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Abstract

In this paper, we propose an efficient approach to solve the fifth-
order KdV equations. By using the variational iteration method, the
exact solutions of the fifth-order KdV equations are given without the
calculation of the complicated Adomian’s polynomials, linearization,
discretization, weak nonlinearity assumptions or perturbation theory.
Numerical examples are presented that show the efficiency of the pro-
posed method.
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1 Introduction

Consider the initial value problem for the Fifth-order KdV (FKdV) equation
[1]

ut − uxxxxx = F (x, tu, u2, ux, uxx, uxxx) (1)

subject to the initial condition

u(x, 0) = f(x). (2)

The FKdV equation plays an important role in describing motions of long
waves in shallow water under gravity, one-dimensional nonlinear lattice [2, 3,
4, 5, 6, 7, 8], fluid mechanics [9], quantum mechanics, plasma physics, non-
linear optics and other areas. This equation has been investigated extensively
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over last decade. It has been shown that the travelling wave solutions of this
equation don’t vanish at infinity [10, 11]. There are many classical methods
proposed to solve the FKdV equation, including direct integration, Lyapunov
approach, Hirota’s dependent variable transformation, the inverse scattering
transform, and the Bäcklund transformation [12, 13, 14]. A direct algebraic ap-
proach has also been developed by Parkes and Duffy in which the solutions to
the particular equation are represented by an automated tanh-function method
[15]. Recently, A.M. Wazwaz considered the abundant solitons solutions, com-
pactons and solitary patterns solutions, some new solitons and periodic solu-
tions of the fifth-order KdV equation [16, 17, 18], A.H. Khatera et. al discussed
cnoidal wave solutions for a class of FKdV equations [7], Kaya proposed the
Adomian decomposition method (ADM) to solve this equation without unre-
alistic assumptions [1]. Reviewing these improvements, the classical method
are based on using the transformation to reduce the equation to more simple
equation, and the automated tanh-function method is based on the solutions
can be expressed in terms of the tanh function, while for the Adomian de-
composition method, it’s inevitable to calculate the complicated Adomian’s
polynomials. Because of the obvious difficulties in computational complexity,
these methods for solutions narrow down their applications.

To avoid these difficulties, basically to avoid introducing the Adomian’s
polynomials, we consider applying the variational iteration method to the
FKdV equations. By means of the variational iteration method, the exact
solutions of some special FKdV equations are given. It’s easy to find that the
main property of this method is its ability to give the exact solutions with-
out the calculation of the complicated calculation of Adomian’s polynomials
compared with the ADM.

The rest of this paper is organized as follows. We introduce the variational
iteration method in section 2. In section 3, numerical examples are presented
to illustrate the efficiency of the variational iteration method. Finally, we give
the conclusion in section 4.

2 Analysis of the variational iteration method

The variational iteration method, which was originally proposed by J.H. He [19]
in 1999, has been proved by many authors to be a powerful mathematical tool
for solving various kinds of nonlinear problems [19, 20, 21, 22, 23, 24, 25, 26, 27].
This method introduces an efficient approach for a wide variety of scientific
and engineering applications. We should point out that this method can give
the approximate or exact solutions without the computation of the Adomian
polynomials, discretization, lineariztion, transformation or perturbation.

To illustrate its basic concepts of the variational iteration method [19], we
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consider the following differential equation:

L(u) +N(u) = g(x, t), (3)

where L is a linear operator, N is a nonlinear operator, and g(x, t) is an
inhomogeneous term. Then we can construct a correct functional as follows:

un+1(x, t) = un(x, t) +
∫ t

0
λ{L(un(x, ξ)) +N(ũn(x, ξ)) − g(x, ξ)}dξ, (4)

where λ is a general Lagrange multiplier [19, 21, 22], which can be identified
optimally via variational theory. The second term on the right is called the
correction and ũn is considered as a restricted variation, i.e. δũn = 0.

With the determination of λ, the approximations un(x, t)(n ≥ 0) follow
immediately. Consequently, the exact solution may be obtained by using

u(x, t) = lim
n→∞ un(x, t). (5)

3 Numerical examples

In this section, we present some numerical examples to assess the efficiency of
the variational iteration method. The corresponding FKdV equations have the
exponential, rational and travelling wave solutions, respectively. Compared
with the ADM, the variational iteration method provides exact solutions of
these equations without computing the Adomian’s polynomials.
Example 1. We consider the following equation [1]

ut + uux − uuxxx + uxxxxx = 0 (6)

subject to the initial condition

u(x, 0) = ex. (7)

According to the variational iteration method, we can construct the follow-
ing correct functional:

un+1(x, t) = un(x, t) +
∫ t

0
λ{unξ(x, ξ) + ũn(x, ξ)ũnx(x, ξ) (8)

−ũn(x, ξ)ũnxxx(x, ξ) + ũnxxxxx(x, ξ)}dξ,
where ũn is considered as a restricted variation, i.e. δũn = 0, and λ is the
general Lagrange multiplier.

