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Abstract 
 
This endeavor developed a mathematical programming model, which has two 
main objectives minimizing variance inflation factors (VIF) and maximizing 
coefficient of determination, to yield an efficient biasing constant for ridge 
regression, which is widely used for multicollinearity problem. The multiobjective 
structure is handled by means of goal programming. The model allowing analysts 
preemtive planning is analytical rather than trial and error, which is often the case 
in determining the biasing constant for ridge regression. The road of approach 
facilitates decision makers to move in an efficient region for choosing the constant 
via efficient frontiers stemming from the nonlinear goal programming model. The 
derived model requiring a few inputs may be embedded in any appropriate 
statistical software even though it is implemented on MS Excel for a published 
data set in this study. The results coming from even other many observations are 
impressive and definitely in accordance with that of the literature. The recipe may 
be a useful tool for ridge regression analysis for both researchers and industry.          
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1. Introduction 
 

Ridge regression first introduced by Hoerl and Kennard [5, 6] is one of the 
most popular methods that have been suggested for the multicollinearity problem. 
In case of multicolinearity, the ordinary least squares (OLS) unbiased estimators 
could become very unstable due to their large variances, which leads to poor 
prediction. Ridge regression allows biased estimators of the regression 
coefficients by modifying the least squares method to attain a substantial 
reduction in variance with an accompanied increase in stability of these 
coefficients. The method is thoroughly discussed and applied in the literature (See 
Belsley et al. [2]; Draper and Smith [3]; Hawkins and Yin [4]; Kleinbaum et al. 
[7]; Maddala [9]; Marquardt and Snee [11]; Myers [12]; Neter et al. [13]; Ngo et 
al. [14]). 

 
The vector of the ridge regression estimators Rb  is obtained by adding a 

small positive biasing constant (shrinkage parameter) 0≥c into the least squares 
normal equations: 

 
YXcIXXbR ′+′= −1)(                     (1) 

 
In the above formula, X is the nxp  matrix consisting of the n observed values of 
the explanatory variables pXXX ,...,, 21 , Y is the 1nx  vector of the sample data of 
the explained variable, and I is the pxp identity matrix. Due to the 
multicollinearity and dissimilar orders of magnitudes of the original variables, the 
problem of inverting a near-singular matrix appears in equation (1). The centering 
and scaling transformations are applied to the variables to handle this problem. 
Therefore, XX ′  becomes the correlation matrix. 
 
 It is obvious that when 0=c  in equation (1), OLS estimators are 
recovered. As c inceases the ridge regression estimators are biased but more 
precise than OLS estimators, hence they will be closer to the true parameters. It is 
shown that (Hoerl and Kennard [5-6]) if small enough c value for which the mean 
squared error is less than the mean squared error of the ordinary least squares is 
chosen, the procedure of the ridge regression is successful  and Rb  becomes 
stable. The difficulty of this method is that the efficient value of c is not known 
and it varies from one application to another. 
 
 There is a number of ways for the determination of the biasing constant c. 
The most common way of choosing this parameter is based on the ridge trace and 
the variance inflation factors (VIF). Ridge trace is the graphical representation of 
the estimated ridge parameters for different values of c, usually between 0 and 1. 
VIF is a measure to examine the degree of the multicollinearity in the model and 
computed as follows: 
 



 

Efficient choice of biasing constant                                                                   529 
 
 

21
1

j
j R

VIF
−

=               (2) 

 
where 2

jR  is the determination coefficient in the regression of explanatory 
variable jX  on the remaining explanatory variables of the model. The variance of 
the jth regression coefficient is proportional to jVIF ; 
 
 jRj VIFb 2)()var( σ ′=               (3) 
 
where (σ')2 is the error term variance of the transformed model. As a rule of 
thumb, if any VIF exceeds 10, corresponding variable is said to be highly 
collinear. 
  

A common strategy (Belsley et al. [2]; Draper and Smith [3]; Myers [12]; 
Neter et al., [13]) in determination of c, is to examine the ridge trace and VIF 
values simultaneously, and choose the smallest c for which the regression 
coefficients first become stable with the lowest values of VIF. At this point, the 
corresponding values of the determination coefficient of the model ( 2R ) can also 
be taken into consideration. Other procedures (Nordberg [15]; Lee [8]) also exist 
and give an approximate efficient value for c. One of these is called the df-trace 
criterion (Tripp [16]), and it is based on the effective regression degrees of 
freedom (df). The criterion has the following form: 

 
 df=tr([ XcIXXX 1)( −+′′ ])                                                                       (4) 
 
The procedure involves plotting df against c and choosing c for which df  becomes 
stable. 
 

