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Abstract

We consider the existence problem of errors in decision making pro-
cesses under risk from a set-theoretical perspective. Choice adjustment
errors have been identified but never formalized by the experimental
economics/decision theory literature. We show that choice adjustment
errors can be naturally derived from gaps in the range of the utility
functions of decision makers. Introducing the concept of “error-induced
certainty equivalent”, we account for the intrinsic generation of error
approximations in any decision making process under risk. Finally, the
existence problem of minimal error functions is shown to be equiva-
lent to that of determining best approximations to the expected utility
values defined by the corresponding decision processes.

Mathematics Subject Classification: 91B06, 91B08, 54A05, 03E75

Keywords: certainty equivalent, error function, utility function, risk

1 Introduction

There exists ample experimental evidence, obtained from individual decision
making problems under risk, exhibiting violations of several expected utility
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theory basic axioms, see [6] and [7], for an extensive survey of the literature.
The theories of stochastic choice under risk developed to explain these empir-
ical phenomena rely on random errors made by decision makers during their
choice process. These errors may appear at either the preference selection stage
(random preference model, see [4]), the calculation stage (Fechner model, see
[3]), or the action stage (tremble or constant error model, see [2]). However,
no formal theoretical explanation justifying the existence of such errors has
been presented in the economic/decision theory literature.

This paper provides a formal justification for the existence of subjective ran-
dom components intrinsic to the outcome evaluation process of decision mak-
ers that are reflected in the erratic choices identified by the economic/decision
theory literature.

We redefine and extend the notion of certainty equivalent to a very general
setting where not even a basic topological structure is assumed. After proving
that choice adjustment errors can be naturally derived from gaps in the range
of the utility functions of decision makers, we introduce the concept of “error-
induced certainty equivalent”, which accounts for the intrinsic generation of
error approximations in any decision making process under risk.

Moreover, the existence problem of minimal error functions is shown to be
equivalent to that of determining best approximations to the expected utility
values defined by the corresponding decision processes.

The paper proceeds as follows. Section two introduces basic definitions
and fixes the notations. Section three defines certainty equivalents for generic
preference orders. Error functions are introduced in Section four, while error-
induced certainty equivalents are discussed in Section five.

2 Preliminaries and Notations

Let X be a nonempty set. A preference relation on X is a binary relation
�⊆ X × X satisfying:

reflexivity: ∀x ∈ X, (x, x) ∈�;

completeness: ∀x, y ∈ X, ((x, y) ∈� ∨ (y, x) ∈�);

transitivity: ∀x, y, z ∈ X, ((x, y) ∈� ∧ (y, z) ∈� ⇒ (x, z) ∈�).

We usually write x � y in place of (x, y) ∈� and read: x is preferred or
indifferent to y.

A preference order is a pair (X,�) where X is a nonempty set and � is a
preference relation on X.

The strict preference and the indifference relations associated to a prefer-
ence relation � are defined as follows:
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x � y ⇔ x � y ∧ y 
� x,

x ∼ y ⇔ x � y ∧ y � x.

We read x � y as x is preferred to y, while x ∼ y is read x is indifferent to
y.

From the definition it is clear that preference relations are complete pre-
orders.

A utility function representing � is a function u : X → R such that:

∀x, y ∈ X, x � y ⇔ u(x) ≥ u(y).

Note that ≥ and > denote the standard partial and linear order on the reals,
respectively. It is known that any preference relation � on X can be repre-
sented by a utility function if and only if it is perfectly separable, that is, if
there exists a countable subset V of X such that for all x � y there exists
z ∈ V with x � z � y (see [8]). Henceforth, we will assume each preference
relation � on X to be perfectly separable.

The continuity of utility functions is clearly subordinated to the existence
of a topology on the set X.

A pair (X, τ ), where X is a nonempty set and τ is a topology on X, is
called topological space. A topological space (X, τ ) is connected if there are
no two disjoint nonempty open subsets H and K such that X = H ∪ K; and
disconnected if it is not connected. Every preference relation on a nonempty set
X induces a topology on X, called the order topology induced by � and denoted
by τ�. This topology has as a subbase all subsets of the form {y ∈ X : y � x}
and {y ∈ X : x � y}, where x ∈ X.

The triple (X,�, τ ) will be used to denote a nonempty set X endowed
with both a preference relation � and a topology τ . Note that � and τ “are
not necessarily compatible”. This means that “the order topology τ� induced
by � does not need to coincide with τ”. Consider for example the triple
(R2, >Lex, τe), where >Lex denotes the lexicographic order on R

2 and τe the
standard Euclidean topology. There exist, in fact, subsets which are open
with respect to the order topology, but not with respect to τe.

