=1

cjφj, φi) = F (φi), i = 1, . . . , n (2.5)
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or,
n∑

j=1

A(φj, φi)cj = F (φi) − A(u0, φi), i = 1, . . . , n (2.6)

Equations (2.6) is a system of linear equations

Ac = F (2.7)

in n unknowns cj, j = 1, . . . , n, where

Aij = A(φj, φi), Fi = F (φi) − A(u0, φi) (2.8)

The solution of equation (2.7) gives the values of cj and hence gives the ap-
proximate solution of the original PDE problem.

3 Basic Properties of Daubechies Wavelets

In this section, we recall the basic properties of Daubechies scaling functions
and wavelet functions which are differentiable and which will be used in this
paper. For details, we refer [7] and [15].

Consider two sequences {ak}k∈� and {bk}k∈� and let N be a positive integer
such that ak = bk = 0 for k /∈ {0, 1, ..., S}, S = 2N − 1, where

bk = (−1)k+1aS−k (3.1)∑
k

ak = 2 (3.2)

∑
k

bkk
m = 0, for 0 ≤ m < N (3.3)

∑
k

akak+2l =
∑

k

bkbk+2l = 2δ0,l, l ∈ Z (3.4)

∑
k

akbk+2l = 0, l ∈ Z (3.5)

Solutions for ak for 1 ≤ N ≤ 10 that satisfy (3.1)-(3.5) can be found in
Daubechies [7] (the coefficients hN(n) are listed on page 980, where an =√

2hN(n)). The same for higher values of N can be found in wavelet toolbox
of MATLAB 6.

Now, for each N ≥ 1, consider two functions φ, ψ ∈ L2(R) defined by

φ(x) =
∑

k

akφ(2x− k), ψ(x) =
∑

k

bkφ(2x− k) (3.6)
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for all x ∈ R. The functions φ and ψ are called dbN scaling function and dbN
wavelet function respectively where N is called their order (or genus). The
functions φ and ψ are compactly supported with supp(φ) = supp(ψ) = [0, S].

The remaining task of constructing Daubechies scaling function φ and wavelet
function ψ is to solve the dilation equation (first eq. of (3.6)) for φ. There are
several methods for the same, one of which is due to Strang [16]. Nowadays, φ
and ψ are available in wavelet toolbox of advanced versions of MATLAB. In
MATLAB 6.1, these functions are available for 1 ≤ N ≤ 45. The graphs of φ
and ψ for N = 2 and N = 4 are plotted in Figure 1. The functions φ and ψ
satisfy the following properties: ∫

�

φ(x)dx = 1 (3.7)

∑
k

φ(x− k) = 1, for all x ∈ R (3.8)

∫
�

xmψ(x)dx = 0, 0 ≤ m < N (3.9)

φ, ψ ∈ Cλ(N) (3.10)

where Cλ(N) is the space of Holder continuous functions with exponent λ(N),
where λ(2) = 2 − log2(1 +

√
(3) ≈ 0.5500, λ(3) ≈ 1.087833, λ(4) ≈ 1.617926,

and λ(N) ≈ 0.3485N for large N .

Remark 3.1. Property (3.9) of ψ ensures that the wavelet representation of
polynomials is exact upto degree N − 1.

The translations and dilations of φ and ψ are defined as

φn,k(x) = 2n/2φ(2nx− k), ψn,k(x) = 2n/2ψ(2nx− k) (3.11)

for all x ∈ R, and for all n, k ∈ Z. Then

supp(φn,k) = supp(ψn,k) =

[
k

2n
,
k + S

2n

]
(3.12)

Now, for all n ∈ Z, define

Vn = L2-closure(span{φn,k : k ∈ Z}) (3.13)

and let Wn be the orthogonal complement of Vn in Vn+1, i.e.

