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Abstract

This paper mainly intends to discuss the solution of fully fuzzy linear
systems (FFLS) Ax + b = Cx + d, where A and C are fuzzy matrices,
b and d are fuzzy vectors. We transform the systems by using fuzzy
numbers with a new parametric form for finding a fuzzy vector x that
satisfies in the system.
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1 Introduction

The concept of fuzzy numbers and fuzzy arithmetic operations were first
introduced by Zadeh [26], Dubois and Prade [9]. We refer the reader to [19]
for more information on fuzzy numbers and fuzzy arithmetic. Fuzzy systems
are used to study a variety of problems ranging from fuzzy topological spaces
[7] to control chaotic systems [15, 18], fuzzy metric spaces [23], fuzzy differential
equations [3], fuzzy linear and nonlinear systems [1, 2, 5, 6] and particle physics
[10, 11, 12, 13, 14, 22, 24].

1Corresponding author, email: maryam mosleh79@yahoo.com
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One of the major applications of fuzzy number arithmetic is treating fuzzy
linear systems and fully fuzzy linear systems, several problems in various ar-
eas such as economics, engineering and physics boil down to the solution of a
linear system of equations. In many applications, at least some of the param-
eters of the system should be represented by fuzzy rather than crisp numbers.
Thus, it is immensely important to develop numerical procedures that would
appropriately treat fuzzy linear systems and solve them.

Friedman et al. [16] introduced a general model for solving a fuzzy n × n
linear system whose coefficient matrix is crisp and the right-hand side column
is an arbitrary fuzzy number vector. They used the parametric form of fuzzy
numbers and replaced the original fuzzy n×n linear system by a crisp 2n×2n
linear system and studied duality in fuzzy linear systems Ax = Bx+y where A
, B are real n×n matrix, the unknown vector x is vector consisting of n fuzzy
numbers and the constant y is vector consisting of n fuzzy numbers, in [17]. In
[1, 2, 6] the authors presented conjugate gradient, LU decomposition method
for solving general fuzzy linear systems or symmetric fuzzy linear systems.
Also, Wang et al. [25] presented an iterative algorithm for solving dual linear
system of the form x = Ax + u, where A is real n × n matrix, the unknown
vector x and the constant u are all vectors consisting of fuzzy numbers and
Abbasbandy et al. [4] investigated the existence of a minimal solution of
general dual fuzzy linear equation system of the form Ax + f = Bx + c, where
A, B are real m × n matrix, the unknown vector x is vector consisting of n
fuzzy numbers and the constant f, c are vectors consisting of m fuzzy numbers.
Recently, Muzziloi et al. [21] considered fully fuzzy linear systems of the form
A1x + b1 = A2x + b2 with A1, A2 square matrices of fuzzy coefficients and
b1, b2 fuzzy number vectors and Dehghan et al. [8] considered fully fuzzy
linear systems of the form Ax = b where A and b are a fuzzy matrix and a
fuzzy vector, respectively and them discussed the iterative solution of fully
fuzzy linear systems.

In this paper, we are finding solution of a general duality fully fuzzy linear
system n×n Ax+ b = Cx+d based on new arithmetic calculation, with A, C
square matrices of fuzzy coefficients and b, d fuzzy number vectors and the
unknown vector x is vector consisting of n fuzzy numbers. In Section 2, we
recall some fundamental results on fuzzy numbers. The proposed model for
solving the system Ax + b = Cx + d are discussed in Section 3. Numerical
examples are given in Section 4 followed by a discussion and concluding in
Section 5.

2 Preliminaries

A popular fuzzy number is the triangular fuzzy number u = (a, b, c) where
the membership function is
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μu(x) =

⎧⎨
⎩

x−a
b−a

a ≤ x ≤ b,
c−x
c−b

b ≤ x ≤ c,

0 otherwise.

It parametric form is

u(r) = (b − a)r + a, u(r) = c − (c − b)r.

Parametric form of an arbitrary fuzzy number is given in [20] as follows. A
fuzzy number u in parametric form is a pair (u, u) of functions u(r), u(r), 0 ≤
r ≤ 1, which satisfy the following requirements:

1. u(r) is a bounded left continuous non-decreasing function over [0, 1],

2. u(r) is a bounded left continuous non-increasing function over [0, 1],

3. u(r) ≤ u(r), 0 ≤ r ≤ 1.

The set of all these fuzzy numbers is denoted by E which is a complete metric
space with Hausdorff distance. A crisp number α is simply represented by
u(r) = u(r) = α, 0 ≤ r ≤ 1.

