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Abstract

The knowledge of the Leland’s hedging strategy is important for op-
timal hedging of options and option portfolios in the presence of trans-
action costs. In this paper we extend the Leland’s (1985) option pricing
and hedging method to cover the cases of pricing and hedging of a
portfolio of options on a futures contract, a portfolio of strongly path-
dependent options on a stock, and options on several assets. In all the
cases as a result we obtain a nonlinear partial differential equation for
the option portfolio price. Generally, these nonlinear partial differential
equations must be solved numerically and we present some examples
of finite difference schemes to solve them. The ultimate practical goal,
however, is not the solution for the option portfolio price, but the so-
lution for the values of the Leland’s hedging delta. We illustrate the
advantages of the Leland’s hedging strategy against the Black-Scholes
hedging strategy.
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1 Introduction

The celebrated Black and Scholes [2] model for option pricing assumes per-
fect capital market where it is possible to replicate the payoff of an option by
constructing a self-financing dynamic trading strategy consisting of a riskless
security and a risky stock. As a consequence, the absence of arbitrage dictates
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that the option price be equal to the cost of setting up the replicating portfolio.
In the presence of transaction costs in capital markets the absence of arbitrage
argument is no longer valid, since perfect hedging is impossible. The continu-
ous replication policy incurs an infinite amount of transaction costs over any
trading interval no matter how small it might be.

A variety of methods have been suggested to deal with the problem of
option pricing and hedging with transaction costs. Leland [7] was the first
to initiate this stream of research. He adopted the rehedging at fixed regular
intervals and proposed a modified Black-Scholes strategy that permits the
replication of a single standard (plain vanilla) option on a stock with finite
volume of transaction costs no matter how small the rehedging interval is. The
central idea of Leland was to include the expected transaction costs in the cost
of a replicating portfolio. That is, according to Leland, the price of an option
must equal the expected costs of the replicating portfolio including (for the
option writer) or excluding (for the option buyer) the transaction costs. Using
the Leland’s method one hedges an option with a delta calculated similarly as
the Black-Scholes delta, but with an “adjusted” (modified) hedging volatility.
Later on the Leland’s pricing and hedging method for a single option on a
stock was extended by Hoggard, Whalley, and Wilmott [6] to cover the case
of pricing and hedging a portfolio of standard options on a stock.

The Leland’s method has been criticized on different grounds. Despite the
critique, the Leland’s hedging strategy is often superior with respect to the
Black-Scholes hedging strategy and always better than the latter when the
rehedging interval is rather small (see Zakamouline [11]). It turns out that the
Leland’s hedging with a modified hedging volatility “equalizes” the replication
error across different stock paths. This reduces the risk of a hedging strategy.
Moreover, a volatility adjustment similar to the Leland’s volatility adjustment
is also a well-known phenomenon in the utility-based option hedging strat-
egy, which seems to have the best risk-return tradeoff among other alternative
strategies. This volatility adjustment was first observed by Hodges and Neu-
berger [5]. The importance of optimal volatility adjustment was emphasized
by Clewlow and Hodges [3] and further by Zakamouline [12] and Zakamouline
[13] using the results of Monte-Carlo simulations of hedging strategies with
and without the optimal volatility adjustment. Zakamouline [14] showed how
the risk-reduction properties of the Leland’s modified hedging volatility can be
exploited to improve the performance of some other well-known hedging strate-
gies in the presence of transaction costs. Finally, Zakamouline [15] showed that
the volatility adjustment in the utility-based hedging strategy for an option
portfolio is very much alike the Hoggard, Whalley, and Wilmott [6] volatility
adjustment. The knowledge of this fact can be exploited to mimic the features
of the utility-based hedging strategy which has no explicit solution and is very
cumbersome to compute.
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Consequently, the knowledge of the Leland’s hedging strategy is very im-
portant for optimal hedging of options and option portfolios in the presence
of transaction costs. In practice one often faces the problem of hedging a
portfolio of path-dependent options on a stock and hedging options on several
underlyings. In commodity markets one faces the problem of hedging an op-
tion portfolio on a futures contract. However, Hoggard, Whalley, and Wilmott
[6] extended the Leland’s method to cover only the case of pricing and hedging
a portfolio of non-path-dependent options on a stock. Hence, the main goal
of this paper is to extend the Leland’s method to cover the cases of pricing
and hedging an option portfolio on a futures contract, a portfolio of strongly1

path-dependent options on a stock, and options on several assets. In all the
cases as a result we obtain (see Sections 2, 3, and 4) a nonlinear partial differ-
ential equation (PDE) for the option or the option portfolio price. We show
that with a single underlying asset the non-linear PDE in some cases may be
reduced to a linear PDE. Moreover, the hedging strategy in this case can still
be intuitively interpreted as hedging with “adjusted” volatility. In contrast,
in the case with several underlyings the resulting PDE is fully non-linear and
the option hedging strategy is difficult to interpret as hedging with “adjusted”
volatility.