Vn+1 = Vn ⊕Wn (3.14)
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Figure 1: Graphs of φ and ψ for N=2 and N=4

Then, for all n∈ Z, the following properties are held:

Vn ⊂ Vn+1 (3.15)

closure

(⋃
n

Vn

)
= L2(R) (3.16)

{φn,k : k ∈ Z} is an orthonormal basis of Vn (3.17)

{ψn,k : k ∈ Z} is an orthonormal basis of Wn (3.18)

L2(R) = Vn ⊕
∑
m≥n

Wm = ⊕k∈�Wk (3.19)

Now, let Pn denote the orthogonal projection of L2(R) onto Vn and Qn that
of L2(R) onto Wn. Then Pn+1 = Pn +Qn, and for any f ∈ L2(R), we have

Pn(f) =
∑
k∈�

ckφn,k (3.20)

where ck =
∫
�
fφn,kdx, and we have

L2(R) =
⋃
n

Vn (3.21)

in the sense that

Pn(f) → f as n→ ∞ (3.22)
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4 Wavelet Integrals and Their Approximation

Properties

In this section, integrals of Daubechies scaling functions (the wavelet integrals)
are used to approximate different function spaces (Sobolev spaces) useful for
numerical solution of PDE problems and we construct finite dimensional sub-
spaces of these function spaces in the wavelet integral bases. Instead of scaling
functions, wavelet functions can also be employed which is somewhat cumber-
some for applications in the following section.

For Ω = (a,b), an open interval, or Ω = R, the set of real numbers, define
the space

H0(Ω) = L2(Ω) (4.1)

with standard inner product < ., . >0 defined by < u, v >0=
∫

Ω
uvdx, and

associated norm ‖.‖0.

For an integer m ≥ 1, we define the space

Hm(Ω) = {u ∈ Hm−1(Ω) : u′ ∈ Hm−1(Ω)} (4.2)

called the Sobolev space of order m, which is a Hilbert space with inner product
< ., . >m given by

< u, v >m=< u, v >0 + < u′, v′ >m−1 (4.3)

and associated norm ‖.‖m. The seminorm |.|m on Hm(Ω) is given by

|u|m =

(∫
Ω

|u(m)|2dx
)1/2

,

and we have |u|1 = ‖u′‖0.

We define the following subspaces of Hm(a, b) which will be in use for the
solution of PDE problems in this paper.

Hm
0 (a, b) = {u ∈ Hm(a, b) : u(a) = u(b) = 0} (4.4)

Hm
∗ (a, b) = {u ∈ Hm(a, b) : u(a) = 0} (4.5)

Hm
+ (a, b) = {u ∈ Hm(a, b) : u(b) = 0} (4.6)

Let N be any positive integer and let φ and ψ be the dbN scaling function
and wavelet function respectively. Then by the property (3.10) of φ and ψ,
there exists an integer m, 0 ≤ m < N such that φ, ψ ∈ Hm(R) and it can
be shown that for any open interval Ω, Hm(Ω) can be approximated by the
restrictions of translates and dilates of φ to Ω (Theorem 1.1 in [8]). Hence
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Hm+1(Ω) can be approximated by their integrals.

We have, supp(φ) =supp(ψ) = [0, S], where S = 2N − 1. Let n ≥ 0 be
any integer and let Vn be defined by φ as in (3.13). Now we define Vn(0, S) to
be the set of restrictions of all functions in Vn to (0, S). In fact, we take

Vn(0, S) = span{φn,k|(0,S) : supp(φn,k) ∩ (0, S) = ∅} (4.7)

We shift the support of φ from [0, S] to [a, b] by using the transformation

y =
b− a

S
x+ a (4.8)

where
x ∈ [0, S] and y ∈ [a, b] (4.9)

Let
In = {k ∈ Z : supp(φn,k) ∩ (a, b) = ∅} (4.10)

where

supp(φn,k) =

[
a+

(
k

2n

)(
b− a

S

)
, a+

(
k + S

2n

)(
b− a

S

)]
(4.11)

Now, supposing the functions φn,k ∈ Vn(0, S) as functions of y instead of x,
consider them as functions of x in Vn(a, b) which is defined as

Vn(a, b) = span{φn,k|(a,b) : k ∈ In} (4.12)

Since (a, b) is bounded, the space Vn(a, b) is finite dimensional and is a closed
subspace of Hm(a, b). We construct a basis for Vn(a, b) as in the following
proposition which is another form of Proposition 4.2 in [18].

Proposition 4.1. For any integer n ≥ 0, dim(Vn(a, b)) = 2nS + S − 1 and
the set

{φn,k ∈ Vn(a, b) : 1 − S ≤ k ≤ 2nS − 1} (4.13)

is a basis for Vn(a, b).

The error in the approximation of Hm(a, b) by Vn(a, b) can be estimated as
in the following theorem which is a direct consequence of Lemma 1.3 in [8].

