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Abstract

Let S be the class of functions f which are analytic and univalent in
the open unit disc D = {z : |z| < 1} given by f(z) = 2+ .72 5 a,2™ and
a, a complex number. Let 7 denote the class consisting of functions f
of the form f(z) = z— Y725 ap2" where a,, is a non negative real num-
ber. In [6], Sakaguchi introduced the class of analytic functions which
are univalent and starlike with respect to symmetric points. Such class
is denoted by S} and satisfies Re {%} > 0 for z € D. Arising
from the above introduction, there have been numerous papers on ex-
tended and generalised classes of functions. In this paper, we introduce
3 subclasses of 7; C;T'(«a, B), C.T(c,3) and Cs.T(cv, 3), consisting of
analytic functions with negative coefficients and are respectively con-
vex with respect to symmetric points, convex with respect to conjugate
points and convex with respect to symmetric conjugate points. Here, «
and (3 are to satisfy certain constraints. We obtain coefficient conditions
for the above classes.
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1 Introduction

Let S be the class of functions f which are analytic and univalent in the open
unit disc D = {z : |z] < 1} given by

f(z)=z+ ianz” (1)
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and a,, a complex number. Let S* be the subclass of S consisting of functions
starlike in D. It is well known that f € S* if and only if

Re {ZJ{(S)} >0, z€D.

Let S? be the subclass of S consisting of functions given by (1) satisfying

Re {#(fz()_z)}w, zeD.

These functions are called starlike with respect to symmetric points and were
introduced by Sakaguchi in [6]. The class has also been considered in Robert-
son [5], Stankiewicz [8], Wu [10] and Owa et al. [4]. El-Ashwah and Thomas
in [2], introduced two other classes namely the class S consisting of functions
starlike with respect to conjugate points and S7. consisting of functions starlike
with respect to symmetric conjugate points.

In [9], Sudharsan et al. introduced S¥(«, (3) of functions f analytic and univa-
lent in D given by (1) and satisfying the condition

) (2)
O IR ‘f(Z)—f(—z)

forsome 0 <a<1,0<f@<1landzé€D.

+1

However, for this paper, we consider a subclass of 7 where 7 denotes the class
consisting of functions f of the form

f2) =z i 2)

where a,, is a non negative real number.

For f € T, we define the classes C;T(«, 3), C.T (v, 5) and Cy. T (e, 5) with «

and ( satisfying the conditions 0 < a <1, 0 < < 1land 0 < in—;g) < 1.

Definition 1.1 A function f € CT(«, 3) is said to be convexr with respect to
symmetric points if and only if it satisfies

(f'(2)'

» 2/(2)
(7C) — F(=2))

o
<8 \ () — f(—2))

+1

for z € D.
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Definition 1.2 A function f € C.T(«, ) is said to be convezr with respect to
conjugate points if and only if it satisfies

CIE) | g 1
(f(z)+ 1) (f(2)+

for z € D.

Definition 1.3 A function f € Cy.T(a, B) is said to be convezr with respect to
symmetric conjugate points if and only if it satisfies

for z € D.

At this point, we would like to note that the above conditions imposed on «
and (3, are necessary to ensure these classes form subclasses of S.

2 Preliminaries
We first state preliminary results, required for proving our main results.
Lemma 2.1 If f € T then Y02 yn(na+ (1 — (=1)")) a, |2["F <2+ a.

Proof. Since f € T, 300 ,n |a,| |2]"7! < 1 and 3%, n? |a,| |2|"1 < 1(see
Silverman [7]). Thus we have

(e 9]

Z nna+ (1 —(=1)") a, |2t = Z na a, |2|"71 + Z n(l— (=" a, |z|"!
n=2 n=2

n=2

o o0
= a)y, n? ay, 2" 42 > nagpi |z|?"

n=2 n=1
[e.e] o0
< «a Z n? an 2| +2 Z (2n + Dagny1 |2|*"
n=2 n=1
[e.e] o0
< « Z n? a, |2|" 71 +2 Z nay, |z[" !
n=2 n=2
< a+2.

Lemma 2.2 If f € T then X2, n(na +2) a, |2|"' <2+ a.
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Proof. Since f € T then

donlna+2)a, 2"t = D nPaa, 2"+ Y 2na, |27
n=2 =2
= aY nfa, [T +2> na, 2"
= =
< a+2.
3 Results

In this section, we give results concerning the coefficients estimates of the 3
main classes.

Theorem 3.1 f € C,T(«a, B) if and only if

14 Ba)n®  nf(l—(=1)") —n(l - (=1)")
Z( B2+ a)— 1 B2+a)—1 )a”gl' (3)

Proof. We adopt the method used by Clunie and Keogh [1] and Owa [3]. First
we prove the ‘if” part. We begin by considering

(2f"(2))" = (f(2) = f(=2))'| = Bla(zf'(2)) + (f(2) = f(=2))'|

= |-1-— Zn(n —(1- (—1)”))anz"1‘ - 6124+ a)— Zn(na + (1= (=1)"))a,z""!
n=2 n=2
< D -1 =(=1)"))anr" T +1-B2+a)+ > nb(na+ (1 - (-1)")a,r"
< Y nn— (1= (-1)")an+1-B2+a)+ Y nbna+(1-(-1)"))an,
= D (14 Ba)n® +nB(1 — (=1)") = n(1 = (=1)"))an — (B2 + @) — 1)
n=2
< 0by (3).
Thus,
Ty !
z)—f(—= < ﬂ
a(z['(2))
TGe-7-ay T 1

and hence f € C,T(a, 3). To prove the ‘only if’ part, we write

CIEY
T -2

G Y
T a7 T 1

< .