Generally, the nonlinear PDEs we derive must be solved numerically and
we present (see Section 5) some examples of finite-difference schemes to solve
these PDEs. The ultimate practical goal, however, is not the solution for the
option portfolio price, but the solution for the values of the Leland’s hedging
delta. We illustrate (see Section 6) the Leland’s hedging and the advantages
of the Leland’s hedging strategy against the Black-Scholes hedging strategy
in hedging a portfolio of strongly path-dependent options on a stock. We do
not claim, and it is very important to repeat and emphasize, that the Leland’s
hedge alone is the most optimal hedging strategy in the presence of transaction
costs. The interested reader can consult Zakamouline [14] and Zakamouline
[15] where the author describes how one can improve the performances of some
other hedging strategies in the presence of transaction costs by exploiting the
risk-reduction properties of the Leland’s hedging strategy.

2 Pricing and Hedging of Option Portfolios on

a Commodity Futures Contract

In this section we extend the method of Leland [7] for pricing and hedging of
a portfolio of options on a commodity futures contract. Throughout the paper
we consider a continuous time economy with one risk-free security, for example,

1In contrast to weakly path-dependent options for which the PDE can still be solved in
two dimensions: time and the price of the underlying asset.
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a money market or a bond account, which provides a constant interest rate
of r. Transaction costs in futures markets consist of the following two main
components: half-size of the quoted bid-ask spread and brokerage fees (com-
missions). All market participants face the same bid-ask spreads. In contrast,
the brokerages fees are negotiated and depend on the montly/annual volume of
trading. Large market participants pay very low commissions. Consequently,
for them the quoted bid-ask spread is the main component of transaction costs.

We denote the bid price at time t of a commodity with delivery at time T
by Fb(t, T ) and the corresponding ask price by Fa(t, T ), such that Fb(t, T ) <
Fa(t, T ). We suppose that F (t, T ) is the midpoint of the bid-ask prices and
denote by λ(t, T ) half-size of the ratio of the quoted bid-ask spread to the
bid-ask price midpoint

λ(t, T ) =
1

2

Fa(t, T ) − Fb(t, T )

F (t, T )
=

Fa(t, T ) − Fb(t, T )

Fa(t, T ) + Fb(t, T )
.

Consequently, this allows us to interpret λ(t, T ) as proportional transaction
costs such that

Fb(t, T ) = (1 − λ(t, T ))F (t, T ) and Fa(t, T ) = (1 + λ(t, T ))F (t, T ).

That is, the futures price of a commodity is given by F (t, T ), but a trade
in futures contracts incurs proportional transaction cots. For the simplicity
of exposition we suppose that λ(t, T ) = λ is constant. The case with a non
constant λ is a very straightforward extension. Observe that brokerage fees
are proportional to the volume of trading. Consequently, it is very easy to
extend the model to account for the presence of brokerage fees.

The dynamics of the futures price is assumed to be

dF (t, T ) = μ(t, T )F (t, T )dt + σ(t, T )F (t, T )dW (t), (1)

where μ(t, T ) and σ(t, T ) are some functions, and W (t) is a standard Brow-
nian motion. Depending on the type of commodity, there are many possible
specifications for μ(t, T ) and σ(t, T ). The choice of the specification of σ(t, T )
is especially important and should fit the empirically observable volatility term
structure. Later on, in order to simplify the exposition, we will suppress the
dependence of F , μ, and σ on T .

A crucial feature of a futures contract is daily marking to market. This
means that at the end of a trading day the contract is settled and replaced by
a new one with a new futures price. Settlement is carried out by exchanging the
undiscounted difference between the new and old futures prices. The settlement
price is usually the average of the bid and ask prices at the end of a trading
day. Consequently, the settlement of a futures contract at the end of a trading
day does not involve payment of transaction costs. Typically, when one enters
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a futures contract one needs to post a collateral on a margin account with the
broker. The margin account is a usual money market account that provides a
constant interest rate of r. At the end of a trading day the gained profit on a
futures contract is added to this amount or the loss is written off.

Besides commodity futures contracts, we suppose that there is a trade in
option contracts on futures. As usual, there are exchange tradable standard
European options (calls and puts). In addition, in the over-the-counter (bi-
lateral) market there is a trade in different exotic European-type options. In
this section we consider pricing and hedging of a portfolio of European non-
path-dependent options on a futures contract with maturity T . We denote the
value of the option portfolio at time t by V (t, F (t)). The terminal payoff of
the option portfolio one wishes to hedge is given by V (T, F (T )).

Using the Leland’s method, to hedge the option position one constructs a
self-financing replicating portfolio, Π(t, F (t)), consisting of the amount β(t, F (t))
in the money market account and Δ(t, F (t)) futures contracts. In contrast to
the Black-Scholes hedging, the replicating portfolio is rebalanced not contin-
uously, but at some fixed time steps of size δt. The central idea of Leland is
to include the expected transaction costs in the cost of a replicating portfolio.
That is, according to the Leland’s approach, the price of an option portfolio
must equal the expected costs of the replicating portfolio including the transac-
tion costs. Since entering a futures contract does not imply immediate outlay
of money, we get the following relationship

Π(t, F ) = β(t, F ) = V (t, F ). (2)

Note that from now on, in order to shorten all the subsequent formulas, we
suppress the obvious dependence of F on time t. Over a sufficiently small
interval δt the change in the futures price is given by

δF = μ(t)Fδt + σ(t)Fε
√

δt + O(δt
3
2 ),

where ε is drawn from the standard Normal distribution. Over the same δt,
the change in the value of the replicating portfolio will be

δΠ(t, F ) = δβ(t, F ) + Δ(t, F )δF + λ|δΔ(t, F )|(F + δF ), (3)

where the first term on the right hand side of (3) is the change on the money
market account, the second term is a gain or loss on Δ futures contracts, and
the last term is due to the inclusion of the transaction costs where

δΔ(t, F ) = Δ(t + δt, F + δF ) − Δ(t, F ).