In this study, we have developed a goal programming model by which 
efficient value of the biasing constant c is determined based on the two criteria: 
the minimization of the variance inflation factors and the maximization of the 
determination coefficient 2R  of the model. The proposed model may be clearly 
superior in the sense that it gives the efficient value of c much closer to the values 
discussed in the literature, by just one attempt. The paper is organized in the 
following way; the model is formulated, some Computational results are given 
regarding a published data set and finally some concluding remarks are discussed. 

 
 

2. Developing the Model 
 
Let  nj ,...,3,2,1=  be the index of independent variables and c be the biasing 

constant for a ridge regression analysis. Then, we have two primary objectives; 
the first one is the minimization of variance inflation factors and maximization of  
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2R  values of the model. These goals are generally competitive and hence there is 
a tradeoff between them. This competitive nature of the structure may be modeled 
by means of goal programming, which is a kind of multiobjective programming 
(See Winston [17]; Winston and Venkataramanan [18] for more discussion about 
goal programming). The proposed goal programming can be formulated as 
follows. 

 
The objective function of the model is the minimization of the weighted sum 

of the appropriate deviations from the aspiration levels as a classical effort for 
goal programming methodology. The individual VIF values for the explanatory 
variables can be determined as separate goals within the recipe. If the priority 
coefficients of the jVIF  goals are jP  and that of the determination coefficient goal 
is 1+jP with an extension of the j index, then the objective function is written as 

 

Minimize∑
=

−
++

+ +
n

j
nnjj dPdP

1
11                                                           (5) 

 
where +

jd and −
+1nd  are the positive and negative deviations from the aspiration 

levels, respectively. Since the jVIF  goals to be minimized whereas 2R  goal to be 
maximized, the positive and the negative deviations are minimized, respectively. 
 
The goal constraints group for the jVIF  objectives can be stated as, for the 
aspiration levels jρ , 

  jjjj ddVIF ρ=+− −+                                                                       (6) 
 
where jVIF  is the jth diagonal element of the matrix ( ) ( ) 11 −− ++ cIrrcIr  and r is 
the correlation matrix of response variables  in a matrix notational view. 
The other goal constraint imposes that the coefficient of determination must be 
equal to 1 (in fact, aspiration level 11 =+nρ ) within allowed limited deviations, 
 
  111

2 =+− −
+

+
+ nn ddR                                                                         (7) 

 

where the well known coefficient of determination 
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observation index i.  
 
There are some basic system constraints. The first one is that the biasing constant, 
which is a decision variable, is generally bounded below by 0 and above by 1, that 
is, 
 
  0≥c and 1≤c .                                                                               (8) 
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For the deviation variables, 
 
  0=−+

jj dd  and 011 =−
+

+
+ nn dd               (9) 

Finally, other decision variables completes the mathematical model, 
 
  0,,, 11 ≥−

+
+
+

−+
nnjj dddd .                                                                   (10) 

 
The foregoing model is a nonlinear goal programming model. The desired 

(aspiration) values may be chosen arbitrarily, but the literature states that it will be 
sufficient to have desired jVIF  values as 1 (Neter et al. [13]). The priorities may 
be specified by decision maker via manipulating priority constants. If all goals are 
nonpreemptive, which is the general case, all the constants should be the same 
such as 1. The solution of the model yields efficient biasing constant c for all 
objectives. The model may be easily optimized by means of MS Excel, which also 
facilitates operations in matrices in addition to its optimization tool the Solver 
(See Winston and Albright [19] and Albright et al. [1] for the details in 
spreadsheet modeling and optimization).       
  
 
 

3. Computational Results 
 

For a typical numerical example we use data given by Neter et al. [13] with 54 
observations by one explained and three explanatory variables. The existence of 
the severe multicollinearity in the OLS model is shown by taking into 
consideration the various diagnostics. As a formal measure, the VIF values of the 
three variables are computed. It seems that they greatly exceed 10 (VIF1=708.84, 
VIF2=564.34, VIF3=104.61), which again indicates that serious multicollinearity 
problem exist. 

 
 In this study, to combat the problem, first all the variables are centered and 

scaled then the ridge regression is applied to the data by using our goal 
programming model. As it was stated before, the aim is to determine the efficient 
c value from which the ridge regression model can be specified. 