Given a, b ∈ R, (a, b), (a, b], [a, b), [a, b] will denote the open, half-open and
closed nonempty connected real intervals of end-points a and b. In the case
when a = b, we obtain the degenerated interval [a, a] = {a}.

Given a preference order (X,�), we will denote by U(X,�) the set of
all utility functions representing � on X. Note that U(X,�) 
= ∅ since �
is assumed to be perfectly separable. Following the standard approach we
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will consider only bounded (above and below) utility functions. It is well-
known that this assumption is important in order to avoid the pathological
and paradoxical situations where the expected utility takes infinite value1.

For every u ∈ U(X,�), Range(u) will denote the range of the function
u, that is Range(u) = {u(x) : x ∈ X}. By the boundedness assumption,
inf Range(u) and sup Range(u) must be finite.

Given a nonempty set X, M(X) will denote the set of all non-degenerated
probability distributions (or lotteries) on X. Clearly, degenerated probabil-
ity distributions do not induce risk on the choice process, and will not be
considered in this setting.

For every μ ∈ M(X), let support(μ) = {x ∈ X : μ(x) 
= 0}.
For every 〈μ, u〉 ∈ M(X) × U(X,�), let E(μ, u) =

∫
u(x)dμ(x). The

quantity E(μ, u) is the expected utility induced by 〈μ, u〉.
For additional topological concepts and standard results the reader may

refer to [1].

3 Existence of Certainty Equivalents

According to the standard approach to choice under risk, the concept of cer-
tainty equivalent is formulated in terms of continuous utility functions and
lotteries on the set of outcomes.

More precisely (Definition 6.C.2 in [5]), given a continuous utility function
u and a lottery μ on the set of outcomes X, where X ⊆ R

n
+ for some n ∈ N,

the certainty equivalent, denoted by ce(μ, u), is an outcome for which the
individual is indifferent between the lottery μ and the certain amount ce(μ, u);
in other words, the certainty equivalent is an element of X whose utility equals
that of the expected utility induced by the given pair 〈μ, u〉:

u(ce(μ, u)) =

∫
X

u(x)dμ(x).

In order to guarantee both the continuity of u and the existence of ce(μ, u),
the set X must satisfy some topological assumptions which are usually only
tacitly assumed2.

1The St. Petersburg paradox possibly is the most famous example of a lottery game that
leads to a random variable (our utility functions) with infinite expected value (see Section 6.C
in [5]). Further examples of infinite expected utilities can be easily given once boundedness
assumption is removed. Consider, for instance, X = R, endowed with the standard linear

order and the following density and the utility functions on it: f(x) =
{

e−x if x ≥ 0,
0 if x < 0.

and u = ex. Hence, E(F, u) =
∫ +∞
0 exe−xdx = +∞, where F (b) =

∫ b

−∞ exdx.
2As in the definition of certainty equivalent, so in most of the examples and applications

in the economic literature, X is a convex subset (and hence connected subspace) of a finite
dimensional real space endowed with the standard Euclidean topology.
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We start by extending the definition of certainty equivalent to a more ab-
stract setting.

Definition 3.1 Let (X,�) be a preference order and 〈μ, u〉 ∈ M(X) ×
U(X,�). The set C(μ, u) = u−1(E(μ, u)) will be called the certainty equivalent
set determined by 〈μ, u〉.

If C(μ, u) 
= ∅, any of its elements can be chosen by the decision maker as
a certainty equivalent value for 〈μ, u〉. In fact, C(μ, u) = u−1(E(μ, u)) is an
equivalence class of the indifferent relation ∼, provided that it is non-empty.

We will write “ce(μ, u) exists” to indicate the fact that the decision maker
is able to define a certainty equivalent value for 〈μ, u〉, that is, C(μ, u) 
= ∅.

The existence problem of certainty equivalent values is not explicitly con-
sidered in the economic literature, even in the real case (X ⊆ R

n
+ for some

n ∈ N).
The following proposition and its corollary explicitly state the main suffi-

cient conditions for the existence of a certainty equivalent value. These condi-
tions, implicitly assumed in the literature (see, for example, Definition 6.C.2 in
[5]), become particularly important when considering the fact that approxima-
tion errors to certainty equivalent values must be defined in situations where
they are not verified.

