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Abstract

We analyse the survival function of a duplex system characterized
by warm standby and attended by two repairmen. In order to obtain
the survival function of the system, we employ a stochastic process
endowed with time–dependent transition measures satisfying coupled
partial differential equations. The solution procedure is based on the
theory of sectionally holomorphic functions combined with the notion
of dual transforms. As an example, we consider the particular case of
deterministic repair.
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1 Introduction

Standby provides a powerful tool to enhance the reliability, availability, quality
and safety of operational plants, e.g. [1,5,6,7]. A particular variant of Gaver’s
parallel system, e.g.[11] is Birolini’s duplex system [2], henceforth called a B-
system. The B-system consists of an active unit (called the o-unit) sustained
by an identical unit in warm standby (called the s-unit). The B-system is
attended by a single repairman. The notion of warm standby signifies that the
failure-free time of the s-unit is stochastically larger [8] than the failure-free
time of the o-unit. Note that the warm standby mode is often indispensable
to perform an instantaneous switch from standby into the operative state,
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allowing continuous operation of a system upon failure of the on-line unit.
Furthermore, any switch from standby to the operative state changes the fail-
ure rate of the s-unit into the failure rate of the o-unit. The B-system is down
if, and only if, both units are down. Otherwise, the B-system is up. The
B-system acts as a closed queueing system evolving in time, i.e. any failed
unit goes immediately into repair provided that the repairman is idle. Other-
wise, the failed o-unit has to wait for repair. On the other hand, any repaired
unit lines-up in warm standby if the remaining unit is active. Otherwise, the
repaired unit becomes instantaneously operative.
Industrial applications of warm standby systems have been presented in [9].
The analysis of duplex systems is far from complete! As a variant, we consider
a B-system attended by two repairmen, henceforth called a T-system. Re-
pairman R is skilled in repairing o-failures, whereas repairman Rs is an expert
in repairing s-failures. Both repairmen are (jointly) busy if, and only if, the
o-unit and the s-unit are down. Otherwise, at least one repairman is idle.
Finally, note that any o-failure is always allocated to repairman R, whereas a
s-failure is always directed to repairman Rs. Consequently, repairman Rs can
be idle if the T-system is down.
In order to determine the survival function of the T-system, we introduce a
stochastic process endowed with time–dependent transition measures satisfy-
ing coupled partial differential equations. The solution procedure is based on
the theory of sectionally holomorphic functions, e.g. [4], combined with the
notion of dual transforms. Finally, note that our time-dependent differential
equations are generalizing the steady–state equations obtained in [13]. As an
example, we consider the case of deterministic repair (replacement).

2 Formulation

Consider the T-system subjected to the following conditions :

• The o-unit has a general failure–free time distribution F (·), F (0) = 0 and
a general repair time distribution R(·), R(0) = 0. The failure-free time
and the repair time are respectively denoted by f and r. We assume
that F (·) is Lebesgue–absolutely continuous with density function (in
the Radon–Nikodym sense) of bounded variation on [0,∞).

• The s-unit has a constant failure rate λs and a general repair time dis-
tribution Rs(·), Rs(0) = 0. The failure-free time and the repair time are
respectively denoted by fs and rs.

• The random variables f, fs, r, rs are supposed to be statistically inde-
pendent with finite mean. In addition, we assume that rs has a finite
variance and that fs is stochastically larger than f .
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• λs changes into the failure rate of the o–unit upon switch from standby
into the operative state.

• Any repair is perfect.

• Characteristic functions are formulated in terms of a complex transform
variable. For instance,

Eeiωr =

∫ ∞

0

eiωxdR(x), Im ω ≥ 0.

Note that

Ee−iωr =

∫ 0

−∞
eiωxd {1 − R((−x)−)} , Im ω ≤ 0.

The corresponding Fourier-Stieltjes-transforms are called dual transforms.
Without loss of generality (See forthcoming Remarks 7.1), we may as-
sume that R and Rs have density functions of bounded variation on
[0, ∞). Note that the bounded variation property implies that, for in-
stance, ∣∣∣Eeiτf

∣∣∣ = O
( 1

|τ |
)
, |τ | → ∞. (2.1)

• The T-system is up (available) if, and only if, at least one unit is up.
Otherwise, the the T-system is down. We recall that any o-failure is
always allocated to repairman R, whereas a s-failure is always directed
to repairman Rs. In order to describe the random behaviour of the T-
system, we employ a stochastic process {Nt, t ≥ 0} with discrete state
space {A,B,C,D} ⊂ [0, ∞) characterized by the following mutually
exclusive events:

{Nt = A}: “The T-system is up and both repairmen are idle at time t.”

{Nt = B}: “The T-system is up and repairman Rs is busy at time t.”

{Nt = C}: “The T-system is up and repairman R is busy at time t.”

{Nt = D}: “The T-system is down at time t, i.e. repairman R is busy
and repairman Rs is idle or both repairmen are busy at time t.”

State A is called the safe state. States B and C are called risky states
and state D is called the system down state. The non–Markovian process
{Nt} is defined on a filtered probability space {Ω, A, P, F} where the
history F := {Ft, t ≥ 0} satisfies the Dellacherie conditions

• F0 contains the P–null sets of A,
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• ∀ t ≥ 0, Ft =
⋂

u>t Fu, i.e. the family F is right–continuous.

