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Abstract

In this article, we consider the problem of speeding up the ALS
method for fitting the PARAFAC model of a higher-order tensor. Dif-
ferent from the existing speeding-up techniques, we accomplish this work
by making a linear search procedure based on the information near the
initial point before executing the ALS method. The numerical experi-
ments show good performance of our proposed method in our simula-
tions.
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1. Introduction

A tensor of order m is an m-way array whose entries are addressed via m indices
and it arises more and more often in signal and image processing, data analysis,
higher-order statistics [17], as well as independent component analysis [5, 6].
It is well known that rank related issues in multilinear analysis are thoroughly
different from their matrix counterparts. A tensor is said to be rank-1 if it
can be expressed as an outer product of a number of vectors, and a tensor
having rank r means that the minimal number of rank-1 tensors that yield T
in a linear combination is r [16]. In this case, the decomposition is called a
canonical or a PARAFAC decomposition which preserves the uniqueness under
simple conditions [16, 21].

It is common to look for the the canonical or PARAFAC decomposition by
straightforward minimizing of the quadratic cost function

f(X̄) = ‖X − X̄‖2
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over all rank-r tensors X̄, where ‖X‖ means the Frobenius norm of the tensor

‖X‖ =
( ∑

i1,i2,··· ,im
X2

i1,i2,··· ,im
) 1

2
.

In this paper, we consider the three-way case, where the elements of an
I × J ×K three-way array X are given as Xijk, i = 1, 2, · · · , I, j = 1, 2, · · · , J
and k = 1, 2, · · · , K. Then our concerned problem can be described as [4, 11]

min
A,B,C

‖X −
R∑

r=1

Ar ◦ Br ◦ Cr‖2 (1.1)

where Ar, Br and Cr are respectively the r-th columns of the loading matrices
A, B and C of orders I×R, J×R and K×R, and ◦ denotes the outer product
of vectors. In the following, we let Air, Bjr and Ckr denote the elements of
the component matrices A, B and C. The three-way PARAFAC model is very
popular in psychometrics and chemometrics [2, 22] and it also find applications
in signal processing area [7, 8].

Certainly, problem (1.1) is an unconstrained optimization problem. How-
ever, the existing optimization solution methods such as conjugate gradient
method and Gauss-Newton method in which all the CANDECOMP-factors are
updated simultaneously [1, 18] are not suitable unless the product of I, J, K
is not very large [19]. A typical method to solve this problem is so called the
alternating least squares algorithm (ALS) which first groups the parameters
into several sets and then makes an iterative estimation in a least square sense
of each set of parameters until convergence [11].

Besides the attractive simplicity of the ALS, there are two drawbacks of
this algorithm, the first one is the global minimum convergence that cannot
be assured, and the other is the convergence speed which usually depends
on the algorithm initialization. To improve the speed and stability of ALS
for PARAFAC models, some techniques such as regularized regressions and
compressions are considered [2, 13, 15] when one of I, J, K is much larger
than the product of the others. Different from the above, an extrapolated
technique is proposed by forecasting new estimate according to the previous
iteration steps [2], based on which Rajih and Comon [20] further introduced a
linear search into the ALS method which shows the better numerical result in
simulations, especially in the case of degeneracy.

These modifications made on the iterative procedure of the ALS method
really improves the performance of the method at least from numerical respect.
In this paper, we also consider the problem of speeding up the ALS method,
but from another point of view. More precisely, in our proposed method, we
introduce a linear search procedure from the initial point according to the
information near the initial point before executing the modified ALS method.
The numerical experiments show that this method has a good behavior.
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2. Theory and Algorithm

When using the ALS method to get a best rank-r approximation to a 3-order
tensor, we need to take one random initial point first, and to obtain a better
approximated solution to the concerned problem, we can execute the modified
ALS method using the initial point which has the least function values from
a set of randomly generated points or execute the algorithm several times
using different initial points. Now, we consider what we can do to speed
the convergence rate of the ALS method before it was executed. Motivated
by the pattern search method for solving nonlinear optimization, we put the
ALS method aside for a moment and first make a linear search procedure
according to the information near the initial point in our proposed method.
This technique is based on the following ideal. When the initial point is taken,
say X0 = (A0, B0, C0), consider the problem restricted on a certain plane
containing this point. Usually, it is located at a certain slope and not a local
minimizer of the concerned problem. So, we can make a linear search along a
descent direction chosen below at this point.

The detailed linear search procedure is as follows. First, we stochastically
take two points, say X ′

0 and X ′′
0 near the point which have bigger function

values than the initial point. This can be accomplished by choosing new initial
points from the three points. After this, we take the following four points
determined by the three points as follows:

X1
0 =

f(X′
0)

f(X′
0)+f(X′′

0 )
X ′

0 +
f(X′′

0 )

f(X′
0)+f(X′′

0 )
X ′′

0 ,

X2
0 = − f(X′

0)

f(X′
0)+f(X′′

0 )
X ′

0 +
f(X′′

0 )

f(X′
0)+f(X′′

0 )
X ′′

0 ,

X3
0 =

f(X′
0)

f(X′
0)+f(X′′

0 )
X ′

0 −
f(X′′

0 )

f(X′
0)+f(X′′

0 )
X ′′

0 .

Without loss of generality, we denote Y = (A′
0, B

′
0, C

′
0) the point among

the above that minimizes the function value in problem (1.1). In our method,
we take the direction from the initial point X0 to Y as the searching direction
due to the fact that we guess this should be a descent direction. To this end,
we need to compute the optimal step size t∗ which minimizes

‖XI×JK − (A0 + tA′
0)

(
(B0 + tB′

0) � (C0 + tC ′
0)

)
‖ (2.2)

over t ∈ R, where XI×JK is the matrix of size I×JK obtained by unfolding the
tensor X in the first mode, and � denotes the Khatri-Rao product (column-
wise Kronecker product) of two matrices. Surely, this problem is equivalent to
searching all the roots of the polynomial of degree 5 w.r.t. t. After this, we
let A0 = A0 + t∗A′

0, B0 = B0 + t∗B′
0 and C0 = C0 + tC ′

0, and replace X0 by
(A0, B0, C0), then continue this linear search process and turn to ALS method
unless this process makes little contribution to the problem (1.1). Certainly,
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Figure 1: Numerical Comparison Between ALS and ALS

this linear search procedure is reminiscent of the pattern method for solving
the optimization problem [14].

In the next section, we would give our numerical experiment of the method.

3. Numerical Experiments

We denote the ALS method with a linear search at first MALS method. Cer-
tainly, the only difference between the ALS method and the MALS method
lies in that a linear search in introduced into the MALS method before the
ALS method is executed.

Now, we take a 3-order tensor from [20] whose the loading matrices in the
PARAFAC model are that

A =

(
1 cos θ 0
0 sin θ 1

)

B =

⎛
⎝ 3

√
2 cos θ 0

0 sin θ 1
0 sin θ 0

⎞
⎠

and C is the identity matrix of size 3 × 3. We also take θ = π/60 in our
numerical experiment.

For this problem, the detailed numerical results are shown below, which
can also be seen from Figure 1.
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Table 1. Numerical Results

f(X̄) < 10−3 f(X̄) < 10−4

MALS 48 17
ALS 27 9
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