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Abstract. Let X be the blowing up of P2 at s ≥ 1 distinct points. Here we
prove that any arithmetically Cohen-Macaulay rank 2 vector bundles on X is
an extension of two line bundles.
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1. Introduction

Let X be an integral n-dimensional projective variety, n ≥ 2. Let η+ or
η+(X) denote the ample cone of Pic(X) and η− its opposite. Let η0 (resp.
η̃0) denote the set of all line bundles on X algebraically equivalent to OX

(resp. numerically trivial). Set η := η+ ∪ η−, γ := η ∪ η0 and γ̃ := η ∪ η̃0.
Let E be a vector bundle on X. We will say that E is ACM or arithmeti-
cally Cohen-Macaulay (resp. say that E is WACM or weakly arithmetically
Cohen-Macaulay, resp. SACM or strongly arithmetically Cohen-Macaulay) if
H i(X, E ⊗ L) = 0 for all 1 ≤ i ≤ n − 1 and all L ∈ γ (resp. L ∈ η, resp.
L ∈ γ̃).

Here we prove the following result.

Theorem 1. Let X be the blowing up of P2 at s ≥ 1 distinct points. Then any
arithmetically Cohen-Macaulay rank 2 vector bundles on X is an extension of
two line bundles.

We work over an algebraically closed field K.

1The author was partially supported by MIUR and GNSAGA of INdAM (Italy).
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2. The proof

Remark 1. Let X0 be any smooth and connected projective surface and u :
X → X0 any birational morphism. Hence u is the composition of finitely
many blowing ups of points (not necessarly distinct points of X0) . For any

vector bundle E on X set ˜E := u∗(E)∗∗. Since X0 is a smooth surface and
˜E is a reflexive sheaf, ˜E is a vector bundle on X0 and rank( ˜E) = rank(E).

Fix any L ∈ Pic(L). Notice that ˜L is the unique line bundle on X0 such that

L⊗ u∗(˜L∗) is isomorphic to a linear combination of the exceptional divisors of
u, i.e. an integral combination of the integral curves T ⊂ X such that u(T ) is
a point. The restriction of the intersection form to the R-linear combination of
the integral curves T ⊂ X such that u(T ) is a point is definite negative. Hence
˜L2 ≥ L2. Take any integral curve A ⊂ X0 and call u∗(A) its total transform.

Since u∗(A) · L = A · ˜A, Nakai criterion of ampleness ([2], I.5.1) gives that if

L ∈ η+(X), then ˜L ∈ η+(X0). Since ˜E/u∗(E) is zero-dimensional, we have

h0(X0, ˜E) ≥ h0(X0, u∗(E)) = h0(X, E) and h1(X0, ˜E) ≤ h1(X0, u∗(E)). The
Leray spectral sequence of u shows that h1(X0, u∗(E)) ≤ h1(X, E). Hence if

h1(X, E) = 0, then h1(X0, ˜E) = 0. Since Ẽ ⊗ A = ˜E ⊗ ˜A for any A ∈ Pic(X0)

and ˜L ∈ η+(X0) if L ∈ η+(X), we get that if E is WACM (resp. ACM,

resp. SACM), then ˜E is WACM (resp. ACM, resp. SACM). Fix any integer
r > 0. We just saw that if there is no rank r WACM (resp. ACM, resp.
SACM) vector bundle on X0, then there is no rank r WACM (resp. ACM,
resp. SACM) vector bundle on X.

Proof of Theorem 1. If s = 1, then X is isomorphic to the Hirzebruch
surface F1. In this case the result is a particular case of [1], Theorem 1.

(a) Now assume s = 2. Hence X is the blowing up of X0 := P2 at two
distinct points P1, P2. Let Di := u−1(Pi), i = 1, 2, be the exceptional divisors.
Hence Pic(X) ∼= Z⊕3. For all integers a, b, c set OX [a; b; c] := u∗(OX0(a))(bD1+
cD2). We have ωX

∼= OX [−3; 1, 1]. Let u1 : X1 → X0 denote the blowing
up of P1, w1 : Y1 → X0 the blowing up of P2, u2 : X → X1 the blowing
up of u−1

1 (P2) and w2 : X → Y1 the blowing up of w−1
1 (P1). Hence u =

u1 ◦ u2 = w1 ◦ w2. X1
∼= F1 and if we take a basis h, f of Pic(X1) with

h2 = −1, h · f = 1 and f 2 = 0, then OX(1; 0, 0) ∼= u∗
2(OX1(h + f)) and

OX(0; 1, 0) ∼= u∗
2(OX1(h)). Y1

∼= F1 and if we take a basis h, f of Pic(Y1) as in
Example ??, then OX(1; 0, 0) ∼= w∗

2(OY1(h+f)) and OX(0; 0, 1) ∼= w∗
2(OY1(h)).

For any vector bundle A on X set ˜A := u2∗(A)∗∗ and A = w2∗(A)∗∗. We saw

that ˜A (resp. A) is a vector bundle on X1 (resp. Y1) which is WACM or ACM
if A has the same property (Remark 1). Let E be a rank 2 ACM vector bundle
on X. Set OX [x; a, b] := det(E). Let x′ be the maximal integer such that
E has a rank 1 subsheaf isomorphic to OX [x′, a1, b1] for some integers a1, b1.
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Taking the saturation of any such subsheaf we get an exact sequence

0 → OX [x′; a′, b′]
j→ E → IZ [x − x′; a − a′, b − b′] → 0 (1)

for some zero-dimensional locally complete intersection subscheme Z of X.

The inclusion j in (1) induces an inclusion j1 : OX1(x
′ + a′, x′ − a′) → ˜E (resp.

j2 : OY1(x
′ + b′, x′ − b′) → E whose cokernel has no torsion outside the point

u−1
1 (P1) (resp. w−1

1 (P1)). Hence the cokernel of j1 and j2 have no torsion.
These inclusions determine exact sequences (respectively on X1 and on Y1):

0 → OX1(x
′ + a′, x′ − a′)

j1→ ˜E → IZ1(x + a − x′ − a′, x − x′ − a + a′) → 0
(2)

0 → OY1(x
′ + b′, x′ − b′)

j2→ E → IZ2(x + b − x′ − b′, x − x′ − b + b′) → 0 (3)

in which Z1 is a zero-dimensional subscheme of X1 and Z2 is a zero-dimensional
subscheme of Y1. From [1], proof of Theorem 1, we get Z1 = Z2 = ∅. Since
Z1 = ∅, Z ⊂ u−1

2 (P2). Since Z2 = ∅, Z ⊂ w−1
2 (P1). Since u−1

2 (P2) ∩w−1
2 (P1) =

∅. Hence (1) gives that E is an extension of two line bundles, concluding the
proof in the case s = 2.

(b) Here we assume s ≥ 3. We may do a similar proof, obtaining zero-
dimensional schemes Zi ⊂ F1 1 ≤ i ≤ s, and the applying [1], proof of Theorem
1. We use again that we blow up distinct points of the plane.
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