Theorem 4.1. For any u ∈ H t(a, b) and un ∈ Vn(a, b), we have

‖u− un‖m ≤ Cmh
t−m (4.14)

where h = 2−n, 0 ≤ t ≤ N and Cm is a positive constant depending on m and
N .
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Proposition 4.2. For φn,k ∈ Vn(a, b), which is a finite dimensional subspace
of Hm(a, b), the spaces S0

n(a, b), S∗
n(a, b) and S+

n (a, b) defined by

(i) S0
n(a, b) = span{Φn,k : k ∈ In}, where

Φn,k(x) =

∫ x

a

φn,k(s)ds− x− a

b− a

∫ b

a

φn,k(x)dx, a ≤ x ≤ b (4.15)

(ii) S∗
n(a, b) = span{Φn,k : k ∈ In}, where

Φn,k(x) =

∫ x

a

φn,k(s)ds, a ≤ x ≤ b (4.16)

and

(iii) S+
n (a, b) = span{Φn,k : k ∈ In}, where

Φn,k(x) =

∫ b

x

φn,k(s)ds, a ≤ x ≤ b (4.17)

are finite dimensional subspaces of Hm+1
0 (a, b), Hm+1

∗ (a, b) and Hm+1
+ (a, b) re-

spectively and the sets

{Φn,k ∈ S0
n(a, b) : 2 − S ≤ k ≤ 2nS − 1} (4.18)

{Φn,k ∈ S∗
n(a, b) : 1 − S ≤ k ≤ 2nS − 1} (4.19)

{Φn,k ∈ S+
n (a, b) : 1 − S ≤ k ≤ 2nS − 1} (4.20)

are bases for the spaces S0
n(a, b), S∗

n(a, b), S+
n (a, b) respectively.

Proof. Let Φn,k be defined by (4.15). Then

Φ′
n,k(x) = φn,k(x) − 1

b− a

∫ b

a

φn,k(x)dx

or,
Φ′

n,k(x) = φn,k(x) − a constant (4.21)

Since φn,k ∈ Hm(a, b), by (4.21), Φ′
n,k ∈ Hm(a, b) and hence Φn,k ∈ Hm+1(a, b).

Also, it is clear from (4.15) that Φn,k(a) = Φn,k(b) = 0. Thus, Φn,k ∈
Hm+1

0 (a, b).

Now since Vn(a, b) is a finite dimensional subspace of Hm(a, b), therefore
from the above discussion, the space S0

n(a, b) is a finite dimensional subspace
of Hm+1

0 (a, b). Similarly, we can prove that the spaces S∗
n(a, b) and S+

n (a, b)
are finite dimensional subspaces of Hm+1

∗ (a, b) and Hm+1
+ (a, b) respectively.

By Proposition 4.1, it is easy to see that the sets (4.19) and (4.20)are bases
for S∗

n(a, b) and S+
n (a, b) respectively. But there is a difference for the space
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S0
n(a, b), because of the extra term x−a

b−a

∫ b

a
φn,k(x)dx.

By direct computation, one can see that

2nS−1∑
k=1−S

φn,k(x) = 2n/2 (4.22)

Therefore, for Φn,k ∈ S0
n(a, b), we have

2nS−1∑
k=1−S

Φn,k(x) = 0 (4.23)

This shows that the set {Φn,k ∈ S0
n(a, b) : 1 − S ≤ k ≤ 2nS − 1} is linearly

dependent. Furthermore, it can be shown that the set {Φn,k ∈ S0
n(a, b) : 2−S ≤

k ≤ 2nS − 1} is linearly independent. Hence the set (4.18) forms a basis for
S0

n(a, b).

Figure 2 shows the pictures of the basis functions for S0
n(0, 1), S∗

n(0, 1) and
S+

n (0, 1) for N = 2 and n = 2.

The errors in the above approximations for m = 0 can be estimated as in
the following theorem.

Theorem 4.2. For any u ∈ H t+1
0 (a, b) (resp. H t+1

∗ (a, b) or H t+1
+ (a, b)) and

un ∈ S0
n(a, b) (resp. S∗

n(a, b) or S+
n (a, b)), we have

|u− un|1 ≤ Cht (4.24)

where h = 2−n, 0 ≤ t ≤ N , and C is a positive constant.

Proof. Here we prove the theorem for the case of H = H t+1
∗ (a, b) only. The

proof for the other cases are similar.