Proposition 3.2 Let (X,�) be a preference order and 〈μ, u〉 ∈ M(X) ×
U(X,�). If Range(u) is a connected real interval, then ce(μ, u) exists.

Proof. Since u is bounded above and below (see Preliminaries), inf Range(u)
and supRange(u) are finite. On the other hand, inf Range(u) < E(μ, u) <
sup Range(u). Hence, E(μ, u) ∈ Range(u).

Corollary 3.3 Let (X,�, τ ) be given and 〈μ, u〉 ∈ M(X) ×U(X,�). If:

(a) (X, τ ) is connected,

(b) u is continuous with respect to τ .

then ce(μ, u) exists.

Proof. Continuous images of connected spaces are connected. Hence
Range(u) is a connected interval of R. Apply Proposition 3.2.

Conditions (a) and (b) of Corollary 3.3 are both necessary for ce(μ, u) to
exist, as the two simple examples below show.
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Example 3.4 Let X = [0, 4], the preference relation on X be the strict linear
order of the reals and the topology on X be the Euclidean one. Let 〈μ, u〉 ∈
M(X) × U(X,>) be defined as follows:

u(x) =

{
x if x ∈ [0, 1],

x + 2 if x ∈ (1, 4].
μ(x) =

⎧⎨
⎩

2
3

if x = 1,
1
3

if x = 4,
0 if x ∈ X\{1, 4}.

The space is connected while the utility function u is clearly discontinuous.
E(μ, u) = 8

3

∈ Range(u) and, hence, ce(μ, u) does not exist.

Example 3.5 Let X = [0, 2)∪ (3, 4], the preference relation coincide with the
standard linear order of the reals and the topology on X be the Euclidean one.
The function u : X → R defined by u(x) = x (the identity function on X) is a
utility function representing the preference relation given on X. The space is
disconnected while the utility function u is continuous. Letting μ be defined
as in Example 3.4, we have E(μ, u) = 2 
∈ Range(u) and, hence, ce(μ, u) does
not exist.

For the sake of completeness, note that both the condition given in Propo-
sition 3.2 and those in Corollary 3.3 are not necessary for the existence of a
certainty equivalent. Examples can be easily found.

Given a preference order (X,�), let CRU(X,�) denote the set of all utility
functions whose range is connected.

By Proposition 3.2, for every 〈μ, u〉 ∈ M(X) × CRU(X,�), E(μ, u) ∈
Range(μ, u) and the certainty equivalent value of 〈μ, u〉 exists. However, there
exist preference orders that do not admit representation by an utility function
with connected range; see, for instance, the preference order of Example 3.5.

4 Error Functions

Proposition 3.2 will be used to illustrate that considering a certainty equivalent
value does not, in general, rely on the topological properties of (X,�), as the
standard economical approach states, but only on how the range of the utility
function representing � is defined.

In this regard, we introduce the notion of “error function”, a function that
formally describes the subjective approximation errors to the expected utility
values when they do not belong to Range(u). Subsequently, we show that
every error function can be used to define a certainty equivalent value, whose
existence does not depend anymore on the classical assumptions of continuity
for the utility function and connectedness for the topology on X (see Corollary
3.3).
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Definition 4.1 Let (X,�) be a preference order and S ⊆ M(X) × U(X,�).
An error function for (X,�) on S is a function ε : S → [0, +∞) such that for
every 〈μ, u〉 ∈ S:

(i) E(μ, u) ∈ Range(u) =⇒ ε(μ, u) = 0;

(ii) u−1([E(μ, u), E(μ, u) + ε(μ, u)]) 
= ∅;
(iii) E(μ, u) + ε(μ, u) ≤ sup{u(x) : x ∈ support(μ)}.

Remark 4.2 Condition (i) can be easily interpreted considering Proposition
3.2. Condition (ii) forces the decision maker to approximate each expected
utility value E(μ, u) with a higher or equal value. This condition can be
easily modified to allow for approximations to E(μ, u) from below. Finally,
condition (iii) states that the decision maker cannot define an error such that
her approximation to each E(μ, u) falls above the supremum of the utility
values defined by the support of the probability function μ.

Thus, an error function associates to each pair 〈μ, u〉 an error ε(μ, u). Every
ε(μ, u) is an error inherent to the decision maker’s preference relation and its
size depends both on the graph of u and the support of μ. In other words,
each ε(μ, u) represents the subjective error committed by the decision maker
when calculating her certainty equivalent. This error, which arises here quite
naturally, is artificially imposed in the recent literature to justify the several
preference puzzles observed in experimental choice models, see [2], [3], [4].