We require that over δt the expected change in the value of the replicating
portfolio should equal the expected change in the value of the option position

E[δΠ(t, F )] = E[δV (t, F )]. (4)
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In other words, the expected hedging error over δt, including of transaction
costs, should equal zero

E[δΠ(t, F ) − δV (t, F )] = 0.

Using a Taylor series expansion for V (t, F ) and disregarding the terms with

δt
3
2 and higher powers of δt, we obtain

δV (t, F ) = Vtδt + VF δF +
1

2
σ2(t)F 2VFF δt, (5)

where Vt = ∂V
∂t

, VF = ∂V
∂F

, and VFF = ∂2V
∂F 2 . Similarly, using a Taylor series

expansion for δΔ(t, F ) we obtain

δΔ(t, F ) = Δtδt + ΔF δF +
1

2
σ2(t)F 2ΔFF δt,

where Δt = ∂Δ
∂t

, ΔF = ∂Δ
∂F

, and ΔFF = ∂2Δ
∂F 2 . Here observe that the dominated

term in δΔ(t, F ) is ΔF δF with δt
1
2 . Consequently,

δΔ(t, F ) = ΔF δF. (6)

The equation (2) gives us

δβ(t, F ) = rβ(t, F )δt = rV (t, F )δt. (7)

Putting this all together into equation (4) and keeping only the leading terms
gives us

rV (t, F )δt + Δ(t, F )E[δF ] + λE [|ΔF δF |]F = Vtδt + VF E[δF ] +
1

2
σ2(t)F 2VFF δt.

(8)

A very crucial assumption in the Leland’s method is to hedge as in the Black(-
Scholes) model with

Δ(t, F ) = VF ,

which gives

ΔF = VFF .

Consequently, the expected transaction costs are proportional to

E [|VFF δF |] = |VFF |E[|δF |] = |VFF |σ(t)F

√
2

π
δt

1
2 ,
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since E[ε] =
√

2/π. Equation (8) can be rewritten now as

Vt +
1

2
σ2(t)F 2 [1 − A(t) sign(VFF )] VFF − rV (t, F ) = 0, (9)

where

A(t) =
λ

σ(t)

√
8

πδt
,

and where sign(·) is the sign function. Observe that equation (9) is a nonlinear
partial differential equation for the value of the option portfolio. Observe in
addition that by introducing a new parameter

σ2
m(t) = σ2(t) [1 − A(t) sign(VFF )] ,

σm(t) can be interpreted as the modified hedging volatility. This volatility
adjustment depends on the sign of the second derivative of the option portfolio
price with respect to the underlying price (that is, the option portfolio gamma).
With this notation the PDE (9) is completely equivalent to the original PDE in
Black [1] which gives the solutions for the price and the hedging strategy for an
option portfolio on a commodity futures contract in the absence of transaction
costs.

Generally, to obtain the solution of the nonlinear PDE (9) one needs to solve
this PDE numerically. In some cases when the gamma of an option portfolio
does not change sign one can obtain a closed-from solution. For example, the
price of a single call option on a futures contract with strike K is given by

V (t, F ) = e−r(T−t)[FN(d1) − KN(d2)], (10)

where

d1 =
log
(

F
K

)
+ 1

2

∫ T

t
σ2

m(s)ds√∫ T

t
σ2

m(s)ds
,

d2 = d1 −
√∫ T

t

σ2
m(s)ds,

and N(·) is the cumulative probability distribution function of a normal vari-
able with mean 0 and variance 1.
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3 Pricing and Hedging of Portfolios of Strongly

Path-Dependent Options on a Stock

Hoggard, Whalley, and Wilmott [6] extended the Leland’s method to pric-
ing and hedging of a portfolio of European options which are not strongly
path-dependent. In this section we extend the Leland’s method to pricing
and hedging of a portfolio of strongly path-dependent European options on a
stock. As in futures markets, transaction costs in equity markets consist of
the following two main components: half-size of the quoted bid-ask spread and
brokerage fees (commissions). If investors sell stocks they do not own (short
sale), then they also incur short borrowing costs. All investors face the same
bid-ask spreads. In contrast, the brokerage fees (on purchase, sale, and short
borrowing) are negotiated and depend on the annual volume of trading, as well
as on the investor’s other trading practices (see, for example, Dermody and
Prisman [4]). Large institutional investors pay very low commissions. Conse-
quently, for these investors the quoted bid-ask spread is the main component
of transaction costs.

