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Abstract

In this paper we prove that the linear transformation

n

Zn:Z[Z] qZ(Z )$i, n:071527"'

i=0
preserves Log-concavity and

n

Zn = Z [”Z] qz(lin)xzyn*h n = O’ 17 2’ -

1=0

preserves double Log-concavity.

1 Introduction

Log-concave sequences arise often in combinatorics, algebra, probability and
statistics. There has been a considerable amount of research devoted to this
topic in recent years. Let {x;};>0 be a sequence of non-negative real numbers.
We say that {z;} is Log-concave if and only if x; jx;41 < 22 for all i > 1
(relevant results can see [2] and [4]). For our purpose, when a sequence is said
to be Log-concave we always assume that it has no internal zeros, i.e., there
are no three indices ¢ < j < k such that z;,z; # 0 and z; = 0. This is a
natural assumption for sequences since most of the Log-concave sequences of
interest to us actually meet the condition. Thus a sequences is Log-concave if
and only if ;241 < a;x; for any j > ¢ > 1 (see [1] ). Let f(z), g(x) € R[z],
we say f(z) >, g(x) if and only if f(x) — g(z) has nonnegative coefficients.
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Let {f.(x)},>0 be a sequence of polynomials in x, we say {f,(z)},>0 is z-log
-concave if for each n > 1, f3(z) >, fn_1(x)fns1(z). The concept of the
x-log-concavity was first suggested by Stanley (see [3, p.795])

Suppose {a(n, k) }o<k<n be a triangular array of nonnegative numbers. We
define two linear transformations:

Zn = Z a(n,k)xy, n=0,1,2,... (1)

0<k<n

and

Zn = Z a(n, k)xpyn—r, n=0,1,2,... (2)

0<k<n

If the Log-concavity of {zy} implies the Log-concavity of {z,}, we say the
transformation (1) preserves log concavity; correspondingly we say the trans-
formation (2) preserves double Log-concavity if the Log-concavity of {x;} and
{yr} implies the Log-concavity of {z,}.

So far there have been found some important linear transformations pre-
serving log-concavity. For example, it is well known that the linear transfor-
mation

2y = io (Z‘) i (3)

preserves Log-concavity (see [1]). From [6], we know that the linear transfor-
mation

2 = zn; (7;‘) Tilns (4)

preserves double Log-concavity.

From [5] we can know that the g-binomial coefficient {n] defined by:
i

where (k]! = [1][2] - [k] and [j] =1+ ¢+ ¢*+-- -+ ¢’ " Tt is well known that
it has the following recursion:

=l e 5)
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IR (©)

In this paper we will give a g-analogue of (3) and (4).

and

2 The main results

Suppose {a(n, k) }o<k<n be a triangular array of nonnegative numbers. Let
A,.(n,x) = Z a(n, k)"
r<k<n

and

Al(n,x) = Z a(n,n — k)"

r<k<n
In [6], Wang and Yeh gave a sufficient condition for a linear transformation
preserves Log-concavity and double Log-concavity.

Theorem 2.1 [6] Let {a(n,k)}, A.(n,x) and A (n,z) be defined as above.
(i) If A.(n,x) is z-log-concave in n, then the linear transformation (1) pre-
serves Log-concavity;
(ii) If A.(n,x) and Ai(n,z) both are x-log-concave in n, then the linear
transformation (2) preserves double Log-concavity.

For 0 < k < n, let Byp(z) = >0, ln] 2'¢"=™ . Then we have the
i
following lemma.

Lemma 2.2 Suppose 0 < k <n and q > 1, then we have

Proof. Firstly, by induction on k, we prove the following inequality
By (@) Bin—1.1)(2/q) =2 Bim1,k)(2) By (2/q)- (7)

Since

B(n,nfl)(x)B(nfl,nfl)(x/(D - B(nfl,nfl)(x)B(n,nfl)(x/Q)

"t n n
_ — (|: :| xnfqu(nfl) + xn) . xnfl (|: :| xn71q72(n71) + ann)
qr n — n—1

qq_n 1I2n—17
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then (7) holds in the case k = n — 1. By definition we have that

n —
B (@) = Bpen (@) + [k‘] kgt k),

Then
B k1) (@)Yn-15-1)(%/0) = Yn—1,5-1)(@)Y(n.k—1)(x/q)

n n B e
B(n,k:) (m) + {k " J xk71q(k71)(k—n—1) B(n,k) (m/q) + [k: - 1] 2k 1q(k 1)(k—n)

-1
-1

= det n—1 n
Bin—1,1(7) + [k‘ B 1] gl B (/) + [k‘

= Bk (@)Ym-1.6)(2/q) — Bink) (/@) Bin—1.x) ()

n k=1 (k—1)(k—n—1 n—1
+ [k— 1] ab = DE=n=UB o (x/q) — [k 1

} g1 gUb=1)(k=nt1)

] xk—lq(k—l)(k—n)B(n’k) (x/q)

n—1 _ (ke n _ D) (k—
+ [k— 1] o 1q(k Dk ”H)B(n,k)(ﬂf) _ [k: B J 2k 1q(k 1)(k n)B(nka)(l“),

for k < i < n, the coefficient of z°**~! in the last two terms is

D) (i) iGiomy [P [0 = T = k(g7 = 1)

e — 11l — &+ 1l[n — il

q

Thus (7) holds by induction.
By (5), we have

nl i i(i-n
Boala) = X [[] st

i>k
n—=1 i ii-n n—=1 i ili—n)+(n—i
s3] (YIRS o] e PP
sk L i>k

n—1 k1 (be1(kn
= Buoip)(z/q) + 2Bup-1p(x) + [k B J gh1 gD k=n),

Then
Bl i1.)(2) = Bk () B iy ()

= B (@) (B(n,m(fr/Q) + 2B i (@) + lk ﬁ 1] :L‘k_lq(k_l)(k—l—n))

n+1 _ D) (ke
—Bnk) (x) (B(n+17k)(x/q) + 2B (x) + L{? B 1} zF lq(k (k 2))

= Bug1.)(®)Biniy (2/q) — By (%) Bk (7/q)

n _ _ e n -+ 1 _ _ —n—
+ |:k - :| I'k lq(k 1)(k l)B(n—l—Lk)(l‘) o |:k N 1:| I'k lq(k 1)(k Q)B(n,k)(x)
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. . itk . _ —n—1)+i(i—n— n]!n+1]![i+1—k]!
For k < i < n, the coefficient of 27+* is (k=1 (k=n=1D+i(i=n=1) [k_l[}!Ei][![:ig]l![n_}iﬂ]!
(I

in the last line. Combining with (7) we complete the proof.
By Theorem 2.1 and Lemma 2.2, we immediately obtain the following
result.

Theorem 2.3 The linear transformation

n

N iti-n
Z":Zuq( )z, n=0,1,2,...

1=0

preserves Log-concavity.

For 0 < k < mn, let B, ,y(x) = > i, {nﬁ Z] 2iq~ =), Tt is easy to find
that B (z) = B(, ;) (z). Then by Theorem 2.1 and Lemma 2.2, we can
obtain another result as follows.

Theorem 2.4 The linear transformation

n

ni(i-n
Zn:2[2:|q( )xiynfia n=0,1,2,...

=0

preserves double Log-concavity.
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