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Abstract

In this paper we prove that the linear transformation

Zn =
n∑

i=0

[
n

i

]
qi(i−n)xi, n = 0, 1, 2, . . .

preserves Log-concavity and

Zn =
n∑

i=0

[
n

i

]
qi(i−n)xiyn−i, n = 0, 1, 2, . . .

preserves double Log-concavity.

1 Introduction

Log-concave sequences arise often in combinatorics, algebra, probability and

statistics. There has been a considerable amount of research devoted to this

topic in recent years. Let {xi}i≥0 be a sequence of non-negative real numbers.

We say that {xi} is Log-concave if and only if xi−1xi+1 ≤ x2
i for all i ≥ 1

(relevant results can see [2] and [4]). For our purpose, when a sequence is said

to be Log-concave we always assume that it has no internal zeros, i.e., there

are no three indices i < j < k such that xi, xk �= 0 and xj = 0. This is a

natural assumption for sequences since most of the Log-concave sequences of

interest to us actually meet the condition. Thus a sequences is Log-concave if

and only if xi−1xj+1 ≤ xixj for any j ≥ i ≥ 1 ( see [1] ). Let f(x), g(x) ∈ R[x],

we say f(x) ≥x g(x) if and only if f(x) − g(x) has nonnegative coefficients.
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Let {fn(x)}n≥0 be a sequence of polynomials in x, we say {fn(x)}n≥0 is x-log

-concave if for each n ≥ 1, f 2
n(x) ≥x fn−1(x)fn+1(x). The concept of the

x-log-concavity was first suggested by Stanley (see [3, p.795])

Suppose {a(n, k)}0≤k≤n be a triangular array of nonnegative numbers. We

define two linear transformations:

zn =
∑

0≤k≤n

a(n, k)xk, n = 0, 1, 2, . . . (1)

and

zn =
∑

0≤k≤n

a(n, k)xkyn−k, n = 0, 1, 2, . . . (2)

If the Log-concavity of {xk} implies the Log-concavity of {zn}, we say the

transformation (1) preserves log concavity; correspondingly we say the trans-

formation (2) preserves double Log-concavity if the Log-concavity of {xk} and

{yk} implies the Log-concavity of {zn}.
So far there have been found some important linear transformations pre-

serving log-concavity. For example, it is well known that the linear transfor-

mation

zn =
n∑

i=0

(
n

i

)
xi (3)

preserves Log-concavity (see [1]). From [6], we know that the linear transfor-

mation

zn =
n∑

i=0

(
n

i

)
xiyn−i (4)

preserves double Log-concavity.

From [5] we can know that the q-binomial coefficient

[
n

i

]
defined by:

[
n

i

]
=

[n]!

[i]![n-i]!

where [k]! = [1][2] · · · [k] and [j] = 1 + q + q2 + · · ·+ qj−1. It is well known that

it has the following recursion:[
n

i

]
=

[
n − 1

i

]
+ qn−i

[
n − 1

i − 1

]
(5)
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and [
n

i

]
=

[
n − 1

i − 1

]
+ qi

[
n − 1

i

]
(6)

In this paper we will give a q-analogue of (3) and (4).

2 The main results

Suppose {a(n, k)}0≤k≤n be a triangular array of nonnegative numbers. Let

Ar(n, x) =
∑

r≤k≤n

a(n, k)xk

and

A∗
r(n, x) =

∑
r≤k≤n

a(n, n − k)xk.

In [6], Wang and Yeh gave a sufficient condition for a linear transformation

preserves Log-concavity and double Log-concavity.

Theorem 2.1 [6] Let {a(n, k)},Ar(n, x) and A∗
r(n, x) be defined as above.

(i) If Ar(n, x) is x-log-concave in n, then the linear transformation (1) pre-

serves Log-concavity;

(ii) If Ar(n, x) and A∗
r(n, x) both are x-log-concave in n, then the linear

transformation (2) preserves double Log-concavity.

For 0 ≤ k ≤ n, let B(n,k)(x) =
∑n

i=k

[
n

i

]
xiqi(i−n). Then we have the

following lemma.

Lemma 2.2 Suppose 0 ≤ k ≤ n and q ≥ 1, then we have

B2
(n,k)(x) ≥x B(n−1,k)(x)B(n+1,k)(x).

Proof. Firstly, by induction on k, we prove the following inequality

B(n,k)(x)B(n−1,k)(x/q) ≥x B(n−1,k)(x)B(n,k)(x/q). (7)

Since

B(n,n−1)(x)B(n−1,n−1)(x/q) − B(n−1,n−1)(x)B(n,n−1)(x/q)

=
xn−1

qn−1

([
n

n − 1

]
xn−1q−(n−1) + xn

)
− xn−1

([
n

n − 1

]
xn−1q−2(n−1) + xnq−n

)

=
q − 1

qn
x2n−1,
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then (7) holds in the case k = n − 1. By definition we have that

B(n,k)(x) = B(n,k+1)(x) +

[
n

k

]
xkqk(n−k).

