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Abstract. In this paper, we define a modular functional on the generalized
Cesaro sequence space ces[(pn), (qn)] and investigate structure of this space
equipped with the Luxemburg norm. Also we study the geometric properties
which are Kadec-Klee (H-property), Rodunt (R) and locally uniformly rodunt
(LUR). Finally, we prove that this space posses H-property and this space is
not Rotund and therefore not LUR.
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1. Introduction

Throughout the paper, the sets of natural numbers, sets of real numbers
and field will be denoted by N, R and F, respectively. Let (X, ‖·‖) be a real
Banach space and let B(X) (resp. S(X) ) be the closed unit ball (resp. unit
sphere ) of X.

A point x ∈ S(X) is an H − point of B(X) if for any sequence (xn) in
X such that ‖xn‖ → 1 as n → ∞, the weak convergence of (xn) to x (write

xn
w→ x ) implies that ‖xn − x‖ → 0 as n → ∞. If every point of S(X) is

an H-point of B(X); then X is said to have H − property (Kadec − Klee).

1Corresponding author
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Briefly; X is said to have the property (H), if for any sequence on the unit
sphere of X, weak convergence coincides norm convergence.

A point x ∈ S(X) is an extreme point of B(X), if for any y, z ∈ S(X), the
equality x = y+z

2
implies y = z.

A Banach space X is said to be rotund(R) if for every point of S(X) is an
extreme point of B(X).

A point x ∈ S(X) is an locally uniformly rotund point of B(X), (LUR-
point) if for any sequence (xn) in B(X) such that ‖xn + x‖ → 2 as n → ∞,
there holds ‖xn − x‖ → 0 as n → ∞. If every point of S(X) is a LUR-point
of B(X), then X is called locally uniformly rotund (LUR). It is known that
if X is LUR, then it is (R) and posses property (H). But converse of this last
statement is not true in general.

For these geometric notions and their role in Mathematics we refer to the
monographs [1], [2], [3], [4] and [5]. Some of these geometric properties were
studied for Orlicz spaces in [9], [10], [11] and [12].

If {qn} is positive sequence of real numbers, then for p = (pr) with infpr >
0, In [6], Khan and Rahman defined the space ces [(pn), (qn)] by

ces [((pn), (qn)] =

{
x ∈ w :

∞∑
r=0

(
1

Q2r

∑
r

qk|xk|
)pr

< ∞
}

,

where Q2r=q2r+q2r+1+...+q2r+1−1 and
∑
r

denotes summation over the range

2r ≤k< 2r+1. Also Khan and Rahman [6] showed that if qn = 1 for all n, then
ces [(pn), (qn)] reduces to ces(pn) studied by Lim [7]. Besides, they showed
that; if pn = p for all n, then ces [(pn), (qn)] reduces to cesp studied by Lim
[8]. In [5], Sanhan and Suantai investigated some geometrical properties of
ces(pn). Moreover Khan and Rahman [6] showed that the space ces [(pn), (qn)]
is paranormed by

g(x) =

[ ∞∑
r=0

(
1

Q2r

∑
r

qk|xk|
)pr
]1/M

,

where H = suprpr < ∞ and M = max(1, H). That is, the sequence space
ces [(pn), (qn)] has the paranorm g(x).

Let w be the space of all (real or complex) sequences and let l∞ and c
respectively be the Banach spaces of bounded and convergent sequences x =
(xn) endowed with the norm,

‖x‖ = sup
k≥0

|xk|.

If the functional σ(x) on w has the following properties, it is called modular
on w:
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i) σ(x) = 0 ⇐⇒ x = 0;
ii) σ(αx) = σ(x),∀α ∈ F with |α| = 1, for all x ∈ X;
iii) σ(αx + βy) = σ(x) + σ(y) if α, β ≥ 0, α + β = 1, for all x, y ∈ X,

if the property (iii) is replaced by
iv) σ(αx + βy) ≤ ασ(x) + βσ(y), for all α, β ∈ R+ with α + β = 1;

then we say σ is a convex modular.
We can introduce the modular σ(x) on the sequence space ces [(pn), (qn)]

as follows:

σ(x) : ces [(pn), (qn)] → [0,∞] , σ(x) =
∞∑

r=0

(
1

Q2r

∑
r

qk|xk|
)pr

.

For all x ∈ ces [(pn), (qn)], we define a norm as follows:

‖x‖ = inf
{

τ > 0 : σ
(x

τ

)
≤ 1
}

.

The function || · || is called the Luxemburg norm on the sequence space
ces [(pn), (qn)].