We denote the bid price of the stock at time t by Sb(t) and the ask price by
Sa(t), such that Sb(t) < Sa(t). As for a commodity futures price, we suppose
that S(t) is the midpoint of the bid-ask prices, and we denote by λ half-
size of the ratio of the quoted bid-ask spread to the bid-ask price midpoint.
Consequently, this allows us to interpret λ as proportional transaction costs
such that

Sb(t) = (1 − λ)S(t) and Sa(t) = (1 + λ)S(t).

We assume that the price of the stock evolves according to a diffusion process
given by

dS(t) = μS(t)dt + σS(t)dW (t),

where μ and σ are, respectively, the mean and volatility of the stock returns
per unit of time, and W (t) is a standard Brownian motion.

We denote the option portfolio price at time t by V (t, S(t), Y (t)), where
Y (t) is some path-dependent quantity. The terminal payoff of the option
portfolio is given by V (T, S(T ), Y (T )). The pricing and hedging of an option
portfolio depends on whether Y (T ) is sampled continuously or discretely. In
this section the derivations of the nonlinear PDEs follow along the lines as
in the previous section. Consequently, to avoid a lot of repetitions, we will
present only the main stages of the derivations. As before, to simplify the
exposition we will often suppress the obvious dependence of S and Y on t. For
the derivations of the corresponding linear PDEs in the absence of transaction
costs, the interested reader can consult Wilmott [10], Chapters 17-19.
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3.1 Continuous Sampling

With continuous sampling the path-dependent quantity Y (T ) is represented
by an integral

Y (T ) =

∫ T

t

f(s, S(s))ds,

where f(·, ·) is some function. For example, if Y (T ) is the arithmetic average,
then

Y (T ) =
1

T − t

∫ T

t

S(s)ds.

To replicate the payoff of an option portfolio we construct a hedging portfolio
consisting of Δ(t, S, Y ) shares of the stock and the amount β(t, S, Y ) in the
money market account. Therefore, we get the following equation

Π(t, S, Y ) = Δ(t, S, Y )S + β(t, S, Y ) = V (t, S, Y ). (11)

Following Leland, we need to assure that over a small δt

E[δΠ(t, S, Y )]) = E[δV (t, S, Y )]. (12)

Using a Taylor series expansion for V (t, S, Y ) and disregarding the terms with
high powers of δt, we obtain

δV (t, S, Y ) = Vtδt + VSδS +
1

2
σ2S2VSSδt + f(t, S)VY δt, (13)

where VY = ∂V
∂Y

and δY = f(t, S)δt. The change in the value of the replicating
portfolio is given by

δΠ(t, S, Y ) = δβ(t, S, Y ) + Δ(t, S, Y )δS + λ|δΔ(t, S, Y )|(S + δS), (14)

where

δΔ(t, S, Y ) = Δ(t + δt, S + δS, Y + δY ) − Δ(t, S, Y ).

It is easy to show that the dominated term in δΔ(t, S, Y ) is ΔSδS with δt
1
2 .

Consequently,

δΔ(t, S, Y ) = ΔSδS. (15)

The equation (11) gives us

δβ(t, S, Y ) = rβ(t, S, Y )δt = r[V (t, S, Y ) − Δ(t, S, Y )S]δt. (16)
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Putting this all together into equation (12) and keeping only the leading terms
we obtain

r[V (t, S, Y ) − Δ(t, S, Y )S]δt + Δ(t, S, Y )E[δS] + λE [|ΔSδS|]S
= Vtδt + VSE[δS] +

1

2
σ2S2VSSδt + f(t, S)VY δt.

(17)

By following the choice of Leland

Δ(t, S, Y ) = VS,

the equation (17) can be rewritten as

Vt + rSVS +
1

2
σ2S2 [1 − A sign(VSS)] VSS + f(t, S)VY − rV (t, S, Y ) = 0,

(18)

where

A =
λ

σ

√
8

πδt
.

Again

σ2
m = σ2 [1 − A sign(VSS)]

can be interpreted as the modified hedging volatility. Generally, to obtain the
solution of the nonlinear PDE (18), one needs to solve it numerically. In some
simple cases where the option portfolio gamma does not change sign, using
the similarity reduction (see Wilmott [10], Chapters 19 and 20) one can obtain
closed-form solutions. For example, it is very straightforward to modify the
pricing formulas (just replacing the original σ by σm) for geometric average
rate calls and puts, floating strike lookback calls and puts, fixed strike lookback
calls and puts, and some other options.

3.2 Discrete Sampling

In this case the path-dependent quantity Y (T ) is measured on the sampling
dates tk using an updating rule

Y (tk) = f(tk, S(tk), Y (tk−1)),

where f(·, ·, ·) is some function. For example, for an Asian option with a
discretely sampled arithmetic average the updating rule is given by

Y (tk) =
1

k
S(tk) +

k − 1

k
Y (tk−1).
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For a lookback option with a discretely sampled maximum the updating rule
is given by

Y (tk) = max(S(tk), Y (tk−1)).