Making the above correct functional stationary, and noticing that δũn = 0,

δun+1(x, t) = δun(x, t) + δ
∫ t

0
λ{unξ(x, ξ) + ũn(x, ξ)ũnx(x, ξ) (9)

−ũn(x, ξ)ũnxxx(x, ξ) + ũnxxxxx(x, ξ)}dξ,
= δun(x, t) + λδun(x, ξ)|ξ=t −

∫ t

0
λ

′
δun(x, ξ)dξ,
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which yields the following stationary conditions

1 + λ = 0, (10)

λ
′
= 0. (11)

Therefore, the general Lagrange multiplier can be readily identified as

λ = −1. (12)

Substituting this value of the Lagrangian multiplier into functional (8) gives
the iteration formula

un+1(x, t) = un(x, t) −
∫ t

0
{unξ(x, ξ) + un(x, ξ)unx(x, ξ) (13)

−un(x, ξ)unxxx(x, ξ) + unxxxxx(x, ξ)}dξ.
Now we begin with an initial approximation u0 = u(x, 0) = ex, by the

above iteration formula (13), we can obtain the following results:

u1 = ex − tex, (14)

u2 = ex − tex +
t2

2!
ex,

u3 = ex − tex +
t2

2!
ex − t3

3!
ex,

· · · .

In the same manner, the rest of components of the iteration formula (13)
can be obtained using Mathematica 5.0, then the exact solution of (6) can be
given by u(x, t) = ex−t, which is the same solution obtained by the Adomian
decomposition method [1]. Since the variational iteration method isn’t involved
in the calculation of the Adomian polynomials, this method can solve the
FKdV equation (6) with approximations un(x, t) converges more rapidly to
exact solutions.
Example 2. Consider the FKdV equation [12]

ut + ux + u2uxx + uxuxx − 20u2uxxx + uxxxxx = 0 (15)

subject to the initial condition

u(x, 0) =
1

x
. (16)

The correction functional for (15) reads as

un+1(x, t) = un(x, t) +
∫ t

0
λ{unξ(x, ξ) + ũnx(x, ξ) + ũ2

n(x, ξ)ũnxx(x, ξ) (17)

+ũnx(x, ξ)ũnxx(x, ξ) − 20ũ2
n(x, ξ)ũnxxx(x, ξ) + ũnxxxxx(x, ξ)}dξ.
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Proceeding as before, we find the stationary conditions

1 + λ = 0, (18)

λ
′
= 0. (19)

This gives the value of the Lagrangian multiplier

λ = −1. (20)

Therefore, we can obtain the following iteration formula

un+1(x, t) = un(x, t) −
∫ t

0
λ{unξ(x, ξ) + ũnx(x, ξ) + ũ2

n(x, ξ)ũnxx(x, ξ) (21)

+ũnx(x, ξ)ũnxx(x, ξ) − 20ũ2
n(x, ξ)ũnxxx(x, ξ) + ũnxxxxx(x, ξ)}dξ.

To begin with the initial approximation u0 = 1
x
, by means of the variational

iteration formula (21), we have

u1 =
1

x
+

t

x2
, (22)

u2 =
1

x
+

t

x2
+
t2

x3
− · · · ,

u3 =
1

x
+

t

x2
+
t2

x3
+
t3

x4
− · · · ,

· · · .

By computing the rest components of iteration formula (21), we can obtain
the approximate solution

u(x, t) =
1

x
+

t

x2
+
t2

x3
+
t3

x4
− · · · , (23)

which can be expressed in a closed form of the exact solution

u(x, t) =
1

x− t
. (24)

We remark that the exact solution is the same as that obtained by ADM [1].
Example 3. Consider the travelling wave solutions of the Kawahara equation

ut + uux + uxxx − uxxxxx = 0 (25)

subject to the initial condition

u(x, 0) =
105

169
sech4(

x− x0

2
√

13
) (26)
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which occurs in the theory of magneto-acoustic waves in a plasmas [30] and in
the theory of shallow water waves with surface tension [31].

The corresponding iteration formula is given by

un+1(x, t) = un(x, t) −
∫ t

0
{unξ(x, ξ) + ũn(x, ξ)ũnx(x, ξ) (27)

+ũnxxx(x, ξ) + ũnxxxxx(x, ξ)}dξ.

To begin with u0 = 105
169

sech4(x−x0

2
√

13
), by the above iteration formula, we

obtain

u1 =
105

169
sech4(

x− x0

2
√

13
) +

7560

28561
√

13
tsech4(

x− x0

2
√

13
) tanh(

x− x0

2
√

13
), (28)

u2 =
105

169
sech4(

x− x0

2
√

13
) +

7560

28561
√

13
tsech4(

x− x0

2
√

13
) tanh(

x− x0

2
√

13
)

+
68040

62748517
t2sech4(

x− x0

2
√

13
)(4 − 5sech2(

x− x0

2
√

13
)) − · · · ,

u3 =
105

169
sech4(

x− x0

2
√

13
) +

7560

28561
√

13
tsech4(

x− x0

2
√

13
) tanh(

x− x0

2
√

13
)

+
68040

62748517
t2sech4(

x− x0

2
√

13
)(4 − 5sech2(

x− x0

2
√

13
))

+
816480

10604499373
√

13
t3sech4(

x− x0

2
√

13
) tanh(

x− x0

2
√

13
)

(8 − 15sech2(
x− x0

2
√

13
)) − · · · ,

· · · .

Similarly, this approach leads to the exact solution in a form by

u(x, t) =
105

169
sech4(

1

2
√

13
(x− 36t

169
− x0)), (29)

which is the same solution obtained by the ADM [1].

4 Conclusions

We have demonstrated the applicability of the variational iteration method for
solving the fifth-order KdV equation with the help of some concrete examples.
The numerical results show that:

1. The variational iteration method provides an efficient approach to solve
the fifth-order KdV equation without linearization, discretization, weak
nonlinearity assumptions or perturbation theory;
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2. Compared with the Adomian decomposition method, the variational it-
eration method can give the exact solutions without the calculation of
the complicated Adomian’s polynomials, therefore, it is more promising
and readily implemented for solving various nonlinear problems.
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