For arbitrary fuzzy numbers u = (u(r), u(r)), v = (v(r), v(r)) and real
number k, we may define the addition and the scalar multiplication of fuzzy
numbers by using the extension principle as [20]

(a) u = v if and only if u(r) = v(r) and u(r) = v(r),

(b) u + v = (u(r) + v(r), u(r) + v(r)),

(c) ku =

{
(ku, ku), k ≥ 0,
(ku, ku), k < 0.

The collection of all the fuzzy numbers with addition and scalar multipli-
cation as defined by above equations is denoted by E1 and is a convex cone.
Definition 1. We introduce a lattice L as L = {h|h : [0, 1] −→ [0, +∞) is
non-decreasing and left continuous }.

The order in L is the natural order defined by h ≤ g if and only if h(r) ≤
g(r) for all r ∈ [0, 1]. It is easy to show that

[h ∨ g](r) = max{h(r), g(r)}, (1)

[h ∧ g](r) = min{h(r), g(r)}.
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Definition 2. [20] For arbitrary fuzzy number u = (u, u), the number u0 =
1
2
(u(1) + u(1))) is said to be a location index number of u, and two non-

decreasing left continuous functions

u∗ = u0 − u, (2)

u∗ = u − u0,

are called the left fuzziness index function and the right fuzziness index func-
tion, respectively.

According to definition 2, every fuzzy number can be represented by (u0, u∗, u∗).
It is obvious that a fuzzy number u is symmetric if and only if u∗ = u∗.
Definition 3. [20] For arbitrary fuzzy number u = (u0, u∗, u∗), and v =
(v0, v∗, v∗) the four arithmetic operations are defined by

u
⊙

v = (u0

⊙
v0, u∗ ∨ v∗, u∗ ∨ v∗),

where u
⊙

v is either of u + v, u − v, u.v and u/v.
Theorem 1. For all fuzzy numbers u, v and w, we have

1. u + v = v + u,

2. (u + v) + w = u + (v + w),

3. uv = vu,

4. (uv)w = u(vw),

5. There exists 1 ∈ E such that u.1 = u for all u ∈ E,

6. u(v + w) = uv + uw.

Proof. It is trivial by definition 3. �

Definition 4. A matrix A = (aij) is called a fuzzy matrix, if each element of
A is a fuzzy number, we represent A = (aij) that aij = ((aij)0, (aij)∗, (aij)

∗)
where (aij)0 is location index of aij and (aij)∗, (aij)

∗ are left fuzziness index
and right fuzziness index.

Definition 5. A vector b = (bi) is called a fuzzy vector, if each element of
b is a fuzzy number, with new notation b = ((bi)0, (bi)∗, (bi)

∗), where (bi)0 is
location index of bi, (bi)∗ and (bi)

∗ are left fuzziness index and right fuzziness
index.
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3 The solution of Ax + b = Cx + d by a new

fuzzy arithmetic

Consider the n × n general dual full fuzzy linear system of equations:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

a11x1 + a12x2 + · · ·+ a1nxn + b1 = c11x1 + c12x2 + · · ·+ c1nxn + d1,
a21x1 + a22x2 + · · ·+ a2nxn + b2 = c21x1 + c22x2 + · · ·+ c2nxn + d2,
...
an1x1 + an2x2 + · · ·+ annxn + bn = cn1x1 + cn2xn + · · · + cnnxn + dn,

(3)

the matrix form of above equation is

Ax + b = Cx + d,

where the coefficient matrices A = (aij) = ((aij)0, (aij)∗, (aij)
∗) and C =

(cij) = ((cij)0, (cij)∗, (cij)
∗), 1 ≤ i, j ≤ n are n × n fuzzy matrices, b =

(bi) = ((bi)0, (bi)∗, (bi)
∗), d = (di) = ((di)0, (di)∗, (di)

∗) and x = (xi) =
((xi)0, (xi)∗, (xi)

∗), 1 ≤ i ≤ n are fuzzy vectors.
Let xi be a solution of (3), that is

n∑
j=1

aijxj + bi =
n∑

j=1

cijxj + di, j = 1, 2, . . . , n, (4)

therefore, we have with definition 2 and Eq. (4)

n∑
j=1

((aij)0, (aij)∗, (aij)
∗).((xj)0, (xj)∗, (xj)

∗) + ((bi)0, (bi)∗, (bi)
∗) = (5)

n∑
j=1

((cij)0, (cij)∗, (cij)
∗).((xj)0, (xj)∗, (xj)