Let

un =

2nS−1∑
k=1−S

αn,kΦn,k.

Then

u′n =
2nS−1∑
k=1−S

αn,kΦ
′
n,k =

2nS−1∑
k=1−S

αn,kφn,k = vn (say)

and let u′ = v. Then v ∈ H t(a, b) and we have

|u− un|1 = ‖(u− un)
′‖0 = ‖u′ − u′n‖0 = ‖v − vn‖0

which is the L2 norm error in the approximation ofHm(a, b) by Vn(a, b). There-
fore, by Theorem 4.1, we have

‖v − vn‖0 ≤ Cht,
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Figure 2: Basis functions for S0
2(0, 1), S∗

2(0, 1) and S+
2 (0, 1) for N = 2

where h = 2−n and C is a positive constant. Hence

|u− un|1 ≤ Cht.

Now let us find a finite dimensional subspace of Hm+1(a, b) similar to above.

Proposition 4.3. For φn,k ∈ Vn(a, b), which is a finite dimensional subspace
of Hm(a, b), the space Sn(a, b) defined by

Sn(a, b) = span{1,Φn,k : Φn,k ∈ S∗
n(a, b), k ∈ In} (4.25)

is a finite dimensional subspace of Hm+1(a, b) and the set

{1,Φn,k : Φn,k ∈ S∗
n(a, b), 1 − S ≤ k ≤ 2nS − 1} (4.26)

is a basis for Sn(a, b).

Proof. For any real number α < a, we consider the functions

Φ̂n,k(x) =

∫ x

α

φn,k(s)ds, a ≤ x ≤ b, n, k ∈ Z (4.27)

Then we have Φ̂′
n,k = φn,k ∈ Hm(a, b) and therefore Φ̂n,k ∈ Hm+1(a, b).

For n ≥ 0, the set {Φ̂n,k} with supp(φn,k) ∩ (α, b) = ∅, spans Hm+1(a, b). We
further see that for a ≤ x ≤ b,

Φ̂n,k(x) =

{ ∫ x

−∞ φn,k(s)ds, for k ∈ In∫∞
α
φn,k(s)ds = a constant, otherwise

}
(4.28)
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Now, ∫ x

−∞
φn,k(s)ds =

∫ a

−∞
φn,k(s)ds+

∫ x

a

φn,k(s)ds

= constant +

∫ x

a

φn,k(s)ds.

Therefore,

Φ̂n,k(x) =

{
constant +

∫ x

a
φn,k(s)ds, for k ∈ In

constant, otherwise

}
(4.29)

But, ∫ x

a

φn,k(s)ds = Φn,k(x), where Φn,k ∈ S∗
n(a, b) for k ∈ In.

If we ommit the constant term in the first part of the definition of Φ̂n,k in
(4.29), it still belongs to Hm+1(a, b) due to the second part of the definition.
Thus, the space Sn(a, b) defined by (4.25) is a finite dimensional subspace of
Hm+1(a, b). Knowing the basis for S∗

n(a, b) in (4.19), we can have a basis for
Sn(a, b) as in (4.26).

Remark 4.1. The approximations of Hm+1(a, b) will have the same error es-
timates as in Theorem 4.2.

Remark 4.2. Since the order of regularity of the wavelet integral functions
increases by one over the actual scaling functions, therefore by the property
(3.10) of φ and ψ, N ≥ 2 is sufficient for approximation of Sobolev spaces of
order m = 1 and N ≥ 3 is sufficient for approximation of Sobolev spaces of
order m = 2.

5 Solution of Second Order Problems

In this section, we discuss the methodology for Wavelet-Galerkin solution of
linear second order elliptic problems using the basis functions obtained in the
last section. Here we solve two-point boundary value problems with (i) Dirich-
let boundary conditions (DBC), (ii) mixed boundary conditions (MBC), and
(iii) Neumann boundary conditions (NBC). Using numerical experiments, we
show how the present method gives fast solutions to PDE problems. We also
compare the convergent rates with finite difference method (FDM) which shows
that the present method is superior over FDM.
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5.1 Formulation of the Problems

The problems to be discussed in this section are formulated as follows:

−(α(x)u′)′ + β(x)u = f(x), a < x < b (5.1)

with the boundary conditions:

(DBC) u(a) = c, u(b) = d (5.2)

(MBC1) u(a) = c, u′(b) = d (5.3)

(MBC2) u′(a) = c, u(b) = d (5.4)

(NBC) u′(a) = c, u′(b) = d. (5.5)

Here, the boundary conditions where the derivative of u is present are natural
boundary conditions and the others are essential boundary conditions. We
assume here that f ∈ L2(a, b) and the coefficients α and β are continuous in
(a, b).

