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Abstract

We prove that the non-associative algebra W (n, 0, O)[T] and its sym-
metrized algebra are simple (see [1], [2], [3]). We find all the derivations
of the algebra W (n,0,0),. Thus we can prove that for n; # ng, the al-
gebras W (n1,0,0),; and W(nsg,0,0), are not isomorphic. Because of all
the derivations of a non-associative algebra, we can find the associator
of the algebra. Depending on the dimension of the right annihilator of

an algebra, we define the class R, of the algebras in this work.
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1 Preliminaries

Let N be the set of all non-negative integers and Z be the set of all integers. Let
[F be a field of characteristic zero. Let F® be the multiplicative group of non-zero
elements of IF. Let us define the F-algebra F[e®1 ... e xiﬁl, coeaEl g

Tm+s) spanned by

a1T anTn .0 i o Iml i
{611_._671711.11._.1.7;{1'%.7” m+s

m+1l " Tmts
A1y ity b € Lylyts sy imas € N} (1)

with the obvious addition and its multiplication (see [12]). For a positive
integer r, the non-associative algebra W(n,m,m + S)m is the vector space
spanned by

{faﬂf € F[eixlu"' 7eixnvl‘iﬂ7"' 71‘7:::1171‘7714-17'” 7xm+8]71 S (% S n}(2)
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with the obvious addition and the multiplication * where 0, is the usual par-
tial derivative on the F-algebra F[e®®t ... efon oFl oo bl g oee 2]
with respect to x,, 1 < u < maz{n, m+ s} in the papers (see [1], [3], [9], [10],
[14]). The non-associative algebra W (n, m, m + s);, is a subalgebra of the alge-

bra in the papers (see [6-11]). Note that 8% = 1,1 < u < n. Thus if r = 0, then

Y

the algebra W (n,m,m + s)[r] is the F-algebra Fle®®:, ... e*on gFl ... g4l
Tmal, > Tmys|. For an element [ of an algebra A and an ideal I of A, [ is

full, if the ideal contains the element [, then [ is A. The matrix ring M,,(F)
is imbedded in the algebra W (n,m,m + s),;. The matrix ring M,(F) is not
imbedded in W (n, 0,0),,. The non-associative algebra W (n, 0, 0),; has neither
a right nor a left multiplicative identity element. Note that the definition of a
non-associative algebra in this paper is different from the definitions of the alge-
bras in the papers (see [3], [9], [10]), because of some results in the paper. Sim-
ilarly to the non-associative algebra W(n,m,m + S)M, we can define the non-

associative algebra W (n,0,s),, spanned by {e®®* .- -e“”xnxil"jf a0, |ag,
cyp € Lyingt, o ines € Ny 1T <u < n+m}. The algebra W(n, m,m + s)[r]

has idempotents and W (n,m, m + S)M is simple. Using the commutator [,] of

W(n,m,m + s);,;, we can define the antisymmetrized algebra W (n, m,m + s) 0

The Lie algebra W(n,m,m + 8)[1][]' is the simple Lie algebra in the papers
(see [9] and [13]). The algebra W(n,0,0),, is a subalgebra of the algebra
W(n,m,m+ s),; spanned by {[[}_, e**0la1, -+ ,a, € Z}. The algebra

W(n,0,0),, is Z"-graded as follows:

W(n,0,0),= B N
(a1, ,an)

where the (aq,-- -, a,)-homogeneous component N, ... o,y is the vector sub-
space of W(n,0,0),, spanned by {[[;_, e®* 0|1 < u < n}. Let Rapn(n) be
the set of all algebra A such that the dimension of all the right annihilators of
A is n. The class fR,,, is defined as follows:

Rann = {Rann(n)|n € N}
2 Simplicities
Theorem 2.1 The algebra W (n, 0, O)M is simple.