∗)+((di)0, (di)∗, (di)
∗), i = 1, 2, . . . , n,

this implies for i = 1, 2, . . . , n

n∑
j=1

((aij)0(xj)0, max{(aij)∗, (xj)∗}, max{(aij)
∗, (xj)

∗}) + ((bi)0, (bi)∗, (bi)
∗) =

(6)
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n∑
j=1

((cij)0(xj)0, max{(cij)∗, (xj)∗}, max{(cij)
∗, (xj)

∗}) + ((di)0, (di)∗, (di)
∗),

let

max{(aij)∗, (xj)∗} = (mij)∗, (7)

max{(aij)
∗, (xj)

∗} = (mij)
∗,

max{(cij)∗, (xj)∗} = (nij)∗,

max{(cij)
∗, (xj)

∗} = (nij)
∗,

then, we have for i = 1, 2, . . . , n:

n∑
j=1

((aij)0(xj)0 + (bi)0, max{(mij)∗, (bi)∗}, max{(mij)
∗, (bi)

∗}) = (8)

n∑
j=1

((cij)0(xj)0 + (di)0, max{(nij)∗, (di)∗}, max{(nij)
∗, (di)

∗}).

Theorem 2. If (xj)0 for j = 1, 2, . . . , n are the solution of the crisp linear
system

n∑
j=1

(aij)0(xj)0 + (bi)0 =

n∑
j=1

(cij)0(xj)0 + (di)0,

i = 1, 2, . . . , n,

and (xj)∗, (xj)
∗ for j = 1, 2, . . . , n are obtained by

(xj)∗ = max
1≤i≤n

{(aij)∗, (bi)∗, (cij)∗, (di)∗}, (9)

(xj)
∗ = max1≤i≤n{(aij)

∗, (bi)
∗, (cij)

∗, (di)
∗}. (10)

Then the fuzzy vector x = (xj) = (xj , xj) obtained by

xj = (xj)0 + (xj)∗,

xj = (xj)0 + (xj)
∗,

for j = 1, 2, . . . , n is a solution of (3).
Proof. The attention of the results, it is clear. �
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4 Numerical examples and applications

Example 1. Consider the 2 × 2 fully fuzzy linear system
{

(1, 2, 3)x1 + (4, 6, 9)x2 + (1, 3, 4) = (0, 1, 3)x1 + (5, 6, 8)x2 + (0, 1, 7),
(5, 6, 8)x1 + (3, 5, 6)x2 + (0, 7, 8) = (1, 4, 5)x1 + (2, 3, 4)x2 + (8, 9, 12).

By simple calculations of the new arithmetic, we have following system for
finding location index number of x1 and x2:

2(x1)0 + 6(x2)0 + 3 = (x1)0 + 6(x2)0 + 1,

6(x1)0 + 5(x2)0 + 7 = 4(x1)0 + 3(x2)0 + 9,

therefore, we have

(x1)0 = −2, (x2)0 = 3.

We obtain left fuzziness index and right fuzziness index function x1 and x2

by Eq.(9) and Eq. (10):

(x1)∗ = 1 − r, (x2)∗ = 2 − 2r,

(x1)
∗ = 1 − r, (x2)

∗ = 1 − r.

The parametric form of x1 and x2 are the following form:

x1(r) = r − 3, x2(r) = 2r + 1,

x1(r) = −1 − r, x2(r) = 4 − r.

Example 2. For production of a high quality chemical compound, we need
about 0.4 ((0.3,0.4,0.5)) kg poly ethylene high density (PEHD) and about 0.3
((0.1,0.3,0.45)) kg poly ethylene low density (PELD) and from poly propylen
(PP), we need exactly 0.267 kg which its price is about 3 ((1.217,3,4.775))
dollar. Now from same chemical compound with lower quality with same cost
so the products would have higher expansion. We need from the PEHD about
0.5 ((0.3,0.5,0.8)) kg and from PELD about 0.4 ((0.2,0.4,0.5)) kg and from PP
exactly 0.1 kg which its price is about 3 ((1,3,3.5)) dollar and for production
of second high quality chemical compound, we need about 0.2 ((0.15,0.2,0.3))
kg PEHD and about 0.7 ((0.6,0.7,0.95)) kg PELD and from poly estyrene
(PE), we need exactly 0.1 kg which its price is about 5 ((2.625,5,6.75)) dollar.
Now from same chemical compound with lower quality with same cost so the
products would have higher expansion. We need from the PEHD about 0.3
((0.2,0.3,0.5)) kg and from PELD about 0.3 ((0.15,0.3,0.4)) kg and from PE
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exactly 0.3 kg which its price is about 5 ((4,5,7)) dollar. For obtaining this
two chemical compound with different qualities how much would be about the
price of PEHD and PELD ?