Variational Formulation of the Problems:

(i) Problem (5.1)-(5.2) has the variational formulation:

u = u0 + w, w ∈ H,
A(w, v) = F (v), for all v ∈ H

}
(5.6)

with H = H1
0 (a, b), u0 = bc−ad

b−a
+ d−c

b−a
x,

A(u, v) =

∫ b

a

(αu′v′ + βuv)dx (5.7)

F (v) =

∫ b

a

fvdx− A(u0, v) (5.8)

(ii) Problem (5.1)-(5.3) has the variational formulation:

u = u0 + w, w ∈ H,
A(w, v) = F (v), for all v ∈ H

}
(5.9)

with H = H1
∗ (a, b), u0 = x+ c− a, A(., .) as defined in (5.7), and

F (v) =

∫ b

a

fvdx+ dα(b)v(b) −A(u0, v) (5.10)

(iii) Problem (5.1)-(5.4) has the variational formulation:

u = u0 + w, w ∈ H,
A(w, v) = F (v), for all v ∈ H

}
(5.11)
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with H = H1
+(a, b), u0 = x+ d− b, A(., .) as defined in (5.7), and

F (v) =

∫ b

a

fvdx− cα(a)v(a) −A(u0, v) (5.12)

And, finally,

(iv) Problem (5.1)-(5.5) has the variational formulation:

u ∈ H,
A(u, v) = F (v), for all v ∈ H

}
(5.13)

with H = H1(a, b), A(., .) as defined in (5.7), and

F (v) =

∫ b

a

fvdx+ dα(b)v(b) − cα(a)v(a) (5.14)

Sufficient conditions for the existance of unique solutions of (i.e. for applying
Lax-Milgram Lemma to) all the above four problems consist of

0 < α ≤ α(x) ≤ α, 0 < β ≤ β(x) ≤ β (5.15)

for positive constants α, α, β and β.

Remark 5.1. Practically, β can be negative or zero and f can be less regular
than L2-function. However, for problem with Neumann boundary conditions
(NBC), β = 0 does not give unique solution, in general.

5.2 Approximate Problems and Their Solutions

Let N ≥ 2 be any integer and let φ and ψ be the dbN scaling function and
wavelet function respectively. Then we can approximate the above four prob-
lems (5.6), (5.9), (5.11) and (5.13) as

un = u0 + wn, wn ∈ Hn,
A(wn, vn) = F (vn), for all vn ∈ Hn

}
(5.16)

where u0 = 0 for Neumann problem (5.13) and Hn = S0
n(a, b) for problem

(5.6), Hn = S∗
n(a, b) for problem (5.9), Hn = S+

n (a, b) for problem (5.11) and
Hn = Sn(a, b) for problem (5.13), where the spaces S0

n(a, b), S∗
n(a, b), S+

n (a, b)
and Sn(a, b) are as defined in Section 4.

By Theorem 4.2 and a standard duality argument (see [18]), the error
estimates for the approximate solution of the above problems in L2 and H1

norms can be obtained as in the following theorem.
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Theorem 5.1. Let u be the solution of the problem (5.6), (5.9), (5.11) or
(5.13) and un the solution of the approximate problem (5.16). Then for u ∈
HN+1(a, b), we have

‖u− un‖0 ≤ C0h
N+1, ‖u− un‖1 ≤ C1h

N (5.17)

where h = 2−n, N is the order of the wavelet used and C0 and C1 are positive
constants.

Remark 5.2. The convergence of the Wavelet-Galerkin method becomes slower
as the length of the interval (domain) increases.

The solution un, at resolution level n ≥ 0, of the approximate problem
(5.16) for Dirichlet problem (5.6) can be taken as

un = u0 +

p∑
j=1

c̄n,jΦn,j−S+1 (5.18)

where p = 2nS + S − 2. Applying Galerkin method, we get a system of linear
equations in p unknowns c̄n,j, j = 1, . . . , p :

Ac̄ = F (5.19)

where A and F are the stiffness matrix and the force vector respectively. Sim-
ilar systems of equations can be obtained for the other problems. The solution
of these equations give rise to the approximate solutions of the actual bound-
ary value problems.