The derivation of the nonlinear PDE for the option portfolio price in the dis-
crete sampling case follows along the lines as in the continuous sampling case
with two important distinctions. In contrast to the continuous sampling case,
during the open time interval (tk, tk+1) the option portfolio price is an explicit
function of (t, S) only since Y is constant here, hence δY = 0. Consequently,
during (tk, tk+1) the option portfolio pricing equation becomes

Vt + rSVS +
1

2
σ2S2 [1 − A sign(VSS)] VSS − rV (t, S, Y ) = 0, (19)

which is the same as in Hoggard, Whalley, and Wilmott [6]. Across a sampling
date tk the option portfolio price must be continuous. This means that

V (t+k , S(t+k ), Y (tk)) = V (t−k , S(t−k ), Y (tk−1)), (20)

where the superscripts ± denote the times just before and just after tk. The
equation (20) is commonly denoted as the jump condition.

4 Pricing and Hedging of Options on Several

Assets

In this section we extend the Leland’s method to cover the case of pricing and
hedging of options on many underlyings in the presence of transaction costs.
These options are called basket options or rainbow options. We consider the
case where each underlying is a stock. The total numbers of stocks is n. The
price of each stock follows a diffusion process given by

dSi(t) = μiSi(t)dt + σiSi(t)dWi(t), i = 1, 2, . . . , n,

where μi and σi are, respectively, the mean and volatility of the ith stock
returns per unit of time, and Wi(t) is a standard Brownian motion. The
instantaneous correlation between stock i and stock j is ρij which implies
dWi(t)dWj(t) = ρijdt. As before, we assume that transaction costs are pro-
portional to the volume of trading with rate λ. We denote the basket option
price at time t by V (t, S1, . . . , Sn).

Now to replicate the payoff of the basket option we set up a replicating
portfolio consisting of Δi(t, S1, . . . , Sn) shares of each stock i and the amount
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β(t, S1, . . . , Sn) in the money market account. Therefore, we get the following
equation

Π(t, S1, . . . , Sn) = β(t, S1, . . . , Sn) +
n∑

i=1

Δi(t, S1, . . . , Sn)Si = V (t, S1, . . . , Sn).

(21)

Later on, in order to simplify the exposition, we will often suppress the obvious
dependence of Π, V , Δi, and β on t and S1, . . . , Sn.

As before, using a Taylor series expansion for V (t, S1, . . . , Sn) and disre-
garding the terms with high powers of δt, we obtain

δV (t, S1, . . . , Sn) = Vtδt +

n∑
i=1

VSi
δSi +

1

2

n∑
i=1

n∑
j=1

σiσjρijSiSjVSiSj
δt, (22)

where VSi
= ∂V

∂Si
and VSiSj

= ∂2V
∂Si∂Sj

. The change in the value of the replicating

portfolio is given by

δΠ(t, S1, . . . , Sn) = δβ +

n∑
i=1

ΔiδS + λ

n∑
i=1

|δΔi|(Si + δSi), (23)

where

δΔi(t, S1, . . . , Sn) = Δi(t + δt, S1 + δS1, . . . , Sn + δSn) − Δi(t, S1, . . . , Sn).

Recall that we are looking for the dominated terms in δΔi with δt
1
2 . This gives

us

δΔi(t, S1, . . . , Sn) =
n∑

j=1

ΔiSj
δSj, (24)

where ΔiSj
= ∂Δi

∂Sj
. Now using the Leland’s condition E[δΠ] = E[δV ] and

keeping only the leading terms we arrive to the following equation

r

[
V −

n∑
i=1

ΔiSi

]
δt +

n∑
i=1

ΔiE[δSi] + λ

n∑
i=1

E

[∣∣∣ n∑
j=1

ΔiSj
δSj

∣∣∣Si

]

= Vtδt +
n∑

i=1

VSi
E[δSi] +

1

2

n∑
i=1

n∑
j=1

σiσjρijSiSjVSiSj
δt.

(25)

The Leland’s choice to hedge with Δi = VSi
gives us

ΔiSj
= VSiSj

.
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The expected transaction costs over δt (disregarding the higher powers of δt)
are given by

λ
n∑

i=1

E

[∣∣∣ n∑
j=1

VSiSj
σjSjεj

∣∣∣
]

Siδt
1
2 ,

where εj , j = 1, . . . , n, are standard Normal variables which are mutually
correlated. Note that

n∑
j=1

VSiSj
σjSjεj

is a normal variable which has zero mean and standard deviation given by

Θi =

√√√√ n∑
j=1

n∑
k=1

VSiSj
VSiSk

σjσkρjkSjSk. (26)

Consequently, the expected transaction costs over δt amounts to

λ

n∑
i=1

ΘiSi

√
2

π
δt

1
2 .

Now the equation (25) can be rewritten as

Vt + r
n∑

i=1

SiVSi
+

1

2

n∑
i=1

n∑
j=1

σiσjρijSiSjVSiSj
− λ

√
2

πδt

n∑
i=1

ΘiSi − rV = 0.

(27)

Observe that equation (27) contains a non-linear term with Θi. Note in ad-
dition that the non-linear PDEs, which we derived in the previous sections,
reduce to linear PDEs in cases where the sign of the second derivative with
respect to the price of the underlying remains constant. That is, with single
underlying the non-linearity feature was caused by the term with the absolute
value of the second derivative. Here, in the multi-asset case, the non-linear
PDE can never be reduced to a linear PDE. Also observe that, unlike the case
with a single underlying, with several underlying assets the option hedging
strategy is difficult to interpret as hedging with “adjusted” volatility.

