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Abstract

In this paper we describe a polynomial of the form fc(z) = z(zd + c)
which is infinitely renormalizable such that the Julia set J(fc) is not
locally connected.
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1 Introduction

Let M be the Mandelbrot set of all parameter values c ∈ C such that the Julia
set J(fc) is connected. However, it is often convenient to identify M with the
corresponding set of polynomials fc. A map fc ∈ M is hyperbolic if and only
if it has a necessarily unique attracting periodic orbit. The hyperbolic maps in
M form an open subset of the plane, and each connected component H in this
open set is called hyperbolic component in M . Let p be the periodic of the
attracting orbit, and let λp = λp(fc) ∈ D be its multiplier, such that D is the
unit disk. The basic facts about hyperbolic components in M are as follows:

• Any two maps in the same hyperbolic component H ⊂ M have attracting
orbits of the same period p.

• Each hyperbolic component H is conformally isomorphic to the open unit
disk D under the correspondence fc �→ λp(fc). In fact this correspondence
extends uniquely to a homomorphism between the closure H and the
closed disk D
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In particular, each H has a unique center point cH which λp(cH) = 0,
and each boundary ∂H contain a unique root point rH ∈ ∂H which
λp(rH) = 1. If the map fc has a superattracting periodic orbit, then
evidently c is the center point for one and only one hyperbolic component.

• Similarly, if fr has a parabolic periodic orbit, then r is the root point for
one and only one hyperbolic component H . If the period of this orbit is
p and the multiplier λp = exp(2πim/p′) then the period of H is pp′.

By definition, the principal hyperbolic component H1 is the set of fc having
an attracting fixed point.
Satellites. Given any hyperbolic component H of period p ≥ 1 and root of
unity e2πim/p′ �= 1, it follows from item (2) that there is a unique point r ∈ ∂H
with λp(r) = e2πim/p′ . According to item (3), this r is the root point of a new
hyperbolic component H ′ of period pp′. We say that H ′ is a satellite, which
is attached to H at internal angle m/p′. In the special case where H is the
principal hyperbolic component H1, we will use the notation H ′ = H(m/p′)
for this satellite, and in general we will use the notation H ′ = H ∗ H(m/p′).
External rays. Let H ⊂ M be a hyperbolic component of period p > 1.
Then exactly two external rays in C − M land at the root point rH . Let
0 < a < b < 1 be their angles. These angles have period exactly p, and hence
can be express as fractions form n

dp−1
.

For any c ∈ H ∪ {rH} the corresponding external rays Ra(c) and Rb(c) in
C− J(fc) land at a periodic point which can be described as the root point of
the Fatou component containing c.

2 Tuning and Renormalization

In this section, we first observe that the definition of quadratic polynomial-like
map can be extend to symmetric polynomials. Then the property of symmetric
critical points show that we can extend definition renormalizability to fc.
A polynomial fc(z) = z(zd−1 + c), c ∈ C has d critical points(counting with
multiplicity when c = 0):

c0, c1 = ρc0, · · · , cd−1 = ρd−1c0 (1)

where ρ = e2πi/d and c0 is one of the solutions of (d + 1)zd + c = 0, i.e.,

c0 = (
−c

d + 1
)1/d.

Direct calculation, shoes that also fc had d critical values:

ν0, ν1 = ρν0, · · · , νd−1 = ρd−1ν0 (2)
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where ν0 = fc(c0) = dcc0
d+1

. Fixed the critical point c0. Since the critical points
of fc and critical values of fc are symmetric we have:

Definition 2.1 Suppose U, V are two domains isomorphic to a disc, con-
tain critical point c0 and U ⊂ V . We say fc is a polynomial-like map, if the
map fc|U : U → V is branched covering.

Similar to quadratic case:

Definition 2.2 We say fc is renormalizable in critical point c0 or renor-
malizable if there is an integer m1 > 1 such that fc

m1 |U : U → V is a
polynomial-like map with connected Julia set.

It might fm1
c |U : U → V is again renormalizable, and there is an integer

m2 and a pair (U ′, V ′) of (U, V ) such that fc
m2 : U ′ → V ′ is renormalizable.

