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Abstract 

 
Ant Colony Optimization (ACO) is a well-known metaheuristic in which a colony 
of artificial ants cooperates in exploring good solutions to a combinatorial 
optimization problem. In this paper, an ACO algorithm is presented for the graph 
coloring problem. This ACO algorithm conforms to Max-Min Ant System 
structure and exploits a local search heuristic to improve its performance. 
Experimental results on DIMACS test instances show improvements over existing 
ACO algorithms for the graph coloring problem. 
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I. INTRODUCTION 

 
One of the most well-studied combinatorial optimization problems is the graph 

coloring problem. Given an undirected graph G=(V, E), the problem is to find a 
coloring of the vertices with minimum number of colors such that no pair of 
adjacent vertices has the same color. Graph coloring problem is expected to have 
a wide variety of applications such as scheduling [9, 17], frequency assignment in 
cellular networks [12], timetabling [6], crew assignment [18], etc.  
Two classes of algorithms are available to solve this problem: exact and 
approximate algorithms. Since it has been proved that the graph coloring problem 
belongs to the class of NP-hard problems [13], exact algorithms [2, 19, 22] are  
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confined to solve small size instances and as the problem size increases, the use of 
this class of algorithms quickly becomes infeasible. Therefore, the only possibility 
is to resort to approximate algorithms in order to obtain near-optimal solutions at 
relatively low computational costs. Approximate algorithms for the graph 
coloring problem can be classified into three main classes: constructive heuristics 
[5], local search heuristics [3], and metaheuristics. However, the majority of the 
approximate algorithms are due to metaheuristics implementations. Several 
metaheuristics are applied to graph coloring problem such as Simulated 
Annealing, Tabu Search, Genetic Algorithm, Ant Colony Optimization, etc. The 
first attempt to apply Simulated Annealing metaheuristic to the graph coloring 
problem is due to Johnson et al. [16]. Two Tabu Search algorithms are suggested 
by Hao and Dorne [8] and Hertz and Werra [15]. Fleurent and Ferland [10] 
likewise Costa et al. [4] proposed two different Genetic Algorithm metaheuristics 
which are the state-of-the-art algorithms for the graph coloring problem. Hao and 
Galinier [11] hybrid algorithm is yet another promising concept for the graph 
coloring problem, it uses Tabu Search as well as Genetic Algorithm to color a 
graph. Ant Colony Optimization [7] implementations in the context of the graph 
coloring problem are those of Costa and Hertz [5] which embed two graph 
coloring constructive heuristics RLF [17] and DSATUR [1]. Experimental results 
of their proposed algorithm, ANTCOL, were promising but far behind state-of-
the-art algorithms. In this paper, a modification of ANTCOL, a Max-Min ant 
system [21] algorithm for Graph Coloring (MMGC), is proposed to improve 
ANTCOL performance. Computational results on DIMACS test instances [22] 
demonstrate that MMGC outperforms ANTCOL.  
The remainder of this paper is organized as follows. In section II, some 
definitions and notations are presented. In section III, an ANTCOL algorithm is 
briefly introduced. ANTCOL drawbacks as well as possible extensions are 
discussed in section IV. ANTCOL modification, MMGC, is proposed in section V 
and computational results are reported in section VI. Finally, the paper concludes 
in section VII. 
 

II. PROBLEM  DEFINITION 
 

Let ),( EVG =  be an undirected graph where V is the set of vertices and E is the 
set of edges. An independent set is a subset of vertices in which no pair of 
adjacent vertices exists. A q-coloring of G is a mapping },...,3,2,1{: qVc →  that 
assigns colors to vertices. The coloring is feasible if no two adjacent vertices has 
he same color, i.e. )()(:},{ vcucEvu ≠∈∀ , otherwise conflicts happen. A coloring 
with at least one conflict is called an infeasible coloring. An optimal coloring of G 
is a feasible coloring with smallest number of colors. This minimum number of 
colors q for which a feasible q-coloring exists is called the chromatic number of G 
and is denoted by )(Gχ . Given a graph G, the graph coloring problem is to find an 
optimal coloring. In addition, graph coloring can be formulated as a set-
partitioning problem; a feasible q-coloring is a partitioning of set V into q 
independent sets, i.e. 
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Independent sets are also called color classes. By analogy, the objective is to 
partition the set V into minimum number of color classes. 
 