5 Numerical Implementation

In this section we present the methods to obtain the solutions of some non-
linear PDEs derived in the previous sections using finite difference schemes.



172 V. Zakamouline

To solve the nonlinear PDE (9), we employ an explicit finite difference scheme
which is extremely simple in a practical implementation. It is widely known
that an explicit finite difference scheme can be unstable. To satisfy the sta-
bility condition one needs to choose a rather small time step. Consequently,
the disadvantage of this method is a reduced time speed and a higher mem-
ory requirement. However, since the problem is two-dimensional and modern
computers are quite powerful nowadays, the computation of the solution takes
almost no time.

To implement the solution of either PDE (18) or PDE (19) we have to
work in a three dimensional space. In this case the implementation of an
explicit finite difference scheme is cumbersome as the memory requirement
and, hence, the computational time are enormous. Consequently, one needs
to implement an implicit finite difference scheme and our choice here is the
Crank-Nicolson method. Since due to some practical and legal reasons path-
dependent quantities are rarely measured continuously, we describe only the
implementation of the solution of the nonlinear PDE (19).

Finally we make some comments on the implementation of the numerical
solution of PDE (27).

5.1 Numerical Solution of the Nonlinear PDE for a Port-

folio of Options on a Futures Contract

To solve the nonlinear PDE (9), we employ a simple explicit finite difference
scheme. We define a grid (jδt, iδF ) on the (t, F )-space and denote V j

i =
V (jδt, iδF ), Fi = iδF , Aj = A(jδt), and σj = σ(jδt). Using the explicit finite
difference scheme, we approximate the derivatives as follows:

∂V

∂t
≈ V j

i − V j−1
i

δt
,

∂2V

∂F 2
≈ V j

i+1 − 2V j
i + V j

i−1

δF 2
.

Moreover, we denote and calculate the sign function according to

Zj
i = sign

(
∂2V

∂F 2

)
= sign

(
V j

i+1 − 2V j
i + V j

i−1

)
.

Consequently, after putting into (9) the approximations for the derivatives, we
obtain

V j
i − V j−1

i

δt
+

σ2
j F

2
i

2

[
1 − AjZ

j
i

] V j
i+1 − 2V j

i + V j
i−1

δF 2
− rV j

i = 0. (28)



Nonlinear PDE in option hedging 173

Now we multiply (28) by δt, move V j−1
i to the right, and collect the terms

with V j
i−1, V j

i , and V j
i+1. Having done this, we get

V j−1
i = V j

i+1

(
F 2

i

[
1 − AjZ

j
i

] σ2
j

2

δt

δF 2

)

+ V j
i

(
1 − 2F 2

i

[
1 − AjZ

j
i

] σ2
j

2

δt

δF 2
− rδt

)

+ V j
i−1

(
F 2

i

[
1 − AjZ

j
i

] σ2
j

2

δt

δF 2

)
.

(29)

As usually in an explicit finite difference scheme, we interpret (29) as cal-
culating an unknown value of V j−1

i using three known values of V j
i−1, V j

i , and

V j
i+1. Finally, we define zero boundary condition as

V j−1
0 = V j

0 (1 − rδt),

and the far boundary condition as

V j
n = 2V j

n−1 − V j
n−2,

where Sn is the upper bound for S. At last, recall the stability condition for
an explicit finite difference scheme

δt ≤ δS2

σ2S2
n

.

5.2 Numerical Solution of the Nonlinear PDE for a Port-
folio of Strongly Path-Dependent Options on a Stock
with Discrete Sampling

To solve the nonlinear PDE (19) with a jump condition given by (20), we em-
ploy the Crank-Nicolson finite difference scheme. We define a grid (jδt, iδS,mδY )
on the (t, S, Y )-space and denote V j

i = V (jδt, iδF ) and Si = iδS. Recall that
between the sampling dates (tk, tk+1) for each value of mδY we need to solve
the nonlinear PDE (19). Using the Crank-Nicolson finite difference scheme,
we approximate the derivatives as follows:

∂V

∂t
≈ V j+1

i − V j
i

δt
,

∂V

∂S
≈ V j+1

i+1 − V j+1
i−1

2δS
+

V j
i+1 − V j

i−1

2δS
,
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∂2V

∂S2
≈ V j+1

i+1 − 2V j+1
i + V j+1

i−1

δS2
+

V j
i+1 − 2V j

i + V j
i−1

δS2
.

Moreover, we denote and calculate the sign function according to

Zj+1
i = sign

(
∂2V

∂S2

)
= sign

(
V j+1

i+1 − 2V j+1
i + V j+1

i−1

)
.

Consequently, after putting into (19) the approximations for the derivatives,
we obtain

V j+1
i − V j

i

δt
+

1

2
ai

(
V j+1

i+1 − 2V j+1
i + V j+1

i−1

δS2
+

V j
i+1 − 2V j

i + V j
i−1

δS2

)

+
1

2
bi

(
V j+1

i+1 − V j+1
i−1

2δS
+

V j
i+1 − V j

i−1

2δS

)
− 1

2
r(V j+1

i + V j
i ) = 0,

(30)

where

ai =
σ2

2
S2

i

[
1 − AZj+1

i

]
and bi = rSi.