Given a preference order (X,�) and S ⊆ M(X) × U(X,�), we will let
E�S(X,�) denote the set of all error functions for (X,�) on S. The subindex
� S will be dropped in the case when S = M(X) ×U(X,�).

Henceforth, we will consider the set E�S(X,�) endowed with the standard
linear order <function on function sets; that is, ∀f1, f2 ∈ E�S(X,�),

f1 <function f2 ⇐⇒ ∀〈μ, u〉 ∈ S, f1(μ, u) < f2(μ, u).

Furthermore, ε0,S will denote the constant zero function on S ⊆ M(X) ×
U(X,�):

∀〈μ, u〉 ∈ S, ε0,S(μ, u) = 0.

Proposition 4.3 Let (X,�) be a preference order such that CRU(X,�) 
= ∅.
If S = M(X) × CRU(X,�), then, E�S(X,�) = {ε0,S}.

Proof. Fix 〈μ, u〉 ∈ S = M(X) × CRU(X,�). By Proposition 3.2,
E(μ, u) ∈ Range(μ, u). Thus, by Definition 4.1 (i), ε0,S is the only possible
error function for (X,�) on M(X) × CRU(X,�).
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Let (X,�) be a preference order. For every 〈μ, u〉 ∈ M(X)×U(X,�), let:

λ(E(μ, u)) = inf{Range(u)\(−∞, E(μ, u))}

= inf{u(x) : u(x) ≥ E(μ, u))}
Proposition 4.4 Let (X,�) be a preference order. For every 〈μ, u〉 ∈ M(X)×
U(X,�),

(a) λ(E(μ, u)) ≥ E(μ, u);

(b) λ(E(μ, u)) = E(μ, u), if E(μ, u) ∈ Range(u).

If E(μ, u) 
∈ Range(u), E(μ, u) belongs to a “jump” of u and λ(E(μ, u))
represents the supremum of this jump. Moreover, as the following example
shows, the converse of Proposition 4.4(b) is not always true.

Example 4.5 Let K = {0} ∪ { 1
n

: n ∈ N} and let X = [−1, 1]\K. Endow
X with the strict linear order of the reals. The function u : X → R defined
by u(x) = x + 1 is a utility function representing the preference relation given
on X and it presents countably many degenerated jumps, namely {1} and
{1 + 1

n
}, for every n ∈ N.

Let μ on X be defined by the following density function:

fµ(x) =

⎧⎨
⎩

2
3
, if x = 1,

1
3
, if x = −1,

0, if x ∈ X\{−1, 1}.
Then, E(μ, u) = 4

3
= 1 + 1

3
and λ(E(μ, u)) = E(μ, u) 
∈ Range(u).

Given a preference order (X,�) and S ⊆ M(X) × U(X,�), let εS : S →
[0, +∞) be defined by:

εS(μ, u) = λ(E(μ, u)) − E(μ, u).

Note that in general εS 
∈ E�S(X,�): consider the preference order of Ex-
ample 4.5; then, given any S ⊆ M(X) × U(X,�), εS coincides with ε0,S and
does not satisfy Definition 4.1(ii).

Also, let:

Λ(X) = {〈μ, u〉 ∈ M(X) × U(X,�) : λ(E(μ, u)) ∈ Range(u)}.
It is easy to check that Λ(X) 
= ∅ independently of (X,�). If, in particular,

(X,�) is endowed with a connected topology, then Λ(X) contains all pairs
〈μ, u〉 where u is a continuous utility function representing �.

The proof of the following result is routine.



Error-induced certainty equivalents 1129

Proposition 4.6 Let (X,�) be a preference order. Then, εΛ(X) is the minimal
error function for (X,�) on Λ(X); that is,

εΛ(X) = min E�Λ(X)(X,�).

Theorem 4.7 Let (X,�) be a preference order and S ⊆ M(X) × U(X,�).
The following are equivalent:

(a) εS = min E�S(X,�);

(b) S ⊆ Λ(X).

Proof. By Proposition 4.6.

It is not difficult to define preference orders such that the requirement
M(X) × U(X,�) = Λ(X), equivalent to the existence of min E(X,�), holds.
This is the case, for instance, when X is a discrete real subset such as X = N

endowed with the strict linear order of the reals.

5 Error-Induced Certainty Equivalents

Remaining coherent with the classical notion, we can now redefine the certainty
equivalent value as an element of X that the decision maker is indifferent to
accept in place of the pair 〈μ, u〉 given a subjectively defined error function.

