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1 Introduction

Let A be an n × n complex matrix and 0 ≤ q ≤ 1. The q-numerical range of
A is defined and denoted by

Wq(A) = {ζ∗Aξ : ξ, ζ ∈ Cn, ξ∗ξ = ζ∗ζ = 1, ζ∗ξ = q}.

Tsing [32] showed that the range Wq(A) satisfies the formula

Wq(A) = {qξ∗Aξ +
√

1 − q2w
√

ξ∗A∗Aξ − ξ∗Aξ : w ∈ C, |w| ≤ 1

1Corresponding author. Supported in part by Taiwan National Science Council.
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ξ ∈ Cn, ξ∗ξ = 1}, (1.1)

and using this formula he showed the range Wq(A) is convex. The q-numerical
range is unitary similarity invariant, Wq(A) = Wq(U A U∗), for any unitary
matrix U . It is also transpose invariant, Wq(A) = Wq(A

T ). From this point,
the set Wq(A) is a natural generalization of the classical numerical range
W (A) = W1(A) which was introduced by Toeplitz [31], and later Hausdorff
[16] proved the convexity of the range W (A). See also [14] for the convexity of
the numerical range. The numerical range is also defined for a densely defined
linear operator T on a complex Banach space X by

W (T ) = {φ(Tx) : x ∈ D(T ), ||x|| = 1, φ ∈ X∗, ||φ|| = 1, φ(x) = ||x||}.

We refer [13] and [18] for general references on the (generalized)numerical
range of an operator or a matrix. The higher dimensional joint numerical
range and the q-numerical range are members of such generalizations with
good properties (cf. [2],[15]). Another generalizations are known as the Krein
space numerical range (cf. [20]), and C-numerical range with applications (cf.
[12], [17], [30]). In this decade, some authors have dealed with the q-numerical
range of a matrix or a matrix polynomial, and have obtained interesting results
(cf. [1],[6],[7],[8],[10],[21],[22],[23],[25],[26],[27],[28],[29]).

It is known that there exists a bounded operator T on a Hilbert space for
which the boundary of W (T ) is not an algebraic arc, but the boundary of
W (A) of an n × n matrix always lies on a real algebraic arc. The equation of
boundary of W (A) for a matrix A was systematically studied by Kippenhahn
[19]. The ranges W (A) and Wq(A) are closedly related with the following
homogeneous polynomials:

FA(X, Y, W ) = det(WIn + X(A + A∗)/2 − iY (A − A∗)/2),

GA(X, Y, Z, W ) = det(WIn + X(A + A∗)/2 − iY (A − A∗)/2 + ZA∗A).

If A and B are two same size square matrices such that

FA(X, Y, 1) = FB(X, Y, 1),

for every (X, Y ) ∈ R2, then W (A) = W (B), that is, the numerical range
W (A) is completely determined by the form FA. If A is an n × n complex
matrix, then the boundary of W (A) lies on an algebraic curve of order less
than or equal to n(n − 1). Similarly, if A and B are two same size square
matrices satisfying GA(X, Y, Z, W ) = GB(X, Y, Z, W ), then Wq(A) = Wq(B)
holds for 0 ≤ q ≤ 1. It is shown, in [6] and [23], that the range Wq(A) is
determined by the set

W (A, A∗A) = {(ξ∗Aξ, ξ∗A∗Aξ) ∈ C × R : ξ ∈ Cn, ξ∗ξ = 1}.
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In particular, if A, B are respective n × n, m × m matrices satisfying
W (A, A∗A) = W (B, B∗B), then the equation Wq(A) = Wq(B) holds for 0 ≤
q ≤ 1. The set W (A, A∗A) is called the Davis-Wielandt shell for A (cf. [9],[11]).
By a result of [3], the Davis-Wielandt shell W (A, A∗A) is convex for n ≥ 3. If
n = 2, its boundary surrounds a convex region. If A and B are two same size
square matrices satisfying the equation GA(X, Y, Z, 1) = GB(X, Y, Z, 1) for
every (X, Y, Z) ∈ R3, then W (A, A∗A) = W (B, B∗B). If A is an n×n matrix,
then the boundary of W (A, A∗A) lies on an algebraic surface of order less than
or equal to n(n−1)2. It follows from Tarski-Seidenberg theorem, the boundary
of Wq(A) lies on an algebraic curve. However concrete estimation of the degree
dq(A) of the equation of the boundary of Wq(A) is not known. In this paper,
we give an upper bound for dq(A). Suppose that A is an n × n matrix and
0 < q < 1. Let m = 2n(n − 1)2. This is an upper bound of the degree of the
equation of the boundary of a compact convex set Γ(A) mentioned in Section
2. Using this number m, we show in Section 5 that dq(A) ≤ m(m − 1)2. This
bound is far from the exact value. For a 3 × 3 matrix A, we conjecture a
better upper bound dq(A) ≤ 24. The authors may not provide a conceptional
proof of this conjecture, some experiments suggest this conjecture. The main
purpose of this paper provides a performable method to compute the equation
of the boundary of Wq(A) for a 3 × 3 unitarily irreducible matrix A.

