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Abstract

In this paper, we consider an inverse diffusion problem which is ac-
cures in oil and gas industry. This problem consists of determining an
unknown time dependent diffusivity coefficient of parabolic type equa-
tion. The unknown term is determined from over-specified condition.
The existence of a unique solution to this inverse problem is shown.
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1. Introduction

In several engineering context, it is sometimes necessary to determine the
unknown coefficient depending on a solution in a parabolic equation. The
problem of determining unknown parameter in parabolic differential equation
has been treated previously by many authors [1, 2, 6, 7]. Usually these problem
involve determination of an unknown parameter from over specified boundary
data at a point x = 0. Such problem arise in oil and gas reservoirs [3,4],
and a resulted mathematical model shows a type of inverse problem. The
thermal diffusivity varies with the degree of decay, which can be related to
time. This paper seeks to determine unknown time dependent diffusivity in
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diffusion equation. Hence, We consider the following problem

∂tu(x, t) = a(t)∂xxu(x, t) + b(t)u, in QT = {(x, t) | 0 < x < 1, 0 < t}, (1)

u(x, 0) = f(x), 0 < x < 1, (2)

u(0, t) = 0, 0 < t, (3)

u(1, t) = 0, 0 < t, (4)

where f(x), g(t), b(t) are known functions and u(x, t), a(t) > 0 are unknown
functions. In order to determine a(t) > 0, let us consider an over-specified
condition at the boundary, x = 0

a(t)∂xu(0, t) = g(t), 0 < t, (5)

In the next section, for this mathematical model with using of over-specified
data, we prove existence of a unique solution for this inverse problem.

2. Existence and Uniqueness Results

In this section in order to solve inverse problem (1)-(4), we shall state some
conditions such that we can find unique solution for this inverse problem, It is
easy to show that with the following change of variable

u(x, t) = v(x, t) exp(

∫ t

0

b(τ) dτ), (6)

and with the transformation

θ(t) = exp(

∫ t

0

a(τ) dτ), (7)

for piecewise continuous f(x) the problem (1)-(3) with known a(t) has unique
solution[5],

u(x, t) = {
∞∑

k=1

Ak exp(−k2π2

∫ t

0

a(τ)dτ) sin(kπx)} exp(

∫ t

0

b(τ)dτ), (8)

where

Ak = 2

∫ 1

0

f(x) sin(kπx)dx, k = 1, 2, . . . .
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Differentiating u with respect to x and setting x = 0, and from over-specified
condition (5) we have

a(t){
∞∑

k=1

kπAk exp(−k2π2

∫ t

0

a(τ)dτ)} = g(t) exp(−
∫ t

0

b(τ)dτ), (9)

Integrating with respect to t, it follows that

∞∑
k=1

(kπ)−1Ak[1 − exp(−k2π2

∫ t

0

a(τ)dτ)] =

∫ t

0

g(τ) exp(−
∫ τ

0

b(ξ)dξ)dτ), (10)

If we set

η =

∫ t

0

a(τ)dτ.

and define

F (η) =

∞∑
k=1

(kπ)−1Ak[1 − exp(−k2π2η)], η > 0, (11)

It is easy to see that

F (η) =

∫ η

0

∂xv(0, τ)dτ,

Where v(x, τ) is a solution of

∂τv(x, τ) = ∂xxv(x, τ), 0 < x < 1, 0 < τ, (12)

v(x, 0) = f(x), 0 < x < 1, (13)

v(0, τ) = 0, 0 < τ, (14)

v(1, τ) = 0, 0 < τ, (15)

Assume that f is positive for 0 < x < 1 and f(0) = f(1) = 0, f ′(0) > 0
and f is sufficiently smooth so that

∑∞
k=1(kπ)−1Ak < ∞. From Hopf theorem

[5] it follows that ∂xv(0, η) > 0, η > 0 and so it is easy to see that F (η) is a
monotone-increasing function and so F (η) is invertible. Let G denote inverse
of F . Then we can solve equation (10) for a(t) if g > 0 and

0 <

∫ t

0

g(τ) exp(−
∫ τ

0

b(ξ)dξ)dτ <

∞∑
k=1

(kπ)−1Ak < ∞, (16)

and ∫ t

0

a(τ)dτ = G(

∫ t

0

g(τ) exp(−
∫ τ

0

b(ξ)dξ)dτ), (17)
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Differentiating with respect to t we have

a(t) = {F ′(G(

∫ t

0

g(τ) exp(−
∫ τ

0

b(ξ)dξ)dτ))}−1g(t) exp(−
∫ t

0

b(ξ)dξ), (18)

Which is positive and continuous for continuous and positive g. and a(0) > 0,
a(0) = {f ′(0)}−1g(0) > 0.

We summarize above discussion by the following statement:
Theorem: If f is positive for 0 < x < 1 and f(0) = f(1) = 0, f ′(0) > 0

, and f is sufficiently smooth so that
∑∞

k=1(kπ)−1Ak < ∞ and g is continuous
positive for t > 0 and b(t) is a function so that equation (16) is satisfied
then a(t) given by (18) and u(x, t) given by (8) is a unique solution to inverse
problem (1)-(4)

3. Conclusion
In this paper the existence of a unique solution for the inverse of diffusion
problem which is arisen in oil and gas reservoirs has been derived. It is very
interesting to extend these results for higher dimensional problems.
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