Also in this paper we will show that sequence space ces [(pn), (qn)] is
Banach space with respect to Luxemburg norm.

Note that Luxemburg norm on the sequence space ces [(pn), (qn)] is
defined as follows:

‖x‖ = inf

{
τ > 0 : σ

(x

τ

)
=

∞∑
r=0

(
1

Q2r

∑
r

qk|xk|
)pr
}

.

From [7], we can easily verify that; the norm defined by Luxemburg norm on
the ces [(pn), (qn)] reduces to

‖x‖ces(pn) = inf

{
τ > 0 : σ

(x

τ

)
=

∞∑
r=1

(
1

k

r∑
k=1

|xk

τ
|
)pr

≤ 1

}
,

if qn = 1 for all n ∈ N.
Furthermore, if pn = p for all n ∈ N and qn = 1 for all n ∈ N then

the Luxemburg norm on the sequence space ces [(pn), (qn)] reduces to norm
defined by

‖x‖cesp
= inf

⎧⎨
⎩τ > 0 : σ

(x

τ

)
=

∞∑
r=1

(
1

n

r∑
k=1

|xk

τ
|p
)1/p

≤ 1

⎫⎬
⎭ ,

(see; [8]).
Let us give a inequality that we will require throughout this paper: Let

p = (pk) be monotone increasing sequence of positive real numbers, we have

|ak + bk|pk ≤ C [|ak|pk + |bk|pk ]
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where ak > 0, bk > 0 and C = 2H−1, H = sup
k

pk.

One of main purpose of this work, the space ces [(pn), (qn)] equipped
with the Luxemburg norm is to show modular space and to investigate some
geometric structure of this space.

2. Main Results

In this section we introduce and prove some technical results which will
be used in the proof of the main theorems. Let us begin by recalling the
following lemmas about the notion of convex modular on the sequence space
ces [(pn), (qn)] .

Lemma 1. The functional σ is a convex modular on ces [(pn), (qn)] .

Proof. Let x, y ∈ ces [(pn), (qn)] . It is obvious that;
(i) σ(x) = 0 ⇔ x = 0 and
(ii) σ(λx) = σ(x) for all scalar λ with |λ| = 1.

σ(λx) =

∞∑
r=0

(
1

Q2r

∑
r

qk|λxk|
)pr

=
∞∑

r=0

|λ|pr

(
1

Q2r

∑
r

qk|xk|
)pr

=

∞∑
r=0

(
1

Q2r

∑
r

qk|xk|
)pr

= σ(x)

(iii) For λ, β ≥ 0 with λ + β = 1, by the convexity t → |t|pk , for every
k ∈ N , we have

σ(λx + βy) =

∞∑
r=0

(
1

Q2r

∑
r

qk|λxk + βyk|
)pr

≤
∞∑

r=0

(
1

Q2r

[
λ
∑

r

qk|xk| + β
∑

r

qk|yk|
])pr

≤
∞∑

r=0

[
λ

(
1

Q2r

∑
r

qk|xk|
)

+ β

(
1

Q2r

∑
r

qk|yk|
)]pr

≤ λpr

∞∑
r=0

(
1

Q2r

∑
r

qk|xk|
)pr

+ βpr

∞∑
r=0

(
1

Q2r

∑
r

qk|yk|
)pr

≤ λσ(x) + βσ(y).
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Lemma 2. For x ∈ ces [(pn), (qn)] , the modular σ on ces [(pn), (qn)] satisfies
the following properties:

(i) if 0 < a < 1, then aHσ(x
a
) ≤ σ(x) and σ(ax) ≤ aσ(x),

(ii) if a > 1, then σ(x) ≤ aHσ(x
a
),

(iii) if a ≥ 1, then σ(x) ≤ aσ(x) ≤ σ(ax).

Proof. (i) Let 0 < a < 1. Then we have

σ(x) =

∞∑
r=0

(
1

Q2r

∑
r

qk|xk|
)pr

=
∞∑

r=0

(
1

Q2r

a
∑

r

qk|xk

a
|
)pr

=

∞∑
r=0

apr

(
1

Q2r

∑
r

qk|xk

a
|
)pr

≥ aHσ(
x

a
).

(ii) Let a > 1. Then we have

σ(x) =

∞∑
r=0

(
1

Q2r

∑
r

qk|xk|
)pr

=

∞∑
r=0

(
1

Q2r

a
∑

r

qk|xk

a
|
)pr

=
∞∑

r=0

apr

(
1

Q2r

∑
r

qk|xk

a
|
)pr

≤ aH
∞∑

r=0

(
1

Q2r

∑
r

qk|xk

a
|
)pr

≤ aHσ(
x

a
).

