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Abstract

In this paper, multiresolution analysis and interpolating wavelets
are investigated for finding a numeric solution of partial differential
equations (PDEs) such space derivatives are computed in an irregular
grid by cubic splines method.
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1 Introduction

The mass and heat transport phenomena present in the conventional pro-
cesses involving separation, reaction, and fluid transport are usually described
through one or several partial differential equations (PDEs). The mathemat-
ical simulation of such processes, for design or optimization purposes, nec-
essarily implies the solution of those equations. It is therefore important to
have efficient and accurate tools for solving PDEs when performing theoret-
ical modeling in chemical engineering. The numerical methods are usually
applied to this type of problem can be divided into two groups: finite differ-
ences methods (FDM) and weight residual methods (WRM) [8]. The latter
differ from each other in terms of the weighing functions chosen. The most
common methods are collocation method, Galerkin method, and least-square
method [7]. It is well-known that if the solution of the PDE is regular, any
of these methods can be applied, as well. Recently, several articles have been
published in the fields of applied mathematics and physics that present wavelet
based methods for resolution of PDEs. Generally, these are classified as collo-
cation or Galerkin methods [1, 2, 3, 9, 11, 15]. The two methods differ in that
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Galerkin methods obtain the solution in the wavelet coefficient space and in
general can be considered gridless methods. In the collocation methods, on the
other hand, the solution is obtained in the physical space over a dynamically
adapted grid. Each wavelet is univocally associated with a collocation point
and the grid adaptation is based on the analysis of the wavelet coefficients. For
a certain integration time, the grid consists of those points that correspond to
wavelet coefficients whose value is above a predefined threshold (a parameter
that controls the accuracy of the solution). This work presents the advantages
of wavelet-based methods over conventional ones to the solution of PDEs with
nonlinear coefficients. Moreover, the Lagrange function with m-order and cu-
bic splines method is examined to calculate wavelet coefficients and spatial
derivatives.

2 Wavelets

Wavelets are a relatively new mathematical concept, introduced at the end
of the 1980s [5, 6, 16]. The term ”wavelet” is used in general to describe
a function that features compact support. This means that the function is
located spatially, only being different from zero in a finite interval. The great
advantage of this type of function, compared to the conventional functions
used in data representation, is that different resolution levels can be used to
describe distinct space or time regions. This feature is quite useful in signal,
sound, and image compression algorithms. When a data set goes through
a wavelet transformation, it is decomposed into two types of coefficients: one
represents general features (scaling function coefficients) and another describes
localized features (wavelet coefficients). In order to perform data compression,
the wavelet coefficients corresponding to regions in space of less importance are
partially rejected. Then, when the function is reconstructed, high resolution is
maintained only in the relevant regions. This localized resolution feature does
not exist in plane waves, which have constant resolution throughout the entire
domain. Two functions, the mother scaling function, φ , and the mother
wavelet, ψ , characterize each orthogonal family. These are defined by the
following recursive relations{

φ(x) =
√

2
∑m

j=−m hjφ(2x− j),

ψ(x) =
√

2
∑m

j=−m gjφ(2x− j),
(1)

where hj and gj are the filters that characterize the family of degree m .
These filters must satisfy orthogonality and symmetry relations [12]. Due
to the choice of the filters hj and gj , the dilations and translations of the
mother scaling function, φj

k(x) , and the mother wavelet, ψj
k(x) , form an

orthogonal basis of L2(R) [12]. This property has an important consequence:
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any continuous function, f(x) can be uniquely projected in this orthogonal
basis and expressed as, for example, a linear combination of functions ψj

k .

f(x) =
∑
j∈Z

∑
k∈Z

di
kψ

j
k (2)

where di
k =

∫ ∞
−∞ f(x)ψj

k(x)dx .

2.1 Multiresolution Analysis

The multiresolution analysis consists of a sequence of two closed subspaces,
Vj , belonging to L2(R) , that satisfy

· · · ⊂ V −2 ⊂ V −1 ⊂ V 0 ⊂ V 1 ⊂ V 2 ⊂ . . .

where Vj is a space of scaling functions and j represents the resolution level.
The principles of wavelet construction are the following:

1. φ(.) is a scaling function and the family φ(2jx − k) for 0 ≤ k < 2j

constitutes an orthogonal basis of Vj .