By using Tsing’s circular union formula (1.1), we can perform a numerical
approximation for a rather wide class of matrices A. In [7], [8], the authors
gave a method to obtain a general formula for the boundary of the equation of
Wq(A) for a 3× 3 unitarily reducible matrix A given in a canonical form. The
order of the equation of the boundary in x = �(z), y = �(z) for z ∈ ∂Wq(A)
is less or equal to 10. The polynomial is about 18000 terms in 6 variables, and
a 0.5 mega bytes electronic instrument (e.g. a CD-rom) is needed to load the
formula. We give a simple example. Consider the reducible matrix

A =

⎛
⎜⎝

0 2 0
0 0 0
0 0 3

⎞
⎟⎠ ,

and q = 3/5. Then every boundary point z of W3/5(A) satisfies

k(x, y) = 1445000x6 + 5365000x4y2 + 6800000x2y4 + 2880000y6

−4857750x5 − 10368000x3 y2 − 5328000x y4 − 3116475x4

−13753800x2y2 − 10627200y4 + 16617555x3 + 13442760x y2

−3392037x2 − 196830y2 + 177147x = 0

for x = �(z), y = �(z).
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In Section 4, we treat three unitarily irreducible 3 × 3 matrices:

A1 =

⎛
⎜⎝

0 1 1
0 0 1
0 0 0

⎞
⎟⎠ , (1.2)

A2 =

⎛
⎜⎝

0 1 2
0 0 3
0 0 0

⎞
⎟⎠ , (1.3)

and

A3 =

⎛
⎜⎝

4 1 0
0 −1 2
0 0 −3

⎞
⎟⎠ . (1.4)

The nilpotent matrix A1 is often discussed in the flat portion problem. The
matrix A2 is a rather general nilpotent matrix. The Davis-Wielandt shells of A1

and A2 belong to different types. The matrix A3 has three distinct eigenvalues.
We obtain the exact equations of ∂Wq(Ai), i = 1, 2, 3, for a specified value
of q. We also provide the method to obtain the equation of the boundary. A
fundamental principle to perform the computation of the boundary of the range
can be found in [6], [23], [32]. There remains some difficulties to compute the
equation of the boundary of Wq(A). One is the structure of the Davis-Wielandt
shell W (A, A∗A) or the convex set Γ(A) mentioned in Section 2. The other
is the computation of the discriminant of a higher order polynomial. For the
second difficulty, we provide an efficient method for 3×3 matrices A. We treat
the discriminant of a polynomial with degree 36 to compute the equation of
∂Wq(A3).

2 The convex set Γ(A)

Let A be an n-by-n matrix. We introduce a function hA on the numerical
range W (A) by

hA(z) = max{t ∈ R : (z, t) ∈ W (A, A∗A)}.

By the convexity of W (A, A∗A) for n ≥ 3 or the convexity of the region
surounded by W (A, A∗A), this function is concave on W (A). Hence it is
continuous in the interior of W (A)(cf. [6]). By Schwarz’s inequality, for ξ∗ξ =
1,

|ξ∗Aξ|2 ≤ 〈Aξ, Aξ〉 = ξ∗A∗Aξ,

we have h(z)−|z|2 ≥ 0. As the sum of two concave functions, the function z 	→
h(z) − |z|2 is a nonnegative concave function. It follows from the concaveness
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of the function s ∈ [0,∞) 	→ √
s that the relation

(h(tz1 + (1 − t)z2) − |tz1 + (1 − t)z2|2)1/2

≥ (t(h(z1) − |z1|2) + (1 − t)(h(z2) − |z2|2))1/2

≥ t(h(z1) − |z1|2)1/2 + (1 − t)(h(z2) − |z2|2)1/2

holds for z1, z2 ∈ W (A), 0 ≤ t ≤ 1. Hence the function (h(z) − |z|2)1/2 on
W (A) is also concave, and the formula (1.1) is rewritten as