As usual, we have to apply numerical quadratures to find the matrix ele-
ments Ai,j and the vector elements Fi. Here, we need not go through numerical
differentiation as the derivatives of the basis functions are the interpolated scal-
ing functions themselves, with a little difference, as follows:

(i) Φ′
n,k(x) = φn,k(x) for S∗

n(a, b),

(ii) Φ′
n,k(x) = −φn,k(x) for S+

n (a, b), and

(iii) Φ′
n,k(x) = φn,k(x) − 1

b−a

∫ b

a
φn,k(x)dx for S0

n(a, b).

With a little exception, the matrix A here is full and the computation of
all the p2 elements becomes expensive with respect to time. We can overcome
this drawback by applying a change of basis. Consider the functions

ξn,k = Φn,k−1 − Φn,k (5.20)

where {Φn,k} is the actual basis. Then it is easy to show that the set {ξn,k}
spans Hn and is linearly independent and so it forms another basis for Hn.
Note that for 0 ≤ k ≤ 2nS − S,

supp(ξn,k) = supp(ξ′n,k) = supp(Φn,k−1) ∪ supp(Φn,k).
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So all but 2S − 2 of ξn,k and ξ′n,k are locally supported in [a, b] which shows
that the basis preserves the boundary conditions. Figure 3 shows the pictures
of the modified basis functions for S0

n(0, 1), S∗
n(0, 1) and S+

n (0, 1) for N = 2
and n = 2.

Remark 5.3. For mixed and Neumann problems, the matrix A is already
sparse if β = 0 and in this case, we need not apply any change of basis.

With the modified basis at hand, the stiffness matrix A has some special
structures depending on the boundary conditions of the problem. The pro-
grams must treat these structures carefully to save running time.

The system of equations (5.19) can be solved using Gaussian elimination
method or LU factorization method. Since the bilinear form A(., .) is symmet-
ric, the matrix A is symmetric and we can reduce the number of operations by
using Cholesky method, if β > 0. For large resolution level, the matrix A is
large and sparse and in that case, we can use iterative methods such as Jacobi
method or method of conjugate gradient.

5.3 Numerical Experiments

Here, we perform some numerical tests to justify the quality of the method
presented for the solution of Dirichlet, Neumann and mixed problems. All the
problems are solved by using db2, db3 and db4 scaling functions successively
at resolution levels n=0, 1, 2, 3 and 4. The solutions are compared with the
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Figure 3: Modified basis functions for S0
2(0, 1), S∗

2(0, 1) and S+
2 (0, 1) for N = 2
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exact solutions and L2 and H1 norm errors are obtained. Also we obtain finite
difference solution for Dirichlet and Neumann problems for comparison with
the wavelet solution.

Here we do not calculate the scaling function φ explicitly which can be used
from the wavelet toolbox of MATLAB with the help of the built-in-function
wavefun. The function is called as

[φ ψ x] = wavefun(‘dbN’, iter);

where ‘dbN’ refers to the Daubechies wavelet type, that is, db2, db3 etc, φ and
ψ are the associated scaling and wavelet functions respectively and iter is the
number of iterations in discretizing the support x = [0, S] to calculate φ and ψ
with a sample of size 2iter.S, S = 2N−1. At resolution level n ≥ 0, the support
[0, S] (and so the domain [a, b]) is discretized with a sample of size 2n+iter.S. In
practice, the choice of iter will affect the accuracy of the numerical quadratures
and consequently the accuracy of the solution. Therefore considerable care
must be taken in choosing iter. The numerical integrations for finding the
basis functions and the matrix and the vector elements are carried out by
using Simpson’s quadratures.

