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Abstract

In this paper we characterize the matrix classes with one member as
m(u, p) or me(u,p) or c(u,p) or ¢o(u,p). Some of these results generalize
the existing results. Some are new proved in the general setting.
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1. Introduction and Background

Let w, 7, v,, ¢, ¢, and I, be the spaces of all, summable, summable to zero,
convergent, null and bounded sequences respectively. The notion of statistical
convergence of sequences was introduced by Fast [3], Schoenberg [12] and Buck
[1] independently. Later on the idea was exploited from sequence space point
of view and linked with summability by Fridy [4], Salat [11], Kolk [5], Rath
and Tripathy [10], Connor [2], Tripathy ([14], [15]) and many others. The basic
idea depends on the density of the subsets of N, the set of natural numbers. A

subset of E of N is said to have density d(E) if 6(F) = lim + i xE(k) exists,
n—oo ™

where Y is the characteristic function of F.
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A sequence (zy) is said to be statistically convergent to L if for every € > 0,
S({k € N : |z, — L| > €}) = 0. We write 2, == L or st — limz; = L.

Tripathy and Sen [17] have generalized the notion on extending it for para-
normed sequence spaces. The notion paranormed sequence space was first
studied by Nakano [9] and Simons [13]. Later on it was exploited by Maddox
8], Lascarides and Maddox [7], Lascarides [6], Tripathy [16] and many others.
Throughout p = (px) € ly denote a non-negative sequence of real numbers.
We write r, = i forall k € N.

The following known paranormed sequence spaces will be used.

c(u,p) ={zx = (x) € w: |upxy — LIP* - 0 (k — oo0) for some L}

Co(u,p) ={x = (x) € w: |upxg|P* — 0 as(k — o0)}

loo(u, p) = {x = () € w : sup [ugag|"* < oo}

k
e(u,p) = {x = (x3) € w: |upzy — LI 250 for some L}
Colu, p) = {z = (1) € w : [ugzy[™ = 0}

We write m(p) = ¢(u, p) N loo(u, p) and m,(u, p) = ¢,(u, p) N loo(u, p)

The above spaces are paranormed by g(z)) = sup |upzy| 3, where M =
k

max (1, sup p).

2. Preliminaries

The following results will be used for establishing the results of this paper.

Lemma 1. (Tripathy and Sen [17], Theorem 2) The space m(u,p)
is closed subspace of [ (u, p).

Lemma 2. (Lascarides [6], Remark, p. 494) Let p,q € . Then we
have A = (an) € (co(u, p),lo(q)) if and only if
(2.1)  there exists an absolute constant D > 1 such that

sup{§j

n k

Qnk

dn
D_r’“} < 00.
U
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In view of above lemma and using standard techniques we have the follow-
ing result.

Lemma 3. Let (px) € loo. Then A = (ank) € (oo, loo(u, p)) if and only if

qn
(2.2) sup{z |ukank|} < 0.

k

Lemma 4. (Lascarides [6], Theorem 9) Let p € [,. Then A = (a,;) €
c(u, p), c) if and only if
(c(u,p),c) y

(2.3)  there exists an absolute constant D > 1 such that

supz kI prE < 0,
n 7 k
a
(2.4) lim —% = q, exists for every fixed k.
n—oo

. Anj .
2.5 lim Y % = a exists.
es o

Lemma 5. Let 0 < infp, < suppr = h < oo. Then for any linear
subspace X of [ (u, p), the following are equivalent:

(2.6) X is complete with respect to g.

(2.7) If Xk:ank converges uniformly to a, for each n € N and for each

keN,

a* = (an), .y € X, then a = (a,) € X.

Proof. (2.6)=(2.7). Suppose > an; converges uniformly to a, for each
k

n € N and a* = (ank),cfy € X, foreach k € N. Since X is linear, so

Pk
EaLk

M
k>j “k

. J .
s’ =Y a" € X, jeN. Wehave g(s/ — a) = sup
k=1

n

Since the convergence of > a,; is uniform, so given 1 > ¢ > 0, there exists
&

Jo such that g(s! —a) < enr for all j > j,. Thus we have a € X, since X is
complete.