Proof. 1t is easy to prove that for any ideal I of W(n,O,O)M, if I contains
an element of the homogeneous component N .. gy, then I is the algebra
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W(n,O,O)M. Thus it is enough to show that for every non-zero ideal I of

VV(n,O,O)W I contains an element in the homogeneous component N(g.... o).
Let I; be a non-zero ideal of the homogeneous component N(g... g). Let [ be a
non-zero element in /7. Since every term of [ in a homogeneous component, let
us prove the theorem by induction on the number of homogeneous components
which contain a term of [. If [ is in the homogeneous component N(q.... o,
then there is nothing to prove. Let us assume that [ is in the homogeneous
component Ng, ... q,)- We can also assume that a; is a non-zero integer. By
taking an appropriate element /5 in the homogeneous component N_g, ... _4,),
we have that I x [ is a non-zero element in N ... o). Thus I; is the algebra
W (n, 0, O)m. By induction, we can assume that if [ has terms in £ homogeneous

components, then I is the algebra W (n, 0, O)[T]. Let us assume that [ has terms
in £ + 1 homogeneous components. We can find an appropriate elements [;
and 0", so that O] * (I; % [) is non-zero and it has at most & homogeneous
components. By induction, I is the algebra W (n,0, 0)[7,]. Therefore we have
proven the theorem. O

Theorem 2.2 The antisymmetrized algebra W (n, 0, O)MH of the algebra
W(n,0,0),, is simple. The algebra VV(n,O,O)MH is self-centralizing (see [8]).

)

Proof. The proof of the theorem is almost the same as the proof of Theorem
2.1 and the remaining result of the proof is easy, so it is omitted. O

Remarks. The algebra W (n,0,0) is in Rypn(n). For any A € R,pn(n) and
B € Runn(m), if n # m, then the algebras A and B are not isomorphic. Thus
their antisymmetrized algebras Aj; and B[ are not isomorphic. O

3 Derivations of a non-associative algebra

For a non-associative algebra, we need the following obvious results.

Proposition 3.1 Let A be a non-associative algebra and B be the set of all
associators of the algebra A. For anyl € B, | induces the inner derivation ad,

of A (see [14]).

Note 1. For any basis element Hi ekurud, of the algebra W(3,O,0)[1] and
v € {1,2,3}, if we define F-linear maps D,,, 1 < w < 3, of the non-associative
algebra W(3,0,0), as follows:

3

3
Dw(H e 0,) = dyky, H ekuzu g,
u=1

u=1
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then D,, 1 < w < 3, can be linearly extended to derivations of the algebra
W (3,0, O)[l] with appropriate coefficients. 0O O

Lemma 3.1 For any derivation D of the algebra W (3,0, O)[l], we have that
D@,)=0,1<u<3.

Proof. Let D be the derivation of the algebra W (3,0, 0);; in the lemma. Since
0; annihilates itself, we have that D(0;) * 01 + 01 x D(0y) is zero. This implies
that

D(@l) — §,€P2T2eP3TIQ) 4 o eT22eI3T3 Dy | gae2P2eT3T3 ), (3)
for s1, 89, 83 € F. Since 0, is in the left annihilator of 0,
Slp2€p2x2€p3x361 + 82q2€q2$2€q3$362 + 837.267”21267”31363 — O

This implies that po = ¢o = 79 = 0. Since 05 is in the left annihilator of
01, similarly we are able to prove that p3 = g3 = r3 = 0. So we have that
D(01) = $101 + s20; + s305. Since 0 is a left identity of e™*0;, we have that

01 % D(€"10,) = —s1e" 01 + D(e*10y). (4)
This implies that D(e*'0;) can be written as follows:
D(e™10y) = c1e™*1e™T2eBT3 Q) + cpe™T1eT2e0T3(0), + 37T T2y (5)

where ¢, -+ ,¢cg € F. By (4) we are able to prove that a; = a4y = a7 = 1 and s
is zero. Since 0; is in the left annihilators of e*20;, and €30, we are also able
to prove that s, and s3 are zeroes, i.e., D(0;) is zero. Similarly, we can also
prove that D(0,) and D(03) are zeroes. Therefore we have proven the lemma.
O

Lemma 3.2 For any derivation D of the algebra W (3,0,0);, D(e**i;)
= cikiekixiﬁj holds, where ¢c; € F, 1 < 1,7 < 3.