Let x1 and x2 show the price of PEHD and PELD. Together, these equations
form a fully fuzzy linear system

⎧⎪⎪⎨
⎪⎪⎩

(0.3, 0.4, 0.5)x1 + (0.1, 0.3, 0.45)x2 + (0.325, 0.8, 1.275) =
(0.3, 0.5, 0.8)x1 + (0.2, 0.4, 0.5)x2 + (0.1, 0.3, 0.35),

(0.15, 0.2, 0.3)x1 + (0.6, 0.7, 0.95)x2 + (0.2625, 0.5, 0.675) =
(0.2, 0.3, 0.5)x1 + (0.15, 0.3, 0.4)x2 + (1.2, 1.5, 2.1).

By simple calculations of the new arithmetic, we have following system for
finding location index number of x1 and x2:

0.4(x1)0 + 0.3(x2)0 + 0.8 = 0.5(x1)0 + 0.4(x2)0 + 0.3,

0.2(x1)0 + 0.7(x2)0 + 0.5 = 0.3(x1)0 + 0.3(x2)0 + 1.5,

therefore, we have

(x1)0 = 2, (x2)0 = 3.

We obtain left fuzziness index and right fuzziness index function x1 and x2

by Eq.(9) and Eq. (10):

(x1)∗ = 0.5 − 0.5r, (x2)∗ = 0.75 − 0.75r,

(x1)
∗ = 0.5 − 0.5r, (x2)

∗ = 0.5 − 0.5r.

The parametric form of x1 and x2 are the following form:

x1(r) = 1.5 + 0.5r, x2(r) = 2.25 + 0.75r,

x1(r) = 2.5 − 0.5r, x2(r) = 3.5 − 0.5r.

5 Summary and conclusions

In this paper, we propose a general model for solving a system of n fuzzy lin-
ear equations with n variables. The original system with coefficient matrix A
and C are fuzzy matrices, b and d are fuzzy vectors. For finding the solution of
general dual fully fuzzy linear system, we used of new arithmetic. Also, a con-
dition for the existence of a fuzzy solution to the general dual fully fuzzy linear
system, is presented. Initially researchers in the [1, 2, 4, 6, 16, 17] assumed
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the coefficient matrix was crisp number and in the [8] researchers assumed the
solution is positive fuzzy vector. This is too restrictive for applications, but in
this paper we don’t have these restrictions.

Acknowledgements. The authors would like to thank the referees for valu-
able suggestions.

References

[1] S. Abbasbandy, A. Jafarian and R. Ezzati, Conjugate gradient method for
fuzzy symmetric positive definite system of linear equations, Appl. Math.
Comput. 171 (2005) 1184-1191.

[2] S. Abbasbandy, R. Ezzati and A. Jafarian, LU decomposition method for
solving fuzzy system of linear equations, Appl. Math. Comput. 172 (2006)
633-643.

[3] S. Abbasbandy, J.J. Nieto and M. Alavi, Tuning of reachable set in one
dimensional fuzzy differential inclusions, Chaos, Solitons & Fractals 26
(2005) 1337-1341.

[4] S. Abbasbandy, M. Otadi and M. Mosleh, Minimal solution of general
dual fuzzy linear systems, Chaos Solitons & Fractals, in press.

[5] S. Abbasbandy, M. Otadi and M. Mosleh, Numerical solution of a system
of fuzzy polynomials by fuzzy neural network, Inform. Sci, In press.

[6] B. Asady, S. Abbasbandy and M. Alavi, Fuzzy general linear systems,
Appl. Math. Comput. 169 (2005) 34-40.

[7] M. Caldas and S. Jafari, θ-Compact fuzzy topological spaces, Chaos Soli-
tons & Fractals 25 (2005) 229-232.

[8] M. Dehghan, B. Hashemi, M. Ghatee, Solution of the fully fuzzy linear
systems using iterative techniques, Chaos Solitons & Fractals, in press.

[9] D. Dubois and H. Prade, Operations on fuzzy numbers, J. Systems Sci. 9
(1978) 613-626.

[10] MS. Elnaschie, A review of E-infinity theory and the mass spectrum of
high energy particle physics, Chaos, Solitons & Fractals 19 (2004) 209-236.

[11] MS. Elnaschie, The concepts of E infinity: An elementary introduction
to the Cantorian-fractal theory of quantum physics, Chaos, Solitons &
Fractals 22 (2004) 495-511.



1394 M. Mosleh, M. Otadi and Sh. Vafaee Varmazabadi
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