Definition 5.1 Let (X,�) be a preference order, 〈μ, u〉 ∈ M(X) × U(X,�)
and ε ∈ E(X,�). The set C(μ, u, ε) = u−1([E(μ, u), E(μ, u) + ε(μ, u)]) will be
called the ε-induced certainty equivalent set determined by 〈μ, u〉.

If C(μ, u, ε) 
= ∅, any of its elements can be chosen by the decision maker
as a ε-induced certainty equivalent value of 〈μ, u〉.

We will write “ce(μ, u, ε) exists” to indicate the fact that the decision
maker is able to define a ε-induced certainty equivalent value for 〈μ, u〉, that
is, C(μ, u, ε) 
= ∅.

Proposition 5.2 Let (X,�) be a preference order. For every 〈μ, u〉 ∈ M(X)×
U(X,�) and every ε ∈ E(X,�), c(μ, u, ε) exists.

Proof. By Definitions 4.1 and 5.1.

Proposition 5.2, states that decision makers are always able to define a
certainty equivalent value, this value being determined by a subjective error
function.
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Moreover, as the following proposition shows, given any ε ∈ E(X,�), our
notion of certainty equivalent induced by ε ∈ E(X,�) reduces to the standard
one (Definition 3.1) if X is a connected topological space and u is continuous
with respect to the topology on X.

Proposition 5.3 Let (X,�, τ ) be given and 〈μ, u〉 ∈ M(X) × U(X,�). If:

(a) (X, τ ) is connected,

(b) u is continuous with respect to τ ,

then, for every ε ∈ E(X,�), C(μ, u, ε) = C(μ, u).

Proof. Fix ε ∈ E(X,�). Conditions (a) and (b) imply that 〈μ, u〉 ∈
M(X)×CRU(X,�). Hence, by Proposition 4.3, ε(μ, u) = 0. Thus, C(μ, u, ε) =
u−1([E(μ, u), E(μ, u) + ε(μ, u)]) = u−1(E(μ, u)) = C(μ, u).

As already mentioned (see comments after Definition 3.1), in the case when
E(μ, u) ∈ Range(u) any element of the set C(μ, u) = u−1(E(μ, u)) can equiv-
alently be chosen as the certainty equivalent value of 〈μ, u〉.

If E(μ, u) 
∈ Range(u), then an error function ε must be defined and an el-
ement chosen from C(μ, u, ε) = u−1([E(μ, u), E(μ, u)+ ε(μ, u)]) as a ε-induced
certainty equivalent value. This value is in general neither unique nor equiva-
lent to all the other elements of C(μ, u, ε).

In fact, the set C(μ, u, ε) inherits the preference relation � from (X,�),
which trivially implies that the lower the utility value of an element of C(μ, u, ε)
the better the approximation to the expected utility value E(μ, u). This can
be formally stated as follows.

Definition 5.4 Let (X,�) be a preference order, 〈μ, u〉 ∈ M(X) × U(X,�)
and ε ∈ E(X,�). For every c1, c2 ∈ C(μ, u, ε), we say that c1 induces a better
approximation to E(μ, u) than c2, and we write c1 ≥approx c2, if c2 � c1.

Clearly, the binary relation ≥approx defines a preference relation on each
ε-induced certainty equivalent set C(μ, u, ε), whose maximal elements, if they
exist, corresponds to the minimal ones of �. In other words, best approxima-
tions to E(μ, u) are �-minimal elements of C(μ, u, ε), and vice versa.

Theorem 5.5 Let (X,�) be a preference order and let S ⊆ M(X)×U(X,�).
The following are equivalent:

(a) For every 〈μ, u〉 ∈ S and every ε ∈ E�S(X,�), C(μ, u, ε) admits a
(≥approx)-maximal element;

(b) S ⊆ Λ(X).
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Proof. Fix 〈μ, u〉 ∈ S and let ε ∈ E�S(X,�). Note that an element
c ∈ C(μ, u, ε) is a (≥approx)-maximal element if and only if u(c) = min{u(x) :
u(x) ≥ E(μ, u)}. Thus, C(μ, u, ε) admits a (≥approx)-maximal element if and
only if λ(μ, u) ∈ Range(u), that is, if and only if 〈μ, u〉 ∈ Λ(X).

Theorem 5.5 completes Theorem 4.7 and shows that the existence problem
of minimal error functions is indeed equivalent to that of determining best
approximations to expected utility values.
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