Wq(A) = {qz +
√

1 − q2w
√

h(z) − |z|2 : z ∈ W (A), w ∈ C, |w| ≤ 1}. (2.1)

We introduce a compact convex set Γ(A) by

Γ(A) = {(x1, x2, u1, u2) ∈ R4 : x1+ix2 ∈ W (A), x2
1+x2

2+u2
1+u2

2 ≤ h(x1+ix2)}.
Define an orthogonal projection Πq of R4 onto C ∼= R2 by

Πq(x1, x2, u1, u2) = (qx1 +
√

1 − q2u1) + i(qx2 +
√

1 − q2u2).

Then the formula (2.1) becomes

Wq(A) = Πq(Γ(A)).

As the image of a compact convex set Γ(A) under a linear map Πq, the range
Wq(A) is also a compact convex set. The degrees of the equations of the
boundary of W (A, A∗A) and Γ(A) are respectively less than or equal to n(n−
1)2 and 2n(n − 1)2 , which are 12 and 24 for n = 3. If A is a specified 3 × 3
unitarily irreducible matrix, we can compute the equation of ∂W (A, A∗A) and
∂Γ(A). The crucial difficulty to compute the equation of the boundary of
Wq(A) consists of the process of the transition from Γ(A) to its projection
Wq(A). This process concerns with the elimination of two indeterminates. To
recognize our problem, we consider a compact convex set

K24 = {(X, Y, U, V ) ∈ R4 : X24 + Y 24 + U24 + V 24 ≤ 1}
and a linear map Π of R4 onto R2 defined by

(x, y) = Π(X, Y, U, V ) = (4X + 3Y + U + 2V,−X + Y + U − V ).

The order of the equation of the boundary of Π(K) is supposed to be 24×232 =
12696. We have no ideas to compute its exact equation by using a standard
personal computer. We give a relating example in Section 5 by replacing the
power 24 by 4.

We perform the above transition by successive algebraic eliminations. Such
a method cooresponds to the successive applications of two linear maps

Πq = Π(2) ◦ Π(1)
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where Π(1) is a projection of R4 onto a 3-dimensional subspace X of R4 and
Π(2) is a projection of X onto R2. Suppose that every point (x1 + ix2, z) on
the boundary of W (A, A∗A) satisfies a polynomial equation

L0(x1, x2, z) = 0.

The algebraic surface L0(x1, x2, z) = 0 is the dual surface of the algebraic
surface GA(X, Y, Z, 1) = 0, where the equation x1X + x2Y + zZ + 1 = 0
defines a tangent plane of these surfaces. Every boundary point (x1, x2, u1, u2)
of Γ(A) is given by

L(x1, x2, u1, u2) = L0(x1, x2, x
2
1 + x2

2 + u2
1 + u2

2) = 0,

We assume 0 < q < 1, and substitute u1 = (x − qx1)/
√

1 − q2, u2 = (y −
qx2)/

√
1 − q2 into L = 0. It is expressed by a polynomial equation

L1(x1, x2, x, y, q) = 0.

If (x
(0)
1 , x

(0)
2 , x(0), y(0)) ∈ R4 corresponds to a boundary point of Γ(A), and

x(0) + iy(0) is a boundary point of Wq(A), then the equations

∂L1

∂x1
(x

(0)
1 , x

(0)
2 , x(0), y(0), q) = 0,

∂L1

∂x2
(x

(0)
1 , x

(0)
2 , x(0), y(0), q) = 0

hold. These follows from the successive applications of the implicit function
theorem. We eliminate the indeterminates x1, x2 based on these equations.
We take the discriminant D(x1, x, y, q) with respect to x2 of the polynomial
L1. Since the computation of the discriminant of a polynomial is crucial for
our subject, we call its definition in Section 3. In this section, we provide
a perspective process of the computation of the boundary of Wq(A). Tak-
ing the discriminant of L1 with respect to x2 corresponds to the projection
Π(1). The defining polynomial of the boundary of Π(1)(Γ(A)) appears as a
simple factor D0(x1, x, y, q) of the discriminant. The defining polynomial of
∂Wq(A) = ∂Π(2) ◦Π(1)(Γ(A)) appears as a simple factor of the discriminant of
D0(x1, x, y, q) with respect to x1. In the cases A = Ai, i = 1, 2, 3, the simple
factor is unique.