Proof. Let D be the derivation of the non-associative algebra W (3,0,0), in
the lemma. Since 0 is a left identity of ¢"*0; and by Lemma 3.1, we have
that ) * D(e*19;) = D(e"dy). Let us put D(e”d)) = ¢ [, ™0 +
Co Hizl e¥+uTufy 4 cg Hi:l e%+uTu s where ¢y, ¢, c3 € F. Since

3 3

3
craq | | e 0 + coay | | e® ety + cyaq | | elotutugy =
u=1

u=1 u=1

3 3 3
c1 H T, H eUHUTN Dy 4 H eletutu 9 (6)
u=1 u=1 u=1
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we have that a1, a4, and a7 are ones. Since 0, and 0s are in the left annihilator
of €"10;, we can easily prove that ao = a3 = a5 = ag = ag = a9 = 0 and
D(e"10,) = 22:1 cu€"*0y. Similarly, we can also prove the followings:

3 3

D(e™0,) = Z c31ue™0, and D(e™0;) = Z Cornu€ " Oy

u=1 u=1

with appropriate coefficients. Since e*'0; is in the left annihilator of e*20;,
we also have that ¢y, is zero. Since e™0; is in the left annihilator of e*30;,
we are able to prove that c3 is zero. This implies that D(e*'0;) = ¢1e*10;.
Similarly, we can prove that D(e™0;) = ¢4 0y and D(e™0,) = c;¢"20;. By
denoting ¢11 = ¢1, ¢21 = ¢4, and c31 = ¢7, we have that D(e*0,) = ¢, 16" 0,
where 1 < u < 3. Similarly, we can prove that D(e*0;) = ¢, ,e"“0, where
1 < wu,v <3. By D(e”0; x €"0;) = D(e*19;), we also have that c¢; 10 *
e"10y +€"10y x ¢ 16”10y = D(e**19;). This implies that D(e*1;) = 2¢; 1€**10;.
By induction on k; € N of €¥1%19;, we can prove that

D(ek“‘l@l) = cljlkleklxlal. (7)

By D(e ™10, % €"10y) = D(01), we have that D(e *0y) * €10y + e %0y *
D(e*0;) = 0. This implies that D(e*10;) * €*10; = —c¢1 10, and D(e”"10;) =
_01716—38181 + Zh,lz,lg &1171271372611% el2x2€l3x382 + Zl4,ls,le /Bl4,l5716,3€l4$1€l5$2616x363
holds. Since 0y and 03 are in the left annihilator of e™*10;, we prove that
D(e™™10;) = —cy 17" 0;. Similarly to (7), by induction on k; € Z of eF1#19;,
we can also prove that

D(ek“‘l@l) == cljlkleklxlal. (8)

Since D(e™ 0y xe™10y) = D(e**10y), we have that (1 14c12)e** 10y = 2¢1 2% 0s.
So we have that ¢;; = ¢15. Since D(e"0; x €"103) = D(e***03), we have that
(c11 + €13)e*™1 03 = 2¢1 371 05. So we also have that ¢;; = ¢;3. This implies
that c;1 = c12 = c13. Similarly, we can prove that co; = c22 = c23 and
C31 = C32 = C33. Let us denote d1 =C,1=C2=C3, dg = Cg1 = Cg2 = C23,
and d3 = c31 = c32 = ¢33 respectively. The formula (8) becomes

D(eklxlﬁl) = dlk‘lekl“@l. (9)
Similarly, we can prove that
D(e"*9,) = dyk,e* "9, (10)

for ¢,, € F and 1 < wu,v < 3. Therefore we have proven the lemma. O
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Lemma 3.3 For any derivation D of the algebra W N30, and for a basis
element H2:1 ekutud, 1 < v < 3, in the algebra W(3,O,0)[1], we have the
following:

3 3 3

D[ e 0,) = D duku(]] )0,

u=1 w=1 u=1

Proof. Let D be the derivation of the algebra W (3,0, O)[1] in the lemma. By
Lemma 3.2, we have that

D(elﬁmag, * eksxsal) — k3D(€kzxzek3xsaI) (11)
Since the left side of (11) is dykokse*2*2e"3%30, + dsk3e™*2e*%39, , we have that
D(ek‘Q:EQ ekzgacg 81) _ d2k2ek2x2 6k:3:v3 al 4 d3k3€kz2x2 ek3x3 al-

Since D(ef1#10, x ek2*2¢k739, ) = ky D([]°_, €***1) holds, we can prove that

3 3 3
DI e on) = dok,(]] e )on
u=1 u=1

v=1

Similarly we can also prove the following cases D([]>_, e**+8y) and D(]._, e¥«*«0s)
as D(IT._, €**«d,). Thus we have proven the lemma. O

Theorem 3.1 The additive group Der(WNg,’O’O[l]) of all the derivations of the
algebra WN3,070[1] is spanned by D,,, 1 < w < 3, which are defined in Note 1.