(iii) It is clear that (iii) is satisfied by the convexity of σ.

Lemma 3. For any x ∈ ces [(pn), (qn)] ,
(i) if ‖x‖ < 1, then σ(x) ≤ ‖x‖ ,
(ii) if ‖x‖ > 1, then σ(x) ≥ ‖x‖ ,
(iii) ‖x‖ = 1 if and only if σ(x) = 1,
(iv) if ‖x‖ < 1, then σ(x) < 1,
(v) if ‖x‖ > 1, then σ(x) > 1.
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Proof. (i) Let ε > 0 be such that 0 < ε < 1 − ||x||. Then we obtain that
ε+||x|| < 1. By definition of the norm; there exists τ > 0 such that ε+||x|| >
τ and σ (xτ) ≤ 1. From Lemma 2 (i) and (iii), we have

σ(x) ≤ σ ((ε + ‖x‖)xτ) = σ
(
(ε + ‖x‖) x

τ

)
≤ (ε + ‖x‖) σ (xτ) ≤ ε + ‖x‖ .

Hence we obtain that; σ(x) ≤ ‖x‖ , so (i) is satisfied.

(ii) If ‖x‖ > 1 and ε > 0 then 0 > 1− ||x|| and 0 > 1−||x||
||x|| . Hence we get

that ||x||−1
||x|| > 0. Let ε > 0 be such that 0 < ε < ||x||−1

||x|| . Since ||x||−1
||x|| > 0 and

||x||(ε − 1) < −1, we can write that - 1
||x||(ε−1)

< 1 < 1
||x||(ε−1)

.

By the definition of norm and Lemma 2 (i) , we have 1 < σ( x
||x||(1−ε)

) ≤
1

||x||(1−ε)
σ(x).

So ||x||(1 − ε) < σ(x) for all ε ∈
(
0, ||x||−1

||x||

)
. Put A={

(1 − ε)||x|| : 0 < ε < ||x||−1
||x||

}
then ||x|| = supA. Since σ(x) is an upper bound

of A, we have ‖x‖ ≤ σ(x).
(iii) Assume that ||x|| = 1. Let ε > 0, then there exists δ > 0 such that

1+ε > δ > ||x|| and σ (xδ) ≤ 1. By Lemma 2 (ii) we have σ(x) ≤ δH σ (xδ) ≤
δH < (1 + ε)H , so (σ(x))1/H ≤ 1 + ε for all ε > 0 which implies that
σ(x) ≤ 1.

If σ(x) < 1, let a ∈ (0, 1) such that σ(x) < aH < 1. From Lemma 2 (i) we
have σ (xa) ≤ 1

aH σ(x) ≤ 1, hence ||x|| ≤ a < 1, which is a contradiction. Thus
we have σ(x) = 1.

Conversely, assume that σ(x) = 1, by the definition of norm, we get
that ‖x‖ ≤ 1. If ‖x‖ ≤ 1, then by (i), we have that σ(x) ≤ ||x||, which
contradicts to our assumption, so we obtain that ||x|| = 1.

(iv) If ‖x‖ < 1, we have by (i) that σ(x) < ‖x‖ < 1. σ(x) < 1, it follows
by (ii) and (iii) that ||x|| < 1, so (iv) is obtained.

(v) it follows from (iii) and (iv).

Lemma 4. For x ∈ ces [(pn), (qn)] we have
(i) if 0 < a < 1 and ||x|| > a, then σ(x) > aH ,
(ii) if a ≥ 1 and ||x|| < a, then σ(x) < aH .

Proof. (i) We suppose that 0 < a < 1 and ||x|| > a. Then
∥∥x

a

∥∥ > 1. By

Lemma 3 (ii), we have σ
(

x
a

)
>
∥∥x

a

∥∥ > 1. Hence by Lemma 2 (i), we get that

σ
(

x
a

) ≥ aHσ
(

x
a

)
> aH .

(ii) Assume that a > 1 and ‖x‖ < a. Then
∥∥x

a

∥∥ < 1. By the Lemma 3 (i)

σ
(

x
a

) ≤ ∥∥x
a

∥∥ < 1. If a=1, then we have σ(x) < 1, by Lemma 2 (ii), we obtain

that σ(x) < aHσ
(

x
a

)
< aH .

Lemma 5. Let (xn) be sequence in ces [(pn), (qn)] ,
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(i) if lim
n→∞

||xn|| = 1, then lim
n→∞

σ(xn) = 1,

(ii) if lim
n→∞

σ(xn) = 0, then lim
n→∞

||xn|| = 0.