Then

B(n,k−1)(x)y(n−1,k−1)(x/q) − y(n−1,k−1)(x)y(n,k−1)(x/q)

= det

⎡
⎢⎢⎣

B(n,k)(x) +
[

n

k − 1

]
xk−1q(k−1)(k−n−1) B(n,k)(x/q) +

[
n

k − 1

]
xk−1q(k−1)(k−n)

B(n−1,k)(x) +
[
n − 1
k − 1

]
xk−1q(k−1)(k−n) B(n−1,k)(x/q) +

[
n − 1
k − 1

]
xk−1q(k−1)(k−n+1)

⎤
⎥⎥⎦

= B(n,k)(x)y(n−1,k)(x/q) − B(n,k)(x/q)B(n−1,k)(x)

+
[

n

k − 1

]
xk−1q(k−1)(k−n−1)B(n−1,k)(x/q) −

[
n − 1
k − 1

]
xk−1q(k−1)(k−n)B(n,k)(x/q)

+
[
n − 1
k − 1

]
xk−1q(k−1)(k−n+1)B(n,k)(x) −

[
n

k − 1

]
xk−1q(k−1)(k−n)B(n−1,k)(x),

for k ≤ i ≤ n, the coefficient of xi+k−1 in the last two terms is

q(k−1)(k−n+1)+i(i−n) [n]![n − 1]![i − k]!(qi+1−k − 1)

[k − 1]![i]![n − k + 1]![n − i]!
.

Thus (7) holds by induction.

By (5), we have

B(n,k)(x) =
∑
i≥k

[
n

i

]
xiqi(i−n)

=
∑
i≥k

[
n − 1

i

]
xiqi(i−n) +

∑
i≥k

[
n − 1

i − 1

]
xiqi(i−n)+(n−i)

= B(n−1,k)(x/q) + xB(n−1,k)(x) +

[
n − 1

k − 1

]
xk−1q(k−1)(k−n).

Then

B2
(n+1,k)(x) − B(n+2,k)(x)B(n,k)(x)

= B(n+1,k)(x)

(
B(n,k)(x/q) + xB(n,k)(x) +

[
n

k − 1

]
xk−1q(k−1)(k−1−n)

)

−B(n,k)(x)

(
B(n+1,k)(x/q) + xB(n+1,k)(x) +

[
n + 1

k − 1

]
xk−1q(k−1)(k−n−2)

)
= B(n+1,k)(x)B(n,k)(x/q) − B(n,k)(x)B(n+1,k)(x/q)

+

[
n

k − 1

]
xk−1q(k−1)(k−n−1)B(n+1,k)(x) −

[
n + 1

k − 1

]
xk−1q(k−1)(k−n−2)B(n,k)(x).
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For k ≤ i ≤ n, the coefficient of xi+k is q(k−1)(k−n−1)+i(i−n−1) [n]![n+1]![i+1−k]!
[k−1]![i]![n−k+2]![n−i+1]!

in the last line. Combining with (7) we complete the proof. �

By Theorem 2.1 and Lemma 2.2, we immediately obtain the following

result.

Theorem 2.3 The linear transformation

Zn =

n∑
i=0

[
n

i

]
qi(i−n)xi, n = 0, 1, 2, . . .

preserves Log-concavity.

For 0 ≤ k ≤ n, let B∗
(n,k)(x) =

∑n
i=k

[
n

n − i

]
xiq−i(n−i). It is easy to find

that B(n,k)(x) = B∗
(n,k)(x). Then by Theorem 2.1 and Lemma 2.2, we can

obtain another result as follows.

Theorem 2.4 The linear transformation

Zn =
n∑

i=0

[
n

i

]
qi(i−n)xiyn−i, n = 0, 1, 2, . . .

preserves double Log-concavity.

References

[1] F. Brenti. Unimodal, Log-concave, and Polya Freqency Seqences in Com-

binatorics, Memoirs of the American Math. Society, No. 413, Amer. Math.

Soc, Providence, RI. 1989.

[2] F. Brenti, Log-concave and Unimodal Sequences in Algebra , Combina-

torics, and Geometry: An Update, Contemp. Math., 178(1994): 71-89.

[3] B.E. Sagan, Log concave sequences of symmetric functions and analogs

of the Jacobi-Trudi determinants, Trans. Amer. Math. Soc., 329 (1992),

795-811.

[4] R. P. Stanley, Log-concave and Unimodal Sequences in Algebra , Combi-

natorics, and Geometry Ann. New York Acad. Sci. , 576(1989): 500-534.

[5] R. P. Stanley, Enumerative Combinatorics. Volum 1. Cambridge Univer-

sity Press 1986.



228 Huajun Zhang

[6] Y. Wang and Y.-N. Yeh, Log-concavity and LC-positivity, J. Combin.

Theory Ser. A, 114 (2007) 195-210.

Received: August 17, 2007