 

III. ANTCOL ALGORITHM 
 

ANTCOL proposed by Costa and Hertz [5], is a metaheuristic to near-optimally 
solve the graph coloring problem. In ANTCOL a colony of artificial ants 
iteratively colors a specific graph, at each iteration, initially, ants produce feasible 
colorings by considering pheromone trails and heuristic information, and 
afterwards pheromone trails are updated according to the quality of colorings. The 
quality of colorings are measured using the following evaluation function, 
 

 
where )(sq  denotes the number of colors applied in coloring s. Pheromone trails 
are related to pairs of nonadjacent vertices. Therefore, each pair of nonadjacent 
vertices },{ ji vv  has an associated pheromone trail ijτ  that represents the colony 
experience of colorings in which the two mentioned vertices have the same color, 
i.e. belong to the same color class. Artificial ants produce feasible colorings of the 
graph using modified versions of RLF and DSATUR, called ANTRLF and 
ANTDSATUR, respectively. Since ANTRLF outperforms ANTDSATUR, only 
the first one is described here. 
In ANTRLF, analogous to RLF, there exist several stages, at stage k the artificial 
ant constructs color class kC , and stage k also consists of several steps, at each step 
the artificial ant determines which uncolored vertex to be added to the color 
class kC . Let W be the set of uncolored vertices that can be added to kC , and B be 
the set of uncolored vertices which are not allowed to be added to kC . In order to 
choose uncolored vertex iv , ANTRLF can use three different pieces of heuristic 
information as follows 

)(deg iBik v=η  (3)
)(deg iWBik v∪=η  (4)

)(deg iWik vW −=η (5)
Each heuristic information definition leads to a strategy in ANTRLF. However, at 
the beginning of stage k, there are no vertices in B, so the following two strategies 
are applied to add the first vertex to kC . 

 Randomly selecting an uncolored vertex from W. 
 Selecting vertex iv  with maximum )(deg iW v . 

 

)(
1)(
sq

sf = (2) 
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Thus 6 different strategies are obtainable in ANTRLF via combining heuristic 
information strategies and the two above ones. ANTRLF experiments determined 
the selection of (3) and "Randomly selecting an uncolored vertex from W" as the 
best strategy. 
Pheromone trails are initially set to 1 and at the end of each iteration, they become 
updated considering the following rule 

∑
∈

+−=
ijSs

ijij sq )(
1)1( τρτ  (6)

where )(sq  represents the number of colors applied to coloring s and ρ  denotes 
the pheromone evaporation rate. ijS  is the subset of colorings in which the two 
nonadjacent vertices iv  and 

jv  belong to the same color class. In order to choose 
an uncolored vertex iv  to be added to the color class kC , pheromone trail ikτ  is 
defined as follows 

k

Cj
ij

ik C
k

∑
∈=
τ

τ  (7)

ikτ  contains all the pheromone trails between vertex iv  and so far added vertices in 
color class kC , in other words, it represents the colony experience of settling 
vertex iv  with other vertices of kC  in the same color class. Consequently, at each 
step of stage k, the probabilistic decision rule determines which uncolored vertex 

Wvi ∈  to be added to the color class kC  as follows: 
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where ikp  is the probability of selecting vertex iv . Stage k continues while W 
remains nonempty. 
Adjusted parameters for ANTRLF are 2=α , 4=β  and 5.0=ρ . The colony size is 
set to 100 ants and termination condition is defined as the number of iterations 
exceeds 50. ANTRLF applied to 4 samples of random graphs, experimental 
results were satisfactory but considerably outperformed by state-of-the-art 
algorithms.   
 

IV. MOTIVATIONS 
 

There are some drawbacks in ANTCOL which diminish its performance. In the 
following, these drawbacks are outlined.  
Although ANTCOL exploits an ingenious pheromone trail definition, its 
pheromone updating rule (6) seems quite inefficient; regarding the fact that ateach 
iteration all ants deposit pheromone, ANTCOL rapidly converges towards 
mediocre colorings. Generally speaking, all ACO algorithms which conform to 
Ant System structure suffer from stagnation. Subsequent ACO structures try to 
resolve this problem. 
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ANTCOL evaluation function (2) is not a suitable measure of colorings due to 
existence of a wide range of colorings with the same number of colors [9]. For 
example let s1 and s2 be two colorings of the specific graph with the following 
characteristics; they have equal number of color classes but the first one has a 
color class in which there exists only one vertex, whereas the second one has 
color classes in which vertices are evenly distributed, intuitively, s1 seems more 
promising than s2, but ANTCOL is incapable of distinguishing between them. 
Consequently, this leads to ineffective exploitation of explored colorings. 
Most of the ACO algorithms utilize a local search heuristic to improve the 
obtained solutions at each iteration, Nevertheless, ANTCOL lacks an efficient 
local search which can contribute to better exploration of the solution space. 
Finally, ANTCOL uses the probabilistic decision rule (8) to select an uncolored 
vertex to be added to the color class under construction. However, at the 
beginning of each stage, it uses a "randomly choosing" strategy that does not take 
advantage of neither pheromone trails nor heuristic information while the color 
class under construction is noticeably affected by the first vertex chosen. 
Consequently, the first vertex should be selected more deliberately. Applying 
appropriate heuristic information in selecting the first vertex may result in better 
performance of ANTCOL. 
MMGC is a modification of ANTCOL with the aim of obviating the above 
drawbacks.  
 