Proof. (i) Suppose that lim
n→∞

||xn|| = 1. Let ε ∈ (0, 1). Then there exists n0

such that 1 − ε < ||xn|| < 1 + ε for all n ≥ n0. By Lemma 4, for all n ≥ n0,
(1 − ε)H < ||xn|| < (1 + ε)H implies that lim

∞
σ(xn) = 1.

(ii) Suppose that ||xn|| � 0. Then there is an ε ∈ (0, 1) and a subsequence
(xnk

) of (xn) such that ||xnk
|| > ε for all k ∈ N . By Lemma 4 (i), we obtain

that σ(xnk
) > εH for all k ∈ N . This implies that σ(x

nk
) � 0 as n → ∞.

Hence σ(xn) � 0

We now show that the ces [(pn), (qn)] is a Banach space with respect to
Luxemburg norm.

Theorem 1. The space ces [(pn), (qn)] is a Banach space with respect to Lux-
emburg norm defined by

||x|| = inf {ρ > 0 : σ (xρ) ≤ 1} .

Proof. We will show that every Cauchy sequence in ces [(pn), (qn)] is conver-
gent according to the Luxemburg norm. Let (xn

k) be a Cauchy sequence in
ces [(pn), (qn)] and ε ∈ (0, 1). Thus there exists n0 such that ||xn−xm|| < εM ,
for all m,n ≥ n0. By the Lemma 3 (i) we obtain

σ(xn − xm) < ||xn − xm|| < εM ,(2.1)

for all n, m ≥ n0. That is,

∞∑
r=0

(
1

Q2r

∑
r

qk|xn
k − xm

k |
)pr

< εM ,

for m,n ≥ n0.For fixed k we get that

|xn
k − xm

k | < ε.

Hence we obtain that the sequence (xn
k) is a Cauchy sequence in R. Since

the real number R is complete, xm
k → xk as m → ∞. Therefore, for fixed k

|xn
k − xk| < ε for n ≥ n0.

Now we will show that the sequence (xk) is the element of ces [(pn), (qn)] .
From (2.1) inequality, we can write
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∞∑
r=0

(
1

Q2r

∑
r

qk|xn − xm|
)pr

< ε for all m,n ≥ n0.

For every k ∈ N, we have xm
k → xk, so we obtain that

σ(xn − xm) → σ(xn − x) as m → ∞.

So, we can write

∞∑
r=0

(
1

Q2r

∑
r

qk|xn
k − xm

k |
)pr

→
∞∑

r=0

(
1

Q2r

∑
r

qk|xn
k − xk|

)pr

as m → ∞. Hence we have

σ(xn − x) < ε for all n ≥ n0.

That is,

σ(xn − x) < ε ⇒ xn → x.

Secondly, from the linearity of the sequence space ces [(pn), (qn)] , we can
write as follows:

x = (x − xn) + xn.

By the following calculations, we obtain that,

∞∑
r=0

(
1

Q2r

∑
r

qk|xk|
)pr

=
∞∑

r=0

(
1

Q2r

∑
r

qk|xk − xn
k | +

1
Q2r

∑
r

qk|xn
k |
)pr

≤
∞∑

r=0

(
1

Q2r

∑
r

qk|xn
k − xk|

)pr

+
∞∑

r=0

(
1

Q2r

∑
r

qk|xn
k |
)pr

≤ ε.

That is, the sequence (xn − x) convergences to sequence x in ces [(pn), (qn)].
Hence the sequence space ces [(pn), (qn)] is Banach space with respect to
Luxemburg norm. This completes the proof of theorem.

Lemma 6. Let x ∈ ces [(pn), (qn)] and (xn) ⊆ ces [(pn), (qn)] . If σ(xn) →
σ(x) as n → ∞ and xn(i) → x(i) as n → ∞ for all i ∈ N , then xn → x as
n → ∞.

Proof. Let ε > 0. Since σ(x) =
∞∑

r=0

(
1

Q2r

∑
r

qk|xk|
)pr

< ∞, there exists k ∈ N

such that
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∞∑
r=r0+1

(
1

Q2r

∑
r

qk|xk|
)pr

<
ε

3

1

2M
,(2.2)

where M = max{1, 2H−1}, H = sup
r

pr.

