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Abstract 
 

A new step-by-step procedure for solving sets of implicit nonlinear algebraic 
equations that may be coupled with sets of nonlinear and time varying 
integro-differential equations is presented.  The approach is based on a number 
of nested Newton-Raphson loops for solving the nonlinear algebraic equations 
followed by application of a numerical procedure (such as Euler’s technique) for 
solving the integro-differential equations.  A numerical example is presented to 
demonstrate the approach.  
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1 Introduction 
 
   A major problem of interest in mathematics and engineering is solving sets of 
implicit coupled nonlinear algebraic equations that may be tied to a set of 
nonlinear algebraic and time-varying differential equations.  The standard 
approach is to utilize standard platforms for solving sets of nonlinear algebraic 
equations followed by application of a standard numerical procedure for solving 
the integro-differential equations.  For example, Matlab is such a platform.  
There are other platforms that are not commercially available; for example, a 
software package exists at Moscow Aviation Institute (MAI) for this purpose.  
Alternatively, one may utilize quasi-Newton approaches [1].  Another approach  
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is to apply various optimization techniques such as gradient search [2], pattern 
search [3], and genetic algorithms [4].  As a result of this research, it is found 
that one technique does not exist that solves all types of problems of the sort 
defined herein.  For example, application of Matlab software or the canned 
software developed at MAI to a specific problem did not converge to a solution.  
In this research application of optimization approaches was not considered 
because access to appropriate starting solutions for all of the unknowns was 
limited. 

The primary contribution of this paper is development of a new approach for 
solving sets of implicit nonlinear algebraic equations that are coupled with a set of 
integro-differential equations.  It is assumed that these equations are the results 
of modeling a physical process.  The procedure is composed of 8 steps.  A 
numerical example is presented to demonstrate the approach. 
      
 
2 Solution Procedure 
 
   The procedure is demonstrated by considering sets of equations that have risen 
in modeling a hydraulic circuit that feed a combustion process.  Modeling of the 
hydraulic circuit results in a set of implicit nonlinear algebraic equations, and 
modeling the combustion processes results in sets of differential equations.  The 
procedure is to guess one of the variables followed by identification of a 
Newton-Raphson (NR) loop.  The start of the loop is at the beginning of the 
circuit, and end of the loop is at the first fluid division point.  This loop is solved 
using a NR technique.  Then for each path of the liquid division another NR loop 
nested with the previous loop is defined and solved.  If other liquid division 
points are reached while defining a NR loop, then for each liquid division point 
another NR loop nested with the previous one is defined.  This is continued until 
the elements of the feed system are exhausted.  At this time, conservation of 
mass of the first liquid division point is imposed.  If this law is satisfied, then it 
is concluded that hydraulic circuit is solved; otherwise, the value of the first 
guessed variable is modified using NR technique and the procedure is repeated 
until conservation of mass is satisfied.  At this point, all the unknowns are solved 
for, and one may utilize Euler’s technique and integrate the combustion equations 
for one step.  At the end of the integration step, then the nested NR loops are 
defined again as before, and the unknowns for the next step are solved.  This is 
followed by numerical integration of the differential equations for the next step.  
This is continued until the final simulation time is reached.  This procedure in an 
algorithmic format follows.   Without loss of generality, it is assumed that the 
hydraulic circuit is filled with liquid. 
Algorithm 

1. Define the first NR loop.  The beginning of the loop is at the top of the 
hydraulic circuit, and the end of the loop is at the first branch. 

2. Guess the value of an intermediate variable; the initial guess would be one 
atmosphere, and for subsequent guesses use the most recent available 
value. 
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3. Solve the first NR loop for the unknowns. 
4. For each path of the branch, define another NR loop.  The beginning of 

the loop is at start of the branch, and the end of the loop is at the beginning 
of the next branch or at the element that combustion takes place.   

5. Solve all the NR loops. 
6. If the conservation of mass at the first branch is not satisfied, modify the 

guessed variable in Step 1 according to NR technique, and go to Step 3; 
otherwise continue. 

7. Use Euler’s integration technique (or any other available integration 
procedure), and integrate the integro-diiferential equations for one 
integration step. 

8. Advance time; if final time is reached then stop; otherwise go to Step 2. 
 
 
3 Numerical Example 
 
  Consider a complicated hydraulic circuit as depicted in figure 1.  The above 
algorithm is applied, and the solution for the combustion chamber pressure is 
given in figure 2.  The percent errors in intermediate variables are tabulated in 
Table 1. 
 
 
4 Summary and Conclusions 
 

The goal of this research was to develop a new procedure for solving sets of 
implicit nonlinear algebraic equations that are coupled with a set of 
integro-differential equations; this goal is met.  The procedure is based on 
defining a set of nested Newton-Raphson loops followed by application of a 
standard numerical integration technique.  The procedure is applied to a 
complicated hydraulic circuit, and satisfactory results are obtained.  From this 
research, it may be concluded that for complicated physical processes, it is quite 
feasible to solve sets of governing equations by application of the developed 
procedure.   
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Figure 1.  Schematic diagram of a complicated hydraulic circuit 
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Figure 2.  Solution of the nonlinear algebraic and integro-differential equations 
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Table 1.  Comparison of solution values at nominal conditions 

 

No. Description %Error 

1 Turbine Power 2.02 

2 Fuel pump mass flow rate 2.59 

3 Fuel pump head 1.67 

4 Oxidizer pump mass flow rate 0.47 

5 Oxidizer pump head 0.44 

6 Fuel pump exit pressure 0.42 

7 Oxidizer pump exit pressure 0.31 

8 Fuel mass flow rate of the thruster combustion chamber  0.0 

9 Oxidizer mass flow rate of the thruster combustion chamber 0.80 

10 Pressure inside the thruster combustion chamber 0.73  

11 Turbo-pump shaft angular speed 0.49 

12 Pressure inside the gas-generator 1.98 

13 Fuel mass flow rate of the gas-generator 2.73 

14 Oxidizer mass flow rate of the gas-generator 2.50 

15 Pressure inside the combustion chamber 0.03 

16 Fuel mass flow rate of the combustion chamber 2.64 

17 Oxidizer mass flow rate of the combustion chamber 1.19 
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