2. The functions φ(x− k) are mutually orthogonal for k ranging over Z.

3. The family ψ(2j − k) for 0 ≤ k < 2j constitutes an orthogonal basis of
Wj .

4. The family {φ(2j0x−k), ψ(2j −k) for j > j0} forms an orthogonal basis
of L2(R) .

5. The wavelets spaces Wj are defined as orthogonal spaces and are com-
plementary of Vj in Vj+1 , i.e. , Vj+1 = Vj ⊕Wj , where ⊕ denotes the
direct sum.

2.2 Expansion of a Continuous Function

The expansion of a continuous function in wavelet theory can be performed
according to two representations. The first, scaling function representation
involves only the scaling functions; the second, wavelet representation involves
both wavelets and scaling functions. The representations are equivalent and
need the exact same number of coefficients. One can move from one represen-
tation to the other by using a process designated as wavelet transform [19].
The scaling function representation is given by

f(x) =

2Jmax∑
k=0

SJmax

k φJmax

k (x) (3)
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where SJmax

k =
∫
f(x)φJmax

k (x) is the scaling function coefficient, Jmax is the
maximum resolution level, and k represents the spatial location. The wavelet
representation is given by

f(x) =

2Jmin∑
k=0

SJmin

k φJmin

k (x) +

Jmax−1∑
j=Jmin

2j∑
k=0

dj
kψ

j
k(x) (4)

where d is the wavelet coefficient and Jmin denotes the minimum resolution
level {

di
k =

∫ ∞
−∞ f(x)ψj

k(x)dx

SJmin
k =

∫ ∞
−∞ f(x)φj

k(x)dx
(5)

Integrations have to be performed in order to compute the expansion coeffi-
cients. Several methods have been proposed in the literature for accomplish-
ing this, starting from a function’s discrete values. These methods necessarily
introduce a certain approximation error and increase the complexity of the
problem, namely in the solution of PDEs. There is, however, a wavelet family
for which these integrations are exact, namely the interpolating wavelets.

3 Interpolating Wavelets Theory

Considering a set of dyadic grids of the type {xj
k ∈ R : xj

k = k/2j} for any
k, j ∈ Z . We use the Lagrange wavelet function because it is one of the
simplest and provides very good results. There are other wavelet functions
such as Haar, which is the simplest of all but not very good and there is a
family of wavelets from Daubechies. Some of these require the solution of an
integral in the interpolating function. As we mentioned before, the Lagrange
wavelets are very simple and easy to use.

This Interpolating function, θ , verifies the interpolating property θ(0) =
1, θ(k) = 0 for any k �= 0 , and k being an integer, and features compact
support, i.e. it is non-zero only within the interval

[−m m
]

, the parameterm
being the order of the interpolating function. The interpolating basis functions
are defined by translations and dilations of the mother function:

θj
k(x) = θ(2jx− k) (6)

The θj
k(x) verifies the interpolation property at the dyadic points, i.e. θj

k(x
i
n) =

δnk where δ designates the delta. An interpolation operator can then be defined
as

Ijf(x) =

2j∑
k=0

f(xj
k)θ

j
k(x) (7)
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Notice that the interpolation involves onlym+1 nearest points, since θ features
compact support. Consider now the dyadic points xj

k belonging to level j.
These will be presented in level j + 1 as xj+1

2k , as follows from the earlier
definition of the dyadic grid. If a function f j

k belongs to space Vj , then
the function f j+1

k belongs to space Vj+1 . Due to the wavelet interpolating
property, it is verified that f j(xj

k) = f(xj
k) , and because of xj

k = xj+1
2k , then

f j(xj
k) = f j+1(xj+1

2k ) . But level j + 1 is denser than level j and, therefore,
contain additional points, i.e. the odd points xj+1

2k+1 . f can be estimated at
these locations by interpolation from the coarser level j:

Ijf(xj+1
2k+1) =

2j∑
k=0

f(xj
k)θ

j
k(x

j+1
2k+1) (8)

Obviously, there is a difference between this interpolated value and the real
one, f(xj+1

2k+1) . This difference is designated as the wavelet coefficient:

dj
k = f(xj+1

2k+1) − Ijf(xj+1
2k+1) (9)