In the case A = A1 given by (1.2), the degree of L1 with respect to x2 is 8.
The degree of D0 with respect to x1 is 12, and there appears repeated factors
of D(x1, x, y, q). The resultant of L1 and ∂L1/∂x2 is a polynomial of degree
28 in x1. The degree of the defining polynomial of the boundary of Wq(A1)
in x, y is 14. Its highest degree in x is also 14, and there appears repeated
factors of the discriminant D2 of D0 with respect to x1. The resultant of D0

and ∂D0/∂x1 with respect to x1 is a polynomial in x with degree 186.
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In the case A = A2 given by (1.3), the degree of L1 with respect to x2 is 12.
The degree of D0 with respect to x1 is 20, and there appears repeated factors
of D(x1, x, y, q). The resultant of L1 and ∂L1/∂x2 with respect to x2 is a
polynomial in x1 with degree 68. The degree of the defining polynomial of the
boundary of Wq(A2) in x, y is 18. Its highest degree in x is also 18, and there
appears repeated factors of the discriminant D2(x, y, q) of D0 with respect to
x1. The resultant of D0 and ∂D0/∂x1 with respect to x1 is a polynomial in x
with degree 458.

In the case A = A3, q = 112/113, the degree of L1 with respect to x2 is
24. The degree of D0 with respect to x1 is 36. The degree of the defining
polynomial h(x, y) of ∂W112/113(A3) in x, y is 24. Its highest degree in x is also
24. The resultant of D0 and ∂D0/∂x1 with respect to x1 is a polynomial in
x with degree 972. The resultant of L1 and ∂L1/∂x2 with respect to x2 is a
polynomial in x1 with degree 268. If we treat q as an indeterminate, the degree
of the polynomial p(x, y : q) in q is 36. It is in the form

p(x, y : q) =
∑
j≤18

pj(x, y)q2j.

The resultant of L1 and ∂L1/∂x2 with respect to x2 is a polynomial in x1 with
degree 840. The degree of D0 in q is 60. The resultant of D0 and ∂D0/∂x1

with respect to x1 is a polynomial in q with degree 1170.
The value m(m−1)2 for m = 24 is far from the degrees 14, 18, or 24 of the

boundary equations of Wq(Ai), i = 1, 2, 3. We provide a sketch of the proof
of the apriori upper bound in Section 5.

3 Dual surfaces and discriminants

The transition from the equation GA = 0 to L0 = 0 is performed as an one-
dimensional higher version of the transition from the equation FA = 0 to the
equation of the boundary of W (A). It is known that if G(X, Y, Z, W ) = 0
is a projective algebraic surface of degree n without singular points on the
complex projective space CP3, then its dual surface L0(x, y, z, w) = 0 is of
degree n(n − 1)2 (cf. [4]). In a generic case we set

G0(X, Y, x, y, z) = zn G(X, Y,−xX/z − yY/z − 1/z, 1),

and eliminate Y by taking the resultant of G0 and

∂G0

∂Y
= G1(X, Y, x, y, z)

with respect to Y . We assume that G2(X, x, y, z) is the obtained resultant,
and then take the resultant of G2 and

∂G2

∂X
= G3(X, x, y, z)
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with respect to X. The polynomial L0(x, y, z, 1) is obtained as a factor of this
resultant. As mentioned in Section 2, the discriminant of a polynomial is also
used for the transition from ∂Γ(A) to ∂Wq(A). We recall that the discriminant
Dis(g) of a polynomial

g(t) = antn + an−1t
n−1 + · · · + a1t + a0

( an �= 0) is the Sylvester determinant of g(t) and its derivative

g′(t) = nantn−1 + · · ·+ a1

divided by an, that is, anDis(g) is the determinant of the following matrix.

Δg =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

nan (n − 1)an−1 . . . a1 0 0 . . . 0
0 nan (n − 1)an−1 . . . a1 0 . . . 0
...

...
...

. . .
. . .

. . .
. . .

...
0 . . . . . . nan (n − 1)an−1 . . . . . . a1

an an−1 . . . . . . a0 0 . . . 0
0 an an−1 . . . . . . a0 . . . 0
...

...
...

. . .
. . .

. . .
. . .