 

V. MMGC ALGORITHM 
 

Our proposed ACO algorithm, MMGC, conforms to Max-Min ant system 
structure. At each iteration a colony of artificial ants colors a specific graph, and 
afterwards only the iteration-best ant deposits pheromone according to the quality 
of its coloring. In the following subsections, MMGC details are described. 
 
A.  Coloring the Graph 

 
Each artificial ant colors the vertices of the graph using a modified version of 

ANTRLF. By analogy, its coloring consists of several stages. At each stage, a 
color class is built up. Each stage contains several steps. At each step, the 
artificial ant determines the uncolored vertex which to be added to the color class 
under construction using the probabilistic decision rule (8). Pheromone trails are 
related to pairs of nonadjacent vertices, the same as ANTCOL. Heuristic 
information (3) assists the artificial ant to select the proper uncolored vertex at 
each step. However, since at the beginning of stage k, color class kC  is empty, a 
new probabilistic decision rule is defined to add the first vertex. This rule is just a 
function of the following heuristic information. 

)(deg iWik v=η  (9)
Hence the associated probabilistic decision rule is as follows: 
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where ikp  denotes the probability of selecting vertex iv  as the first vertex of kC . 
 
 
B.  Evaluating the Colorings 

 
Johnson et al. in [16] proposed a minimization evaluation function for graph 

coloring problem, as follows 

∑∑
==

+−=
q

i
ii

q

i
i CECCsf

11

2 )(2)(  (11)

in which )( iCE  represents the set of conflicts in the color class iC . This evaluation 
function consists of two parts, as one tries to minimize it through an exploration; 
the first part biases the exploration towards colorings with fewer and bigger color 
classes and the second part towards colorings with fewer conflicts. They also 
showed that Local minimum of evaluation function (11) were pertinent to feasible 
colorings. Regarding a solution space comprises of only feasible colorings, the 
second part is eliminated and evaluation function (11) becomes: 

∑
=

−=
q

i
iCsf

1

2)(  (12)

Evaluation function (12) can widely demonstrate the differences between feasible 
colorings. However, smaller values of (12) do not necessarily result in fewer color 
classes, it biases towards unevenly distributed colorings rather than optimal ones, 
and therefore it can not solely guide the exploration towards near-optimal 
colorings. In order to prevent the mentioned disadvantage, MMGC exploits 
number of color classes as well as the following maximization evaluation function 
to evaluate different colorings 

∑
=

=
q

i
iCsf

1

2
)(  (13)

At each iteration, ants colorings are prioritized according to the non-decreasing 
order of the number of color classes, and ties are broken according to the non-
increasing order of evaluation function (13). Iteration-best ant is the one with 
prior coloring. 
 
 
C.  Pheromone Trail Initialization and Limits 

 
Considering Max-Min ant system structure, Pheromone trails are initialized to 

ρ/2V , also, MMGC limits pheromone trails to interval ],[ maxmin ττ , where minτ  and 

maxτ  are computed according to the following equations 
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in which, gbs  denotes the global-best solution, and at the end of each iteration, 
pheromone trail limits are updated according to the so-far obtained gbs . Since, on 
the average, there exist 2/V  uncolored vertices to be selected at each step, the 
parameter avg  equals to 2/V  in (16) and bestP  represents the probability of 
constructing the convergence coloring. 
 
D.  Applying Kempe Chain Local Search 

At each iteration, MMGC improves Iteration-best coloring using Kempe chain 
local search heuristic [20]. The local search starts with an initial solution 
corresponding to iteration-best coloring and explores through Kempe chain 
neighborhood structure using a first improvement strategy. It uses the evaluation 
function (13) and holds the feasibility of colorings during exploration. 
 
E.  Pheromone Trails Updating Rule 

In MMGC, only the iteration-best ant deposits pheromone considering the 
following pheromone updating rule 

∑
=

+−=
q

i
iijij C

1

2)1( τρτ  qkCvvji kji ,...,2,1:,:, ∈∀  (17)

In other words, regarding the iteration-best coloring, each pheromone trail, 
associated with a pair of nonadjacent vertices in the same color class, receives 
pheromone proportional to evaluation function (13). 
 