 
The model is run by using MS Excel Solver, for a sequence of equal aspiration 

levels associated with VIF goals (from 0 to 100), and efficient c values and 
corresponding jVIF , R2, Rjb  and df values are obtained and summarized in table 
1. It is obvious that, for aspiration level value 1, the efficient c value is found to be 
0.021, which is the proposed efficient value 0.02 in the literature. For this efficient 
c, all the VIF values are nearly 1, R2 is obtained as 0.78 that may be the sufficient 
value for this coefficient and corresponding ridge regression parameters are 
obtained. 
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Aspiration Levels 
for VIFs c VIF1 VIF2 VIF3 R2 bR1 bR2 bR3 df 

0 1.000 0.107 0.136 0.227 0.682 0.280 0.310 -0.006 1.157
1 0.021 1.000 0.998 0.993 0.782 0.538 0.384 -0.133 2.000
2 0.014 2.000 1.797 1.153 0.782 0.605 0.328 -0.160 2.029
4 0.009 4.000 3.391 1.454 0.783 0.694 0.251 -0.195 2.059
6 0.007 6.000 4.984 1.750 0.784 0.761 0.192 -0.221 2.079
8 0.006 8.000 6.576 2.045 0.785 0.817 0.143 -0.242 2.095

10 0.005 10.000 8.168 2.339 0.785 0.866 0.099 -0.261 2.109
12 0.005 12.000 9.760 2.632 0.785 0.910 0.060 -0.278 2.121
20 0.004 20.000 16.127 3.805 0.787 1.058 -0.070 -0.334 2.161
100 0.001 100.000 79.796 15.516 0.793 1.859 -0.784 -0.641 2.373

 
 

Table 1. The variation of c with jVIF , R2, Rjb and df values for different equal 
aspiration values corresponding to VIF goals 

 
 
 
A typical ridge trace for the data is shown in figure 1. From this ridge trace, 

the c values between 0.020 and 0.025 seem promising. 
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Figure 1. Ridge trace of the estimated regression coefficients for 

05.00 ≤≤ c . 
 
 
In Figure 2, the trace of VIF values for some initial c values is obtained. It is 

obvious that for c = 0.021 the VIF values become stable and very close to 1. 
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Figure 2. VIF values versus c. 
 
As mentioned before, a formal criterion for determination of the efficient c is 

computing df values by changing c from 0 to 1. In figure 3, df values are obtained 
for c between 0 to 0.1, and it is again clear that the minimum value of c for which 
df values become stable is around 0.025. 
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Figure 3. df values versus c. 
As a nature of multiobjective programming, since there is a trade-off between 

competitive objectives, in this particular case, maximizing 2R  values versus 
minimizing VIF values, some trade-off curves can be generated by parametric 
variation of the aspiration levels associated with VIF goals. For the data with  
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which we deal, the efficient frontiers 2R  versus VIF values are plotted in figure 4. 
The graphical structure is as expected in theory for two vying objectives; one is 
minimized when the other is maximized.  The trade-off curves facilitate decision 
maker to move efficiently in a region bounded by approximately 11.77 on the VIF 
axis and 0.11 on the 2R  axis. The efficient point for a decision maker is a point on 
which her indifference curve and the efficient frontier intersect.   
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Figure 4. The Efficient Frontiers 

 
  The different foregoing methodologies for obtaining c, in this case, are for 
the developed goal programming model. Also, many trials on different data 
showed that our model offers reliable and accurate results as in the literature.         
 
 

4. Conclusion 
 
This study presented here proposes a mathematical programming model to obtain 
biasing constant for ridge regression, rather than a process of trial and error. The 
model has two main competitive objectives; minimizing VIF values and 
maximizing 2R  values. The multiobjective structure is handled via goal 
programming. The recipe balancing the objectives analytically offers an efficient 
biasing constant c in only one step for ridge regression models.  

From computational view, the road map may make redundant the ridge trace, 
df-trace or any other investigations to determine the biasing constant that it yields 
efficient value. Also, the presented mathematical programming model may be 
employed by means of MS Excel as a powerful spreadsheet tool. In addition, the 
methodology facilitates analysts to specify the desired aspiration levels. 
Moreover, by parametric runs of the model may generate efficient frontiers (trade-
off curves) for 2R  and VIF competition, which provides analysts an efficient  
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move within some bounds. Furthermore, the model may be utilized for a 
preemptive planning by just giving different weights to the priority constants.  

 
This algorithm requiring a few input parameters may be integrated into any 

appropriate statistical software package such as SPSS at least using macros or 
recently developed statistical software (Mardikyan and Darcan [10]) as a future 
research. Another further research may be to extend the mathematical formulation 
so that some convenient criteria may be included. The analytical model, which is 
an application of operations research to statistics, indeed an instance of 
inbreeding, may be a useful tool for efficient choice of biasing constant for both 
researchers and industry.       
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