(2.7)=(2.6). Let (2), where 2™ = (z3), ., be a Cauchy sequence in
X. Then (z™) converges (say to x) in ly(u,p), since lo(u,p) is complete.

Write agy, = 27 — 27" (2% = 0). Then X ay,, converges uniformly to z; and
m

(Ahm) ey = a™ € X.
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Note 1. Taking p, = 1 for all n € N, one will get Lemma 4 of Rath and
Tripathy [10] as particular case.

Lemma 6. Let (py) € I, then A = (ank) € (7, loo(u, p)) if and only if
(2.8)

Pn
T = sup{]ukz Aankl} < 00, where A an = api — app11, for all k € N.
" k

and
(2.9). (an1) € loo(u, p)

Proof. Let s = (s) € v and S, = i s — S as n — o0o. Then by Abel’s
k=1

summation formula we have

(210) AnS = Z AnkSk = S@nl + Z Aank(Sk — S)

k=1 k=1

The rest of the proof is a routine work in view of Lemma 2 and using standard
techniques.

The proof of the following result is a routine work in view of Lemma 6.

Lemma 7. Let (pg) € loo, then A = (aur) € (Yo, loo(u, p)) if and only if
(2.8) holds.

3. Main Result

In this section we establish the results of this paper.

Theorem 1. Let 0 < inf py < supp, < oco. Then A = (ank) € (v, m(u,p))
if and only if (2.8) holds and

(3.1) (ank), ey € m(u,p), forevery ke N.
Proof. The necessity of (2.8) follows from the inclusion (v, m(u,p)) C
(7, loo(u, p)) and Lemma 5 and that of (3.1) on considering the sequence e;, =

(0,0,...0,1,0,...) in 7, where the only 1 appears at the k-th place.

Sufficiency. Let s = (s) € 7. We have by (3.1) that (Aau), v € m(u,p)
forall k=1,2,3,....
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Hence we have Sa,, + Y Aani(Sy — S) € m(u, p), by the linearity.
k<jo

Z Aank

k>jo Uk

Next we have

(Sk — S)|< T max |S), — S|
k>jo

— 0, uniformly in n as j, — oo

Hence by Lemma 1, Lemma 5 and (2.8) we have As € m(u,p).
This completes the proof of the Theorem.

The proof of the following result is obvious in view of the above result.

Corollary 1. Let 0 < infp, < suppr < oo. Then A = (an) €
(7, mo(u, p)) if and only if (2.8) holds and (ank),, .y € Mo(u,p), for every k €
N.

Following the techniques of Tripathy [15] and the arguments of Theorem
1, we have the following result.

Theorem 2. Let 0 < infpy < suppy < o0o. Then A = (an) €
(v, m(u,p); P) if and only if (2.8) holds and (au, — 1),y € Mo(u,p) for all
k=1,2,3,.... In this transformation, the limit is preserved.

Theorem 3. Let 0 < infp, < suppr < oo. Then A = (a.,) €
(70, m(u, p)) if and only if (2.8) holds and

(3.2) (Dank), .y € m(u,p), for each fixed k € N.

Proof. The necessity of (2.8) follows from the inclusion (v,, m(u,p)) C
(Yo, loo(u, p)) and Lemma 7. The necessity of (3.2) follows on considering the
series (sy) whose k-th term is 1 and (k — 1)-th term is —1 and rest are zero.
Putting S = 0 in (2.10) we have

A,s = Z“k A Sk, foralln=1,2,3....
k=1

Following the techniques of Theorem 1, it can be shown that As € m(u, p).
This completes the proof of the Theorem.

The following result is an easy consequence of the above Theorem.

Corollary 2. Let 0 < infp, < suppy < oo. Then A = (anx) €
(Yo, Mo(u, p)) if and only if (2.8) holds and

(3.3) (Aank), y € Mmo(u,p), forall k=23...
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Note 2. Taking p, = 1 for alln € N in Theorem 1, Corollary 1, Theorem 2,
Theorem 3 and Corollary 2, we have the characterization of the matrix classes
(v,m), (7,m0), (7, m; P), (7o, m), and (7, m,) i.e. the result of Tripathy [15]
as particular cases.
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