 

VI. COMPUTATIONAL RESULTS 
 

Costa and Hertz applied ANTCOL to Fleurent and Ferland's randomly 
generated graphs and reported their results. We applied MMGC to DIMACS test 
instances and in order to obtain a fair comparison, we also reran ANTCOL on 
these test instances. Both algorithms were coded in Delphi 7 and run on a Pentium 
4 PC with 1.8GHz CPU and 256MB RAM. Our experimental report consists of 
two parts; first, MMGC and ANTCOL running behaviors on DSJC 5.0,250G  random 
graph are presented, and then, the results of comparing MMGC to ANTCOL on 
other test instances are reported. 
 
A.  MMGC and ANTCOL Running Behaviors 

We ran MMGC as well as ANTCOL on DSJC 5.0,250G . Adjusted parameters for 
MMGC were as follows, 04.0,3,4,2 ==′== ρββα , and 05.0=bestP . The colony  
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size was set to 20 ants and the termination condition was defined as the number of 
iterations exceeds 300. ANTCOL parameters were the same as Costa and Hertz's 
adjustments. Running results lead to the following results. 
MMGC takes longer time to explore the solution space whereas ANTCOL rapidly 
converges towards mediocre colorings. The following plot depicts the MMGC 
and ANTCOL convergence behaviors.  
 
 

 
Fig. 1. The Convergence Behavior of ANTCOL and MMGC 

 
 
 

Besides, λ -Branching Factor can clearly show the pheromone distribution during 
MMGC and ANTCOL iterations. The following plot also verifies the long 
MMGC exploration phase. 
 

 
Fig. 2. λ -Branching Factor in ANTCOL and MMGC Iterations )05.0( =λ  

 
 
 

In MMGC, Kempe chain local search heuristic is applied to improve the iteration-
best colorings. This local search initially causes dramatic changes to colorings, 
but afterwards, it becomes less effective. Kempe chain may even reduce the 
number of color classes in the primary trials. The plot below, illustrates the 
iteration-best evaluation function (13) value before and after applying Kempe 
chain local search heuristic. 



Graph coloring problem                                                                                     301 
 
 
 

 
Fig. 3. Improving the Evaluation Function using Kempe Chain Local Search 

 
 
B.  MMGC and ANTCOL Comparison 

 
MMGC has been compared to ANTCOL using DSJC random graphs, Leighton, 

Queen and Class Scheduling graphs. We have also compared MMGC and 
ANTCOL with state-of-the-art algorithms. Results are presented in Table I. 
Since MMGC, the same as ANTCOL, utilizes ANTRLF as the solution 
construction procedure, by properly setting the number of iterations and the 
colony size, it will nearly need the same computational time as ANTCOL does. 
Nonetheless, in some test instances MMGC relatively takes further running time 
due to applying Kempe chain local search heuristic.  
According to table I, MMGC outperforms ANTCOL with at least one less color in 
the majority of the DSJC random graphs. However, MMGC results do not 
approach best known results on some DSJC test instances particularly larger ones. 
Regarding Leighton graphs, for Le_450_15c, both algorithms found the optimal 
coloring and MMGC outperforms ANTCOL on Le_450_25c. MMGC 
comparatively colors Queen 15_15 with one less color, and in School1_nsh, both 
algorithms reached the best known result. 
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TABLE I: MMGC comparison with ANTCOL and best known results of the state-of-the-art algorithms for graph coloring. 
k denotes the global-best chromatic numbers found by ANTCOL and MMGC. 'No. Iterations/ No. Ants' represents the 
termination condition and the colony size, respectively. 'No. Success/ No. Trials' demonstrates the number of trials out of 5 
runs in which the reported result is achieved. 
 
 

VII. CONCLUSION 
In this paper, a modification of an existing ACO algorithm for the graph coloring 
problem is proposed. This modification conforms to Max-Min ant system 
structure and exploits a local search heuristic to improve its performance. It also 
uses a more promising evaluation function to distinguish between explored 
colorings. Experimental results show improvements over ANTCOL, however, it 
does not reach the best known results on some test instances. Further research 
attempts are required to utilize a more effective local search heuristic and to 
enhance the ants coloring phase through encouraging them to also produce 
infeasible colorings. It seems that producing only feasible colorings, during 
construction phase, leads to slender exploration. We are going to let ants produce 
partial infeasible colorings during construction phase and by applying an 
appropriate local search heuristic transform them into feasible ones and improve 
them. 
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