...
0 . . . an an−1 . . . . . . . . . a0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

A polynomial g(t) ∈ C[t] with non-vanishing leading coefficient has a multiple
root in C if and only if its discriminant vanishes (cf. [34], [35]). This condition
is equivalent to that the polynomials g(t) and g′(t) have a non-scalar common
divisor h(t) ∈ C[t]. In 1851, Sylvester found the discriminant of a cubic equa-
tion, and firstly used the term discriminant for such expression of quadratic
equations and those of higher order (cf. [33]). An efficient computation of the
discriminant of concrete polynomials is important for our subject. If we treat
ai as general coefficients or indeterminates and the degree n of the polynomial
is rather high, it is not so efficient to compute the discriminant by the com-
putation of the determinant of the above matrix. Cayley found an inductive
formula for a general formula of discriminants on the degree n of a polynomial
(cf. [5]). By using his formula, we can obtain a general formula of some orders,
e.g., n ≤ 11. A mathematica program developped by Tambara was mentioned
in [24].

We also notice that the number of indeterminates plays an important role
for the symbolic calculations of polynomials. If we know the degree of concern-
ing polynomial with respect to an indeterminate, then Lagrange interpolation
is useful to reduce the computation load (cf. [34, p. 87]). Especially we
can throw away repeated factors to calculate the equation of the boundary of
Wq(A). This abandonment is very helpful to reduce the computations of nec-
essary informations. However we face another problem to reconstruct a simple
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factor of the discriminant by using interpolation. For instance, we wish to re-
construct a polynomial f(x, y) in two indeterminates x, y. We have known the
degree m of f(x, y) with respect to x. We prepare incomplete samples f(i, y) for
i = 1, 2, . . . , m+1. Non-normalized samples are in the form f(i, y)/ci for some
integer ci depending on i. We have to find a rule concerning the coefficients
ci’s. It is crucial to know the normalization rule for the interpolation. We call
that a complete factorization of a polynomial in the ring Z[x1, x2, . . . , xn] is
performable by finite number of algebraic process due to Kronecker’s theorem
(cf. [34, pp 97-98]). Some computer softwares provide a tool to perform such
computations, and hence provide an efficienct method to throw away repeated
factors. The strategy to compute the equation of ∂Wq(A) that we recommend
is relatively simple, the Lagrange’s method depending on Kronecker’s theorem
is used.

4 The boundary

In this section, we present the equations of the boundary of the range Wq(Ai) i =
1, 2, 3. The computations of the polynomial for the boundary are performed
by the scheme and the outline mentioned in Sections 2 and 3. Related graphics
of the boundaries are provided and displayed.

Proposition 4.1 Suppose that A1 is the nilpotent matrix given by (1.2) and
0 ≤ q ≤ 1. Then every boundary point x + iy of Wq(A1) lies on the curve
f(x, y : q) = 0, where the highest-degree term and the constant term of f(x, y :
q) are given as the following:

f(x, y : q) = 944784x14 + (6613488 − 1889568q2)x12y2 + (19840464

−11337408q2 + 944784q4)x10y4 + (33067440 − 28343520q2 + 4723920q4)x8y6

+(33067440 − 37791360q2 + 9447840q4)x6y8 + (19840464 − 28343520q2

+9447840q4)x4y10 + (6613488 − 11337408q2 + 4723920q4)x2y12

+(944784 − 1889568q2 + 944784q4)y14 + · · · + (−16q16 + 25q18).

We provide graphics of the curve f(x, y : q) = 0 for q = 9999/10001
in Figure 1, and q = 112/113 in Figures 4. The outer arc in Figure 1 is
the boundary of W9999/10001(A1). Figure 1 also shows the inner envelope of
the 1-parameter family of circles by Tsing’s cicular union formula (1.1). We
zoom into the left middle curve of Figure 1, there appears two fish tales which
is displayed in Figure 2. These arcs correspond to the concave part of the
boundary generating curve, displayed in Figure 3, of W (A1). Its convex hull
is the range W (A1). The equation of the boundary generating curve is given
by

27(x2 + y2)2 − 18(x2 + y2) − 8x − 1 = 0.
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If we reduce the value to q = 112/113 then the fish tales, as displayed in Figure
5, are changed to a more interested arc.