The wavelet coefficient is, therefore, a measurement of the accuracy of the
interpolator Ijf in estimating f at the odd points of level j + 1 based on
the points at level j . Each coefficient is associated with a wavelet function,
ψj

k defined as ψj
k = θ2k+1

j+1 . The degree of wavelet ”m” defines how many
neighbourhood points will be used to interpolate the function at a given point,
for example, for m = 2, two points will be used, for m = 4 , four points will
be used, and so on・As an example, the interpolating function, for m = 2 :

Ij [f j+1(xj+1
2k+1)] = 0.5f j(xj

k) + 0.5f(xj
k+1)

For m = 4 , we have

Ij [f j+1(xj+1
2k+1)] = − 1

16
f j(xj

k−1) +
9

16
f j(xj

k) +
9

16
f j(xj

k+1) −
1

16
f j(xj

k+2)

The values that are multiplying the values of the function are called filters
(often designated by h ) and for the wavelet degree m are obtained from the
Lagrange polynomial:{

h2j−1 =
∏m/2

i=−m/2+1
1−2i

2(j−i)
, for j = 1, ...,m/2

h2j = 0 , for j = 1, ...,m/2 − 1 , and h0 = 1
(10)

For several values of m you will obtain the following filters:

m�j 0 1 2 3 4 5 6 7 8 9 10
2 1 1

2
- - - - - - - - -

4 1 9
16

0 − 1
16

- - - - - - -
6 1 75

128
0 − 25

256
0 3

256
- - - - -

8 1 1225
2048

0 − 245
2048

0 49
2048

0 − 5
2048

- - -
10 1 19845

32768
0 − 2205

16384
0 567

16384
0 − 405

65536
0 35

65536
-
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Only the odd filters will be used in the interpolating function and appear
”mirrored” around the point, i.e., for the example presented before, for m = 4
you have {h} = {−1/16, 9/16, 9/16,−1/16} and for m = 6 you would have
{h} = {3/256,−25/256, 75/128, 75/128,−25/256, 3/256}. When increase m ,
the quality of the solution increases but so does the computational effort. It is
possible to show that any function continuous in the interval can be described
in terms of the corresponding wavelet coefficients at levels above jmin :

f(x) =

2Jmin∑
k=0

f(xJmin
k )θJmin

k (x) +

Jmax−1∑
j=Jmin

2j∑
k=0

dj
kψ

j
k(x) (11)

An essential idea that should be withdrawn from this discussion is the fact
that each coefficient dj

k describes the ’irregular’ behavior of the function, at
a certain domain region and resolution level, relative to interpolating from
the lower level. A ’smooth’ function might be solely described by low-level
coefficients, i.e. a coarse representation is sufficient. If, however, local irreg-
ularities exist (e.g. steep gradients), corresponding higher-level coefficients in
the corresponding domain region cannot be neglected, so that detailed local
information is included in the wavelet representation. This is the basis for the
grid adaptation strategy, described next. All the necessary concepts for a func-
tion representation in a wavelet basis have been presented. Next we describe
some aspects of a more specific implementation in terms of PDE resolution:

• Grid adaptation

• The calculation of the derivatives in an adapted grid.

3.1 Grid adaptation

In order to illustrate the grid adaptation algorithm, we shall consider the
function f(x) , defined in a closed interval [a, b]. As discussed, the interpolating
wavelets are constructed in the dyadic grid points, see Figure 1. The function
can be approximated as

fJmax(x) =

2Jmin∑
k=0

SJmin
k φJmin

k (x) +

Jmax−1∑
j=Jmin

2j∑
k=0

dj
kψ

j
k(x) (12)

For functions that possess small and isolated scales, most of the wavelet coeffi-
cients, dj

k , calculated through the wavelet transform, are close to zero. A good
description of the function can therefore be obtained by neglecting a signifi-
cant number of wavelets associated with such coefficients. Equation 10 can be
rewritten as a sum of two terms, each involving the wavelets whose coefficients
are larger or smaller than a given threshold:

fJmax(x) = fJmax
≥ (x)fJmax

≤ (x) (13)
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where

fJmax
≥ (x) =

2Jmin∑
k=0

SJmin

k φJmin

k (x) +

Jmax−1∑
j=Jmin

2j∑
k = 0∣∣dj
k

∣∣ ≥ ε

dj
kψ

j
k(x) (12)

fJmax
≥ (x) =

2Jmin∑
k=0

SJmin
k φJmin

k (x) +
Jmax−1∑
j=Jmin

2j∑
k=0,|dj

k|≥ε

dj
kψ

j
k(x) (14)

and

fJmax
≤ (x) =

Jmax−1∑
j=Jmin

2j∑
k=0,|dj

k|≤ε

dj
kψ

j
k(x) (15)