Collecting the terms we find

DiV
j
i−1 − (1 + Bi)V

j
i + CiV

j
i+1 = −DiV

j+1
i−1 − (1 − Bi)V

j+1
i − CiV

j+1
i+1 , (31)

where

Di =
1

2
ai

δt

δS2
− 1

2
bi

δt

2δS
,

Bi = ai
δt

δS2
+

1

2
rδt,

Ci =
1

2
ai

δt

δS2
+

1

2
bi

δt

2δS
.

As before, we define zero boundary condition as

V j
0 = V j+1

0 (1 − rδt),

and the far boundary condition as

V j
n = 2V j

n−1 − V j
n−2.

Using these boundary conditions, the Crank-Nicolson method can be written
in matrix form⎡
⎢⎢⎢⎣

−(1 + B1) C1 0 0 . . .
D2 −(1 + B2) C2 0 . . .
...

...
...

...
. . .

. . . 0 0 (Dn−1 − Cn−1) (2Cn−1 − (1 + Bn−1))

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

V j
1

V j
2
...

V j
n−1

⎤
⎥⎥⎥⎦
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=

⎡
⎢⎢⎢⎣

−D1(2 − rδt)V j+1
0 − (1 − B1)V

j+1
1 − C1V

j+1
2

−D2V
j+1
1 − (1 − B2)V

j+1
2 − C2V

j+1
3

...
−Dn−1V

j+1
n−2 − (1 − Bn−1)V

j+1
n−1 − Cn−1V

j+1
n

⎤
⎥⎥⎥⎦ (32)

Consequently, the Crank-Nicolson finite difference scheme is interpreted as
calculating the unknown values of V at time step j using the known values of
V at time step j + 1. Note that finding the unknown values of V involves the
solution of a system of linear equations (32). For the methods of solutions, the
interested reader can consult, for example, Wilmott [10] Chapter 63. Finally,
across a sampling date tk we need to implement the jump condition (20). That
is, to advance the solution of the PDE we have to apply the jump condition,
where we must compute the right side of (20) from the left side. Here we need
to use some sort of interpolation (for example, linear) to enforce (20) since the
values of V on the left side have to be evaluated in the points which are not,
in general, grid points in Y direction.

5.3 Numerical Solution of the Nonlinear PDE for an
Option on Several Assets

With n underlying assets we need to solve numerically an n + 1 dimensional
problem. Due to the “curse of dimensionality”, in practice one uses finite
difference methods when the problem is either two or three-dimensional and
hardly ever in higher dimensions. In the absence of transaction costs one
can give a probabilistic interpretation for the PDE for an option price. This
motivates to use the Monte-Carlo approach to the solution of an option pricing
problem in higher dimensions. However, in the presence of transaction costs
a probabilistic interpretation is not possible and a finite difference method is
the only solution.

Consequently, the numerical solution of the non-linear PDE (27) is feasible
with no more than three underlying assets. The easiest case is an option on
two underlying assets, for example, option to exchange one asset for another,
or exchange option which pays off at maturity

V (T, S1(T ), S2(T )) = max[S1(T ) − S2(T ), 0].

The simplest and most straightforward method is an explicit finance difference
scheme when one uses central differences for all the derivatives in (27). The
advantage of this method is that it is easy to program. The main disadvantage
comes in instability and lack of speed. The use of implicit finite difference
schemes (as, for example, Alternating Direction Implicit method) seems not
to be possible as the implicit method requires solutions of a set of equations
with many unknowns. When a PDE is linear the equations are linear and have
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a nice form. On the contrary, when a PDE is non-linear, one needs to solve
a set of non-linear equations which is very complicated. We believe that the
most efficient method to solve this PDE is the Hopscotch method which does
not require the solution of any simultaneous equations.

6 Empirical Testing of the Leland’s Hedging

Strategy

In this section we illustrate the advantages of the Leland’s hedging strategy
over the Black-Scholes discrete hedging strategy in the presence of transaction
costs. As an example, we consider hedging a portfolio consisting of two fixed
strike lookback call options with discrete sampling: a short call with strike K1

and a long call with strike K2. Consequently, the option portfolio payoff is
given by

V (T, S(T ), Smax(T )) = max[Smax(T ) − K2, 0] − max[Smax(T ) − K1, 0, ]

where Smax(T ) is the maximum stock price over the life of the options. The
model parameters we use are the following: the initial stock price S(0) = 100,
the stock volatility σ = 25%, the expected stock returns μ = 10%, and the
risk-free interest rate r = 5%. The time to maturity for both the options is
T = 0.5 years. The strike prices are K1 = 90 and K2 = 110. The propor-
tional transaction costs rate λ = 1%. The sampling period for computing the
maximum is one week.