‘ —1 =30 n(n— (1= (=1)")amz""!
24+ a—Y2,n(na+ (1 —(=1)"))a,z""
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We note that since f is analytic, continuous and non constant in D, the max-
imum modulus principle gives

—1 =30, n(n— (1= (=1)")anz"""
2+a—->>2,nna+ (1 —(—=1)"))a,z""

L+ 3%, n(n— (1 = (=1)")an|2[""!
24+ a—>2,n(na+ (1 —(=1)"))a,|z|"!
)
)

where 3%, n(na + (1 — (=1)")) a, |2|"' < 2+ « from Lemma 2.1. Since
feCT(a,p) and 0 < r < 1, we obtain

1+, n(n—(1—(=1)")a,r" !
{2 +a -3, n(na+ (1— (_1)"))an7""1} < B.

(4)

Now letting 7 — 1 in (4), and using Lemma 2.1,

1+ i nn—(1-(-1D)")a, <p <2 +a— i n(no+ (1 — (—1)"))%)

and hence
= [ 1+ Ba?  nB(— (=1)") = n(1l = (=1)")
”E:Q{B(QJFO‘)_lJF B2+ a)—1 }angl

as required. This completes the proof of the theorem.

The result in Theorem 3.1 is sharp for functions given by

L B2+a)-1 2" n
W) = B et — O —ni- (D © 0 "2

Corollary 3.1 If f € C,T(«, 3) then

B2+a)—1
(14 Ba)n® +nB(l = (=1)") = n(l = (=1)") '

a, < n > 2.

For C.T(a, B), we state the result in Theorem 3.2. Similar method is used
here as that in Theorem 3.1.
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Theorem 3.2 f € C.T(«, ) if and only if

[ (14 Ba)n®>  2n(8-1)
T;(ﬁ(%roz)—l+ﬂ(2+a)_1>a”§1‘ (5)

Proof. As before, we consider

F12) — (f2) + FB) | - Bla(=f(2)) + () + F &) |

oo

Zn (n—1anz"" 1+Znanz
n=2

oo

Znan Janz"™ ‘ B

oo ‘

24 a)— Z n(na+ 2)anz""

n=2 n=2
oo oo
< Zn(n —anr" 1 +1-802+ )+ Znﬂ(na + 2)anrn!

)
n=2 n=2
)

< Zn(n—? an+1—ﬂ(2+a)+2nﬁ(na+2)an

n=2 n=2

= ) ((+ Bayn? +2n(8 — 1)an — (B2 +a) — 1)

n=2
< 0by (5).

Hence f € C.T(«, 3). For the ‘only if’ part, the maximum modulus principle
gives

1=, n(n—2)a,z""! < 1432, n(n—2)a,|z["!
24+a—-YX nna+2)a,z" ) T 24 a— Y00, n(na + 2)a,|z|" !

1+3%, n(n—2)a,r"*
T 24 a—32, n(na+2)a,rnt

where 3°0° , n(na+2) a, |2|"!' < 2+« from Lemma 2.2. Since f € C.T(a, )
and 0 < r < 1, we obtain

1+, n(n—2)a,r" ! <5
24 a— 32, n(na+ 2)a,rm ! '

(6)

Now letting 7 — 1 in (6), and using Lemma 2.2,

1—1—2 <ﬁ<2+a—§n(na+2)an)

n=2

and hence

>

n=2

(1+ Ba)n 2n(6 — 1)
{ 2+a)—1+ﬁ(2+a)—1}a"§1‘
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This completes the proof of the theorem.

The result in Theorem 3.2 is sharp for function f,, given by

B B2+ a)—1 "
fal2) = 2 = (14 Ba)n®+2n(B —1) Z nz2

Corollary 3.2 If f € C.T(«,3) then

B2+ a)—1 Y

S At r -1 "7

Finally, we give similar results for functions which belong to C.T' (o, 3). Method
of proving Theorem 3.3 is similar as that of Theorem 3.1 and 3.2.
Theorem 3.3 f € Cy, . T(a, 3) if and only if

= (Lt fan® | nB(L— (=1)") —n(l — (~1)")
g(ﬂ(2+@)_1+ St 1 )angl.

The result in Theorem 3.3 is sharp for functions given by

L B2+ a)—1 o
fnl2) = (1+ fa)n? +np(1 = (=1)") =n(l = (=1)") ~ =

Corollary 3.3 If f € Ci T (v, 3) then

W < B2+a)—1
"7 (14 Ba)n® + 0Bl — (1)) —n(l = (1))’

n > 2.
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