Since σ(xn) −
r0∑

r=0

(
1

Q2r

∑
r

qk|xn(i)|
)pr

→ σ(x) −
r0∑

r=0

(
1

Q2r

∑
r

qk|x(i)|
)pr

as

n → ∞ and xn(i) → x(i) as n → ∞ for all i ∈ N , there exists n0 ∈ N such
that

σ(xn) −
r0∑

r=0

(
1

Q2r

∑
r

qk|xn(i)|
)pr

→ σ(x) −
r0∑

r=0

(
1

Q2r

∑
r

qk|x(i)|
)pr

+
ε

32M

(2.3)

for all n ≥ n0 and since xn(i) → x(i) as n → ∞ for all i ∈ N , and we
know also that σ(xn) → σ(x) as n → ∞. Hence for all n ≥ n0 we have
|xn(i) − x(i)| < ε. As a result for all n ≥ n0,we have

∞∑
r=0

(
1

Q2r

∑
r

qk|xn(i) − x(i)|
)pr

<
ε

3
.(2.4)

Then, from (2.1), (2.2) and (2.3) it follows that for n ≥ n0,

σ(xn − x) =
∞∑

r=0

(
1

Q2r

∑
r

qk|xn(i) − x(i)|
)pr

=
r0∑

r=0

(
1

Q2r

∑
r

qk|xn(i) − x(i)|
)pr

+
∞∑

r=r0+1

(
1

Q2r

∑
r

qk|xn(i) − x(i)|
)pr

<
ε

3
+ 2M

[ ∞∑
r=r0+1

(
1

Q2r

∑
r

qk|xn(i)|
)pr

+
∞∑

r=r0+1

(
1

Q2r

∑
r

qk|x(i)|
)pr

]

=
ε

3
+ 2M

[
σ(xn) −

r0∑
r=0

(
1

Q2r

∑
r

qk|xn(i)|
)pr

+
∞∑

r=r0+1

(
1

Q2r

∑
r

qk|x(i)|
)pr

]

<
ε

3
+ 2M

[
σ(x) −

r0∑
r=0

(
1

Q2r

∑
r

qk|x(i)|
)pr

+
ε

3
1

2M

∞∑
r=r0+1

(
1

Q2r

∑
r

qk|x(i)|
)pr

]

=
ε

3
+ 2M

[ ∞∑
r=r0+1

(
1

Q2r

∑
r

qk|x(i)|
)pr

+
ε

3
1

2M

∞∑
r=r0+1

(
1

Q2r

∑
r

qk|x(i)|
)pr

]

=
ε

3
+ 2M

[
2

∞∑
r=r0+1

(
1

Q2r

∑
r

qk|x(i)|
)pr

+
ε

3
1

2M

]

<
ε

3
+

ε

3
+

ε

3
= ε
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This shows that σ(xn − x) → 0 as n → ∞. Hence by Lemma 5 (ii), we have
||xn − x|| → 0 as n → ∞.

Now, we will give a main results of this paper as following theorems. These
are geometric properties of ces [(pn), (qn)] .

Theorem 2. The space ces [(pn), (qn)] has the property Kadec-Klee (H-property).

Proof. Let x ∈ S(ces [(pn), (qn)]) and (xn) ⊆ B(ces [(pn), (qn)]) such that

||xn|| → 1 and xn
w→ x as n → ∞. From the Lemma 3 (iii), we have σ(x) = 1,

so it follows from the Lemma 5 (i) that σ(xn) → σ(x) as n → ∞. Since

xn
w→ x and the ith-coordinate mapping πi : ces [(pn), (qn)] → R defined

by πi(x) = xi is continuous linear function on ces [(pn), (qn)] , it follows that
xn(i) → x(i) as n → ∞ for all i ∈ N . Thus we obtain by the Lemma 6 that
xn → x as n → ∞.

Theorem 3. The space ces [(pn), (qn)] is not rotund(R).

Proof. For the proof of this theorem we shall give a counter example. Let
x = (1, 0, 0, 0, 0, ...) and y = (0, 1, 1, 0, 0, ...) be two sequences in ces [(pn), (qn)]
. It is easy to see that ||x||ces[(pn),(qn)] = 1 and ||y||ces[(pn),(qn)] = 1. For the
ces [(pn), (qn)] not posses rotund property, we may show that ||x+y

2
|| 
= 1. This

follows from standard calculations easily. Consequently, we obtain that the
sequence space ces [(pn), (qn)] has not R-property.

Remark 1. If qn=1, for all k, ces [(pn), (qn)] reduces to the space ces(p) stud-
ied by Lim[7]. In [5] Sanhan and Suantai show that the ces(p) is not ro-
tund. Also another way of to say that not rotundity of ces [(pn), (qn)] is follows
from the above inclusion. And we also have from relations between ces(p) and
ces [(pn), (qn)] , the ces [(pn), (qn)] is not LUR.
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