The question of major theoretical and practical importance is how to com-
pare alternative hedging strategies and find out which strategy is better. The
widely accepted method of comparison is the following (see, for example,
Mohamed [9], Clewlow and Hodges [3], Martellini and Priaulet [8], and Za-
kamouline [12]): first of all we need to decide upon a unified risk-return frame-
work for comparison. Then we perform a simulation analysis of every hedging
strategy. Take, as an example, the discrete hedging strategy of Black and
Scholes. We fix the value of δt, perform simulations of the hedging strategy,
and compute the risk and return of the hedging strategy for this particular
δt. Then we vary the parameter δt and span all the possible combinations
of risk and return. The set of all possible combinations of risk and return of
a particular hedging strategy comprises the efficient frontier of the hedging
strategy. Similarly, we can perform simulations of the Leland’s strategy and
find its efficient frontier in the same risk-return space. Each hedging strategy
produces a different efficient frontier, that is, each hedging strategy offers a
different risk-return tradeoff. Observe that a rational hedger will always prefer
a strategy that minimizes the risk for a given level of return. This is in a clear
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analogy with the modern portfolio theory where the investor seeks to mini-
mize the volatility of the portfolio (i.e., the risk) for a given level of returns.
Consequently, some hedging strategy is better than the other if for a given
level of returns it offers the lowest risk. Alternatively, some hedging strategy
is better than the other if for a given level of risk it offers the highest returns.
A hedging strategy may be superior with respect to the other if for any level
of returns it offers the lowest risk.

The expected replication error (also known as the expected profit and loss,
P&L, of a hedging strategy) seems to be the only sensible candidate for the
return measure. As for the risk measure, there are many metrics of risk. In
the context of option hedging, the variance of the replication error seems to
be the most popular risk metrics (see Clewlow and Hodges [3], Martellini and
Priaulet [8], and Zakamouline [12]).

The simulations proceed as follows: At the beginning, regardless of the
hedging strategy, the hedger of the option portfolio receives the Black-Scholes
value of the option position (that is, the value in the absence of transaction
costs) and sets up a replicating portfolio. The stock path is simulated according
to

S(t + δt) = S(t) exp
(
(μ − 0.5σ2)δt + σ

√
δt εt

)
,

where εt is a normally distributed variable with mean 0 and variance 1. At
each δt the hedger rebalances the replicating portfolio to have the correct
Δ(t, S, Smax), and transaction costs are drawn from the money market account.
Finally, at expiration, we compute the replication error, that is, the cash value
of the replicating portfolio minus the due exercise payment. For each value of
δt we generate 100,000 paths and compute the mean and the variance of the
replication error.

To obtain the value of Δ(t, S, Smax) for the Leland’s strategy, we solve the
nonlinear PDE (19) with a jump condition given by (20) using the method
described in the previous section. By knowing the values of V (t, S, Smax) we
calculate Δ(t, S, Smax) using

Δ(t, S, Smax) =
V (t, S + δS, Smax) − V (t, S − δS, Smax)

2δS
. (33)

The Black-Scholes values of Δ(t, S, Smax) are obtained by solving the same
nonlinear PDE (19) where we set A = 0. Then Δ(t, S, Smax) is also computed
in accordance with (33).

We provide the simulation analysis where we vary δt ∈ [ 1
200

, 1
5
] and the re-

sults are presented in Figure 1. By studying the figure we come to the obvious
conclusion that the Leland’s strategy is superior to the Black-Scholes strategy.
As compared with the Black-Scholes strategy and irrespective of the value of
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δt, the Leland’s strategy has a lower variance of the replication error and, at the
same time (at least for this option portfolio), has greater expected returns. In
particular, in hedging such an option portfolio the Leland’s strategy might be
up to 50% less risky as compared with the Black-Scholes strategy at the same
level of hedging transaction costs. Generally (see Zakamouline [11]), irrespec-
tive of the composition of the option portfolio, the Leland’s hedge “smoothes”
the expected replication error of the hedging portfolio across different stock
paths. That is, irrespective of the composition of the option portfolio, the
Leland’s hedge reduces the variance of the replication error. This is also illus-
trated in Figure 2 which shows the expected replication errors across different
stock prices at maturity of the simulated Leland’s and Black-Scholes strategies
when δt = 1/100.
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Figure 1: Efficient frontiers for the Leland’s and Black-Scholes hedging strategies.

7 Summary

In this paper we extended the Leland’s method to cover the cases of pricing
and hedging of an option portfolio on a futures contract, a portfolio of strongly
path-dependent options on a stock, and options on several assets. In all the
cases as a result we obtained a nonlinear PDE for the option portfolio price.
Generally, these nonlinear PDEs must be solved numerically and we presented
some examples of finite difference schemes to solve these PDEs. We also il-
lustrated the Leland’s hedging and the advantages of the Leland’s hedging
strategy against the Black-Scholes hedging strategy in hedging of a portfolio
of strongly path-dependent options on a stock. We did not consider the case
of pricing and hedging of a portfolio of strongly path-dependent options on
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Figure 2: Comparison of the expected replication errors of the Leland’s strategy
against the Black-Scholes strategy across different stock prices at maturity.

a futures contract. This could be easily done in the same manner as for the
pricing and hedging a portfolio of strongly path-dependent options on a stock.
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