Proof. The proof of the lemma is straightforward by Lemmas 3.1-3.3, and Note
1. So it is omitted. O

Proposition 3.2 If two algebras A and As are isomorphic, then the dimen-
sion Dim(Der(Ay)) of the algebra Ay is equal to the dimension Dim(Der(As))
of the algebra As.

Proof. The proof of proposition is straightforward, so it is omitted. O

Since there are non-isomorphic algebras A, and Ay such that Dim(Der(A;)) =
Dim(Der(Ay)), the converse of Proposition 3.1 is not true (see [3] and [4]).

Note 2. For any basis element [[;_, e™0, of the algebra W (n,0,0), and for
d, € F, 1 <u <n, if we define F-linear map D,,, 1 < w < 3, from the algebra
W(n,0,0), to itself as follows:

n

Du([[ e 00) = duku(] ] €")00

u=1 u=1

then D,, can be linearly extended to a derivation of W (n, 0, O)[ll' O
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Lemma 3.4 For any derivation D in Deryon(W(n,0,0),)) of the algebra
W(n,0,0)m, D(0,), 1 <wv <n, are zeroes.

Proof. Let D be any derivation of D € Derpo,(W(n,0,0)p). Since 9; an-
nihilates 9;, 1 < 4,57 < n, we have that D(0y) = > ._, r,0, with r, € F,
1 < u < n. Since €20, is in the right annihilator of 0;, we have that
01 * D(e™0) = —ree®0;. This implies that ry is zero. Symmetrically, we
can prove that rg3 =---=r, =0, i.e., D(0;) = r10;. Since 0 is a left identity
of €10, we have that

r1e"10; + 0 * D(emlal) = D(exlal) (12)

Let us put D(e*0;) as follows:

D(e"d) => au(J[e)0u (13)

v=

where a, € F, 1 < u < n. By (12) and (13), we can prove that a; = 1
and r; = 0, i.e., D(0y) = 0. Similarly, we can also prove that D(9,) = 0,
2 <w < n. So we have proven the lemma. O

Lemma 3.5 Forany D € Dery,,,(W(n,0, O)[ll) and a basis element [[|,_, eF+*9,
of the algebra W (n, 0, O)[l]’ we have that

D(ﬁ e g,)) = i kudu(ﬁ )9, (14)
u=1 u=1 u=1

where u,v € {1,2,--- n} and d, € F.

Proof. Let D be the derivation of W (n, 0, 0)[1] in the lemma. By Lemma 3.3,
we are able to prove (14) for n < 3 easily. These results can be naturally
extended to the algebra W(n,0,0),, for n > 4. The remaining proof of the
proof of the lemma is straightforward, so it is omitted. O

Theorem 3.2 Derpo, (W (n,0,0),) of the algebra W (n,0,0), is generated by
D, 1 <w < n, which are defined in Note 2.

Proof. Let D be any derivation of W (n, 0, 0)[1]. By Lemma 3.6, for any basis

element [[_, e¥™9, of the algebra W (n, 0, 0)p)> (14) holds with appropriate
coefficients. This implies that D is the linear sum of the derivations Dy, --- , D,
which are defined in Note 2. Therefore we have proven the theorem. O
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Corollary 3.1 The dimension Dim(Der(W(n,0,0),,)) of the algebra W (n, 0,0),
8 n.

Proof. Since the proof of the corollary is straightforward by Theorem 3.2, it is
omitted. O

Corollary 3.2 For a derwation D,, 1 < u < n, of the algebra W(n,0,0)m,
D, is the inner derivation ady, induced by 0,. Furthermore the associator of

the algebra W(n,0,0), is zero (see [14]).

Proof. The proof of the corollary is straightforward by Proposition 3.1, Note
2, and Theorem 3.2. So it is omitted. O

Corollary 3.3 If ny # no, then the algebras W(nl,0,0)[l] and W(nQ,O,O)m
are not isomorphic.

Proof. Since ny # ns, the results of the corollary is straightforward by Lemma
3.4 and Theorem 3.2. O

Proposition 3.3 The algebras W(n,0,0)[l] and W (0, n, O)[l] (resp. W(0,0,n)[l])
are not isomorphic.