-0.5 -0.25 0 0.25 0.5 0.75 1
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-0.5

0

0.5

1

Figure 1:

Suppose that A2 is a nilpotent matrix given by (1.3). Then every boundary
point x + iy of Wq(A2) satisfies a polynomial equation of order 18 in x, y up
to 512 terms. It needs about 6 typewriting pages. Interesting readers may
contact with either one of the authors to get the expression of the polynomial.
We present in the following only the highest-degree term and the constant
term of the polynomial.

Proposition 4.2 Suppose that A2 is given by (1.3). Then the boundary point
of Wq(A2) satisfies the following equation g(x, y : q) = 0 of order 18 in x, y
with 512 terms. The highest-degree term and the constant term of g(x, y : q)
are given as the following:

g(x, y : q) = (11866426573824 + 43266065614848q2 + 39437998081024q4)x18

+(106797839164416 + 279129606156288q2 + 398208048344064q4)x16y2

+(427191356657664 + 675458487115776q2 + 1777762882409472q4)x14y4

+(996779832201216 + 546929949081600q2 + 4607306662038528q4)x12y6

+(1495169748301824 − 723314857660416q2 + 7641282390690816q4)x10y8

+(1495169748301824 − 2267024638943232q2 + 8413137281332224q4)x8y10
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+(996779832201216 − 2540489613484032q2 + 6151016443321344q4)x6y12

+(427191356657664 − 1529841200431104q2 + 2880412726182912q4)x4y14

+(106797839164416 − 492725284485120q2 + 784135493664768q4)x2y16

+(11866426573824 − 66998918762496q2 + 94570490269696q4)y18

+ · · · · · ·+ (−99179645184q16 + 308558896128q18

−1626056404992q20 + 1959104102400q22).

Proposition 4.3 Suppose that A3 is given by (1.4) and q = 112/113. Then
the boundary point of W112/113(A2) satisfies the equation h(x, y) = 0 of order
24 in x, y with 169 terms. The highest-degree term and the constant term of
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Figure 4:
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h(x, y) are given as the following:

h(x, y) = 305469045748599420301172102520209590780449

71349754813946481408(x2 + y2)6

×(10183443090143775480625x12 − 710670028972212246937050x10y2

+6210890211577746763444959x8 y4 + 165277623092031385661003220x6 y6

+2860311835372930160144616927x4 y8 + 1029333165633172627682928

1830x2y10 + 10026350695709047382755965489y12)

+ · · · · · ·
+417987211047083336376179316956762932150104461951315204

985618204264884549508004656064000000000.
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We provide graphics of the curve h(x, y) = 0 in Figure 7. The most outer
arc in Figure 7 is the boundary of W112/113(A3). The boundary generating
curve of W (A3) is given in Figure 6.
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5 The degree of the boundary

In this section, we give an upper bound of the degree dq(A) of the boundary
of Wq(A).

Proposition 5.1 Let K be a compact convex set of R4 surroundeed by an
algebraic hypersurface S : h(x, y, u, v) = 0, and Π be a projection of R4 onto
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the plane R2, Π(x, y, u, v) = (x, y). Suppose that the degree of the algebraic
hypersurface S is m. Then the degree of the polynomial equation for the
boundary of Π(K) is less than or equal to m(m − 1)2.

Proof. Let g(x, y) = 0 be the equation of the boundary of Π(K) ⊂ R2. The
degree � of the polynomial g(x, y) is the number of intersection points of the
curve g(x, y) = 0 and a generic straight line ax + by + c = 0 in the affine space
C2. By changing the coordinates, we may assume that the line is y = 0. We
consider an algebraic surface h(x, 0, u, v) = 0 and its parallel tangent planes
of the form x = xj . We assume that the hypersurface h(x, y, u, v) = 0 has no
singular point in CP4 and the surface h(x, 0, u, v) = 0 has no singular point
in CP3. By the result in [4], the number of such tangents is m(m − 1)2, and
thus � = m(m − 1)2. If S has singular points or the projection Π is special,
the degree � may be lower.

We give an example to illustrate the relation between K and Π(K). Sup-
pose that

K = {(X, Y, U, V ) ∈ R4 : X4 + Y 4 + U4 + V 4 ≤ 1}.

We consider a linear map Π2 from R4 onto R2 defined by

(x, y) = Π2(X, Y, U, V ) = (4X + 3Y + U + 2V,−X + Y + U − V ).

Then the equation of the boundary of Π2(K2) is given by the equation of order
36 with 190 terms. The equation can be obtained by successive eliminations.
The approximation curve is displayed in Figure 8.
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