Test Problem 5.1
Here we solve the following Dirichlet Problem:

−u′′ − u = (π2

9
− 4) sin π

6
x+ (π2

4
− 1) sin π

2
x, 1 < x < 2;

u(1) = 3, u(2) = 2
√

3

}
(5.21)

whose exact solution is given by

u(x) = 4 sin
π

6
x+ sin

π

2
x (5.22)

The problem is solved by using db2, db3 and db4 wavelets at resolution levels
n = 0, 1, 2, 3 and 4. Also, we approximate the problem by using finite
difference method with samples of size 6, 12, 24, 48 and 96. The L2 norm
error for size 6 is nearly equal to that for db2 wavelet solution at n = 0.
We compare the convergence rates of finite difference solution and wavelet
solutions for L2 norm error in Figure 4 and for H1 norm error in Figure 5.
In Figure 5, we can see that the graphs for FD and db2 wavelet solutions are
(almost) parallel which means that they have the same convergence rate. We
know that the FDM has quadratic rate of convergence and so the db2 wavelet
solution is quadratic (in H1 norm), which is also predicted by Theorem 5.1.
Both the figures show that the convergence rate of wavelet solutions is higher
than that of finite difference solutions in both L2 and H1 norms. The db4
wavelet solution at n = 4 is affected by round off errors. The linear system of
equations for this problem is solved by using Gaussian elimination method.
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Figure 4: Test Problem 5.1. Decay in L2 norm error with increasing resolution
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Figure 5: Test Problem 5.1. Decay in H1 norm error with increasing resolution

Test Problem 5.2
Here we solve the following Neumann problem:

−u′′ + u = (1 + π2) sin πx+ 1, 0 < x < 1;
u′(0) = π, u′(1) = −π

}
(5.23)
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whose exact solution is given by

u(x) = sin πx+ 1 (5.24)

As for the last problem, this problem is also solved by using db2, db3 and
db4 wavelets at resolution levels n = 0, 1, 2, 3 and 4. Also, we approximate
the problem by using finite difference method with samples of size 20, 40,
80, 160 and 320. The L2 norm error for size 20 is nearly equal to that for
db2 wavelet solution at n = 0. We compare the convergence rates of finite
difference solution and wavelet solutions for L2 norm error in Figure 6 and for
H1 norm error in Figure 7. As in the last problem, db2 solution is quadratic
in H1 norm, which is also predicted by Theorem 5.1. Both the figures justify
the supremacy of the wavelet solutions. The db4 wabelet solution at n = 4 is
affected by round off errors. For this problem, the system of linear equations
is solved by Cholesky method.

Test Problem 5.3
Here we solve the following mixed problem:

−u′′ = cos πx, 0 < x < 1;
u(0) = 0, u′(1) = 1

}
(5.25)

whose exact solution is given by

u(x) =
1

π2
(cos πx− 1) + x (5.26)

For this problem, Figure 8 illustrates the decay of H1 semi norm error in the
solutions due to db2, db3 and db4 wavelets. The db4 wavelet solution at n = 4
is affected by round off errors. Here Gaussian elimination method is used for
the solution of the matrix equation.

Test Problem 5.4
Here we solve the following mixed problem:

−((1 + x)2u′)′ + (1 + x)(3 + x)u = 3 + x, 0 < x < 1;
u′(0) = 0, u(1) = e+ 1

2

}
(5.27)

whose exact solution is given by

u(x) = ex +
1

1 + x
(5.28)
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Figure 6: Test Problem 5.2. Decay in L2 norm error with increasing resolution
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Figure 7: Test Problem 5.2. Decay in H1 norm error with increasing resolution

For this problem, Figure 9 illustrates the decay of H1 semi norm error in the
solutions due to db2, db3 and db4 wavelets. The db4 wavelet solution at n = 4
is affected by round off errors. Here Cholesky method is used for the solution
of the linear system of equations.
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Figure 8: Test Problem 5.3. Decay in H1 semi norm error with increasing
resolution
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Figure 9: Test Problem 5.4. Decay in H1 semi norm error with increasing
resolution

6 Concluding Remarks

In this paper, we have been making attempts to construct suitable basis
functions, for Galerkin solutions of one dimensional elliptic problems of sec-
ond order with different types of boundary conditions, by finding integrals of
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Daubechies scaling functions. Instead of scaling functions, wavelet functions
can also be used for all these types of problems which is somewhat cumbersome.
The comparison of the method with FDM shows that the wavelet method is
a right competator of the classical methods. The methods and techniques de-
scribed here can also be applied to the solution of higher dimensional problems.
However, wavelet method is useful for simple geometric domains (e,g, rectan-
gular in two dimensions) only. The problems in complex geometric domains
can be solved at least by combining the method with fictitious domain method
such as penalty method as in Wells and Zhou [17] or in Glowinski et. al. [9].
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