Proof. Since the dimension Dim(Der(W (n,0,0)},)) of the algebra W (n, 0, 0),
is n and the dimension Dim(Der(W (0,n,0))) (resp. Dim(Der(W(0,0,n),,)))
of the algebra W (0, n, O)[l] (resp. W (0, O,n)m) is n? + n, by Lemma 3.4, the

algebras W (n,0,0),; and W(0,n,0),, (resp. W(0,0,n),,) are not isomorphic.
O

Proposition 3.4 For an algebra A, if A has a right (resp. left) identity, then
the algebras A and W (n, 0, 0)[7"] are not isomorphic.

Proof. 1t is easy to prove that the algebra W(n,O,O)M has no right (resp.
left) identity, Since A has a right (resp. left) identity, the algebras A and
W (n,0, O>[r] are not isomorphic. Thus we have proven the proposition. O

Corollary 3.4 If the matriz ring M, (F) is a subalgebra of an algebra A and
n is greater than 1, then the algebras A and W (n, 0, O)M are not isomorphic.

Proof. 1t is easy to prove that the matrix ring M, (F) is not a subalgebra of
W (n,0, O>[r}' By Proposition 3.3, the the proof of the corollary is easy to prove,
so it is omitted. O



Derivations and isomorphisms of a non-associative algebra 837

References

[1] Mohammad H. Ahmadi, Ki-Bong Nam, and Jonathan Pakinathan,Lie ad-
missible non-associative algebras, Algebra Colloquium,Vol. 12, No. 1, World
Scientific, (March) 2005, 113-120.

[2] Seul Hee Choi, Derivations of a restricted Weyl Type Algebra on a Laurent
FEzxtension, Commun. of Korean Math. Soc., 21 (2006), no. 2, 65-71.

[3] Seul Hee Choi and Ki-Bong Nam, The Derivation of a Restricted Weyl Type
Non-Associative Algebra, Vol. 28, No. 3, Hadronic Journal, 2005, 287-295.

[4] Seul Hee Choi and Ki-Bong Nam, Derivations of a restricted Weyl Type
Algebra I, Rocky Mountain Journal of Mathematics, Vol. 37, No. 6, 2007,
67-84.

[5] T. Ikeda, N. Kawamoto and Ki-Bong Nam, A class of simple subalgebras
of Generalized W algebras, Proceedings of the International Conference in
1998 at Pusan (Eds. A. C. Kim), Walter de Gruyter Gmbh Co. KG, 2000,
189-202.

6] V. G. Kac, Description of Filtered Lie Algebra with which Graded Lie alge-
bras of Cartan type are Associated, Izv. Akad. Nauk SSSR, Ser. Mat. Tom,
38, 1974, 832-834.

[7] 1. Kaplansky, The Virasoro algebra, Comm. Math. Phys., 86 (1982), no. 1,
49-54.

[8] Naoki Kawamoto, Atsushi Mitsukawa, Ki-Bong Nam, and Moon-Ok Wang,
The automorphisms of generalized Witt type Lie algebras, Journal of Lie
Theory, 13 Vol(2), Heldermann Verlag, 2003, 571-576.

9] Ki-Bong Nam, On Some Non-Associative Algebras Using Additive Groups,
Southeast Asian Bulletin of Mathematics, Vol. 27, Springer Verlag, 2003,
493-500.

[10] Ki-Bong Nam and Moon-Ok Wang, Notes on Some Non-Associative Al-
gebras, Journal of Applied Algebra and Discrete Structured, Vol 1, No. 3,
159-164.

[11] Ki-Bong Nam, Yanggon Kim and Moon-Ok Wang, Weyl-type Non-
Associative Algebras I, IMCC Proceedings, 2004, SAS Publishers, 147-155.



838 Seul Hee Choi

[12] Ki-Bong Nam and Seul Hee Choi, On the Derivations of Non-Associative
Weyl-type Algebras, Southeast Asian Bull. Math., 31 (2007), no. 2, 341-348.

[13] A. N. Rudakov, Groups of Automorphisms of Infinite-Dimensional Simple
Lie Algebras, Math. USSR-Izvestija, 3, 1969, 707-722.

[14] R. D. Schafer, Introduction to nonassociative algebras, Dover, 1995, 128
138.

Received: March 11, 2008