In [14] has been demonstrated that

fJmax(x) − fJmax
≥ (x) ≤ Cε (16)

that is, the difference between fJmax(x) and the approximate function fJmax
≥ (x)

is always lower than a constant, C , times a threshold, ε . The value of the
constant is finite and depends on the value of fJmax(x) . Therefore, as ε tends
to zero, the approximation fJmax

≥ (x) becomes exact. As each wavelet ψj
k is

uniquely associated with one collocation point xj+1
2k+1 , this should be omitted

from the grid whenever the wavelet ψj
k is rejected from the approximation

fJmax
≥ (x) . In this procedure it should be guaranteed that Vj

≥ ⊂ Vj and that

Vj
≥ ⊂ Vj+1

≥ , for Jmin < j < Jmax in order to satisfy the multiresolution
analysis.
This grid-reduction technique was numerically tested with the function

f(x) = exp{(x− x0)
2

ε
} (17)

with ε = 1.0 × 10−4, x0 = 0.5 and Jmax = 15, Jmin = 3 .
Figure 2(a) shows the resulting approximate function,fJmax(x) , and Figure
2(b) shows the collocation points location, xj

k . In resolution of PDEs, the grid
should be continually adapted, so that it can automatically adjust to reflect
modifications in the solution. The grid adaptation strategy adopted here was
the following:

1. Given discrete function values,f(xj
k) in a grid Vj and at time t = t1,

compute the wavelet transform to obtain the values of SJmin
k and dj

k for
Jmin < j < Jmax − 1 .
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2. Identify the wavelets coefficients, dj
k , that fall above the predefined

threshold, ε . The corresponding grid points, xj+1
2k+1 , are included in

an indicator.

3. Add points xj+1
2(k+i)+1, i = −NL,NR , to the indicator. These are the

collocation points to the right and left of the previous ones, at the same
resolution level. This is done in order to account for possible translation
of the sharp features of the solution in the next time integration steps.

4. Add points xj+2
4k+3 and xj+2

4k+1 to the indicator. These are the collocation
points in the resolution level immediately above. This accounts for the
possibility of the solution becoming ”steeper” in this region.

5. Add to the indicator the collocation points associated with the scaling
function in the lower resolution level, Jmin . These are the ”basic” grid
points, which are always present.

6. Beginning at resolution level j = Jmax − 1 , recursively extend the in-
dicator, so that all the grid points necessary for the calculation of the
existing jth-level wavelet coefficients are included.

This strategy was shown to be efficient in the resolution of single-equation
problems. For resolution of PDE systems, the previous procedure must be
modified to reflect the behavior of the solutions of all equations. This way, the
indicator should include information from all the PDEs.

3.2 Calculation of space derivatives in adapted grid

When a PDE is solved, it is necessary to compute the function’s first and
second derivatives in the grid points. Three methods were presented in the
open literature for doing this:

1. Differentiation of Eq. (12) and calculation of the derivatives in the grid
points [17, 18]

2. Evaluation of the derivatives in an irregular grid [4, 13].

3. Interpolation of the solution to the maximum resolution level and calcu-
lation of the derivatives in a uniform grid [10].

Third method is not convenient, since the interpolation up to the maximum
resolution level is a fastidious process that involves too many unnecessary
calculations. The other two methods are much simpler and intuitive. The first
is the only one considered to be a pure wavelet resolution method. However, the
second method is more versatile, since it only uses the wavelets to determine
an optimal grid and then calculates the derivatives by a method of choice, for
example, finite differences using Lagrange polynomials, and cubic splines.
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3.2.1 Cubic splines interpolation

Given a tabulated function yi = y(xi), i = 1, ..., N , focus attention on one
particular interval, between xj and xj+1 . Linear interpolation in that interval
gives the interpolation formula

y = Ayj +Byj+1 (18)

where

A ≡ xj+1 − x

xj+1 − xj
, B ≡ x− xj

xj+1 − xj
(19)

Equations (18) and (19) are a special case of the general Lagrange interpolation
formula (18). Since it is (piecewise) linear, equation (18) has zero second
derivative in the interior of each interval, and an undefined, or infinite, second
derivative at the abscissas xj . The goal of cubic spline interpolation is to get
an interpolation formula that is smooth in the first derivative, and continuous
in the second derivative, both within an interval and at its boundaries.
Suppose, contrary to fact, that in addition to the tabulated values of yi , we
also have tabulated values for the function’s second derivatives, y