Similarity we can define a k-times renormalizable map fc : C → C and renor-
malizations {fc

mi : Ui → Vi}k
i=1, where m1 < m2 < · · · < mk.

Tuning. The set of all fc ∈ M which are simply renormalizable of period p
consists of a finite number of small copies of M . Each of these small copies
contains a unique hyperbolic component of period p. Conversely, each hyper-
bolic component H of period p ≥ 2 determines a small copy of M which can
be described as the image of an associated mapping c �→ H ∗ c, which embeds
M homeomorphically onto a proper subset H ∗ M ⊂ M . The elements of
this form are precisely the elements of M which are simply renormalizable of
period p.
This embedding c �→ H∗c maps each hyperbolic component H ′ of period p′ ≥ 1
conformally onto a hyperbolic component H ∗ H ′ of period pp′ in such a way
that the multiplier λpp′(H ∗ c) is equal to λp′(c). In particular, this embedding
maps center points to center points and root points to root points. It carries
the principal hyperbolic component H1 onto the satellite H ∗ H(m/p′) of H .
Intuitively, the Julia set for H ∗ c′ is obtained from the Julia set of a map fc

belonging to the hyperbolic component H by replacing each bounded compo-
nent of C− J(fc) by a copy of J(fc′) and defining the dynamics appropriately
so that only the copy which is pasted in place of the critical component is
mapped non-homeomorphically. The result is described as fc tuned by fc′.

3 Main Result

Consider a sequence of integers 1 < p1 < p2 < · · ·.
Theorem 3.1 If this sequence diverges to infinity sufficiently rapidly, then

the sequence of subsets H( 1
p1

) ∗ H( 1
p2

) ∗ · · · ∗ H( 1
pk

) ∗ M intersects in a single

point ω ∈ M with the property that the Julia set J(fω) is not locally connected.
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Proof. We use the abbreviation r(k) for the root point rH( 1
pk

) on the main hy-

perbolic H1. Start with any p1 > 1 and consider the embedding c �→ H( 1
p1

) ∗ c
from M in to itself, which carries the period 1 root point rH1 = 1 to the root
point r(1) = rH( 1

p1
). Since this embedding is continuous, we can place H( 1

p1
)∗c

as close as we like to r(1) by choosing c close to 1. In particular, if p2 is suf-
ficiently large, then the entire 1

p2
-limb will be close to 1, hence every point

c ∈ H( 1
p1

) ∗H( 1
p2

) ∗M will certainly be close to r(1). Under such a small per-
turbation, note that the parabolic fixed point of fr(1) splits up in to a repelling
fixed point for fc, together with a nearby period p1 orbit. Thus, by choosing
p2 large, we can place this entire period p1 orbit into an ε-neighborhood of the
parabolic fixed point of fr(1).
Similarly, choosing p3 even larger, for any c ∈ H( 1

p1
) ∗ H( 1

p2
) ∗ H( 1

p3
) ∗ M we

can guarantee that the parabolic period p1 orbit for H( 1
p1

) ∗ r(2) is replaced
by a nearby period p1p2 orbit. In particular, we can guarantee that this new
orbit lies within the ε+ ε/2 neighborhood of the original parabolic fixed point.
Continuing inductively, we can guarantee that all of the new orbits which are
constructed lie within the 2ε neighborhood of the original fixed point. Further-
more, we can easily guarantee that these successive copies of M have diameter
shrinking to zero.
Thus, if ω is the unique point in the intersection, we know that the Julia set
J(fω) contains orbits of period 1, p1, p1p2, · · ·, all lying within the 2ε neighbor-
hood of the original parabolic fixed point. These various periodic points can
be described as the landing points of external rays of angles ak < bk where
0 < a1 < a2 < · · · < b2 < b1. Furthermore, it is easy to check that the dif-
ference bk − ak tends rapidly to zero, so that limk→∞ ak = limk→∞ bk. On the
other hand, the external rays ak/d and bk/d land at different points. Each such
landing point is either close to the original parabolic fixed point, or close to
other. Thus we have a sequence of angles ak/d and bk/d tending to a common
limit, yet the landing points of the corresponding external rays for J(fω) do
not tend to a common limit. According to Caratheodory, this implies that
J(fω) is not locally connected. �
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