′′
, that is,

a set of numbers y
′′
i . Then, within each interval, we can add to the right-

hand side of equation (18) a cubic polynomial whose second derivative varies
linearly from a value y

′′
j on the left to a value y

′′
j+1 on the right. Doing so, we

will have the desired continuous second derivative. If we also construct the
cubic polynomial to have zero values at xj and xj+1, then adding it in will not
spoil the agreement with the tabulated functional values yj and yj+1 at the
endpoints xj and xj+1. A little side calculation shows that there is only one
way to arrange this construction, namely replacing (18) by

y = Ayj +Byj+1 + Cy
′′
j +Dy

′′
j+1 (20)

where A and B are defined in (19) and

C =
1

6
(A3 −A)(xj+1 − xj)

2, D =
1

6
(B3 − B)(xj+1 − xj)

2 (21)

Notice that the dependence on the independent variable x in equations (20)
and (21) is entirely through the linear x-dependence of A and B , and (through
A and B) the cubic x-dependence of C and D .
We can readily check that y

′′
is in fact the second derivative of the new in-

terpolating polynomial. We take derivatives of equation (20) with respect to
x, using the definitions of A,B,C,D to compute dA/dx, dB/dx, dC/dx, and
dD/dx .
The result is

dy

dx
=
yj+1 − yj

xj+1 − xj

− 3A2 − 1

6
(xj+1 − xj)y

′′
j +

3B2 − 1

6
(xj+1 − xj)y

′′
j+1 (22)
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for the first derivative and

d2y

d2x
= Ay

′′
j +By

′′
j+1 (23)

for the second derivative. Since A = 1 at xj , A = 0 at xj+1 , while B is
just the other way around, (23) shows that y

′′
is just the tabulated second

derivative, and also that the second derivative will be continuous across (e.g.)
the boundary between the two intervals (xj+1, xj) and (xj , xj+1) .
The only problem now is that we supposed the y

′′
i to be known, when, actually,

they are not. However, we have not yet required that the first derivative,
computed from equation (22), be continuous across the boundary between two
intervals. The key idea of a cubic spline is to require this continuity and to use
it to get equations for the second derivatives y

′′
i . The required equations are

obtained by setting equation (22) evaluated for x = xj in the interval (xj+1, xj)
equal to the same equation evaluated for x = xj but in the interval (xj, xj+1).
With some rearrangement, this gives (for j = 2, ..., N − 1)

xj − xj−1

6
y

′′
j−1+

xj+1 − xj−1

3
y

′′
j +

xj+1 − xj

6
y

′′
j+1 =

yj+1 − yj

xj+1 − xj

− yj − yj−1

xj − xj−1

(24)

These are N − 2 linear equations in the N unknowns y
′′
i , i = 1, ..., N .

Therefore there is a two-parameter family of possible solutions. For a unique
solution, we need to specify two further conditions, typically taken as boundary
conditions at x1 and xN . The most common ways of doing this are either

• set one or both of y
′′
i and y

′′
N equal to zero, giving the so-called natu-

ral cubic spline, which has zero second derivative on one or both of its
boundaries, or

• set either of y
′′
i and y

′′
N to values calculated from equation (22) so as to

make the first derivative of the interpolating function have a specified
value on either or both boundaries.

One reason that cubic splines are especially practical is that the set of equations
(24), along with the two additional boundary conditions, are not only linear,
but also tridiagonal. Each y

′′
j is coupled only to its nearest neighbors at j ± 1.

Therefore, the equations can be solved in O(N).

4 Conclusion

Based on multiresolution representation and interpolating wavelets, it was pre-
sented that the grid adaptation method to be efficient and accurate in the
resolution of PDE problems involving different types of sharp fronts and tran-
sitions. This advantage accrued from interpolating wavelets property.
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Figure 1: Example of collocation points in a dyadic grid.
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Figure 2: Grid-reduction example using the test function given by Eq. 17. (a)
Function values in the grid points; (b) Corresponding distribution of the grid
points in terms of spatial location and resolution level. The parameters used
in the adaptation algorithm are ε = 1.0 × 10−4 and m = 4.