Consider the F–stopping time

θ := inf {t : Nt = D|N0 = A, V0 = 0} ,
where Vt is the past failure–free time of the o–unit being operative at
time t. We assume that the T–system starts functioning at some time
origin t = 0 is state A, i.e. let N0 = A, V0 = 0, P-a.s. Thus, from t = 0
onwards, θ is the survival time (lifetime) of the T–system. The corre-
sponding survival function is denoted by �(·). Clearly, �(t) = P{θ >
t}, t ≥ 0. A (vector) Markov characterization of the non–Markovian pro-
cess {Nt, t ≥ 0} with absorbing state D, is piecewise and conditionally
defined by:

{(Nt, Ut)}, if Nt = A (i.e. if the event {Nt = A} occurs), where Ut de-
notes the remaining failure-free time of the o-unit being up at time t.
{(Nt, Ut, Yt)}, if Nt = B, where Yt denotes the remaining repair time of
the s–unit being under progressive repair at time t.
{(Nt, Ut, Xt)} if Nt = C, where Xt denotes the remaining repair time of
the o–unit being under progressive repair at time t.
{Nt}, if Nt = D (the absorbing state).

The state space of the underlying Markov process, with absorbing state
D, is given by

{(A, u)}
⋃

{(B, u, y)}
⋃

{(C, u, x)}
⋃

{D} , u ≥ 0, x ≥ 0, y ≥ 0.

For K = A,B,C,D, let pK(t) := P {Nt = K}, t ≥ 0.

• Finally, we introduce the transition measures

pA(t, u)du := P {Nt = A, Ut ∈ du} ,
pB(t, u, y)du dy := P {Nt = B, Ut ∈ du, Yt ∈ dy} ,
pC(t, u, x)du dx := P {Nt = C, Ut ∈ du, Xt ∈ dx} .

Note that, for instance,

pC(t) =

∫ ∞

0

∫ ∞

0

du dx P {Nt = C, Ut ≤ u, Xt ≤ x} =

∫ ∞

0

∫ ∞

0

pC(t, u, x)du dx.

3 Notations

� The indicator (function) of an event {Nt = K} is denoted by 1 {Nt = K} .
� The complex plane and the real line are respectively denoted by C and R
with obvious superscript notations such as C+ and C−. For instance, C+ :=
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{ω ∈ C : Im ω > 0} .
� We frequently use the characteristic function

γ+
s (τ) :=

⎧⎨
⎩

Eeiτrs − 1

iτErs

, if τ 
= 0,

1 , if τ = 0.

Note that

γ+
s (ω) =

1

Ers

∫ ∞

0

eiωx
(
1 −Rs(x)

)
dx, Im ω ≥ 0. (3.1)

Property 3.1 [10, Appendix]
The function 1 + λsErsγ

+
s (ω), Im ω ≥ 0 has no zeros in C+

⋃
R.

� The Heaviside unit–step function, with the unit–step at t = t0, is denoted
by Ht0(·), i.e.

Ht0(t) :=

{
1 , if t ≥ t0 > 0,

0 , if t < t0.

� The greatest integer function is denoted by [·].
� The Laplace–transform of any locally integrable and bounded function on
[0,∞) is denoted by the corresponding character marked with an asterisk. For
instance,

p∗A(z) :=

∫ ∞

0

e−ztpA(t)dt, Re z > 0.

Observe that

�∗(z) =
1 − Ee−zθ

z
, Re z > 0. (3.2)

Moreover, by the product rule for Lebesgue–Stieltjes integrals, e.g. [3, Ap-
pendix],

zp∗D(z) =

∫ ∞

0−
e−ztdpD(t) = Ee−zθ, Re z > 0. (3.3)

� Let φ(τ), τ ∈ R be a bounded and continuous function. φ(·) is called Γ–
integrable if

lim
T→∞
ε↓0

∫
ΓT,ε

φ(τ)
dτ

τ − u
, u ∈ R

exists, where ΓT,ε := (−T, u − ε] ∪ [u + ε, T ). The corresponding singular
integral, denoted by

1

2πi

∫
Γ

φ(τ)
dτ

τ − u
,

is called a Cauchy principal value in double sense.
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4 Differential Equations

In order to derive a system of differential equations, we observe the random
behaviour of the T–system in some time interval (t, t + Δ),Δ ↓ 0. Grouping
terms of o(Δ) and taking the absorbing state D into account, reveals that

pA(t+Δ, u−Δ) = pA(t, u)(1−λsΔ)+pB(t, u, 0)Δ+pC(t, u, 0)Δ+o(Δ),

pB(t+ Δ, u− Δ, y − Δ) = pB(t, u, y) + λspA(t, u) d
dy
Rs(y)Δ + o(Δ),

pC(t+ Δ, u− Δ, x−Δ) = pC(t, u, x) + pA(t, 0) d
du
F (u) d

dx
R(x)Δ + o(Δ),

pD(t+ Δ) = pD(t) +
∫ ∞

0
pB(t, 0, y)dyΔ +

∫ ∞
0
pC(t, 0, x)dxΔ + o(Δ).

Taking the definition of directional derivative into account, for instance,(
∂

∂t
− ∂

∂u
− ∂

∂x

)
pC(t, u, x) := lim

Δ↓0
pC(t+ Δ, u− Δ, x− Δ) − pC(t, u, x)

Δ
,

entails that for t > 0, u > 0, x > 0, y > 0,(
λs +

∂

∂t
− ∂

∂u

)
pA(t, u) = pB(t, u, 0) + pC(t, u, 0), (4.1)(

∂

∂t
− ∂

∂u
− ∂

∂y

)
pB(t, u, y) = λspA(t, u)

d

dy
Rs(y), (4.2)(

∂

∂t
− ∂

∂u
− ∂

∂x

)
pC(t, u, x) = pA(t, 0)

d

du
F (u)

d

dx
R(x), (4.3)

d

dt
pD(t) =

∫ ∞

0

pB(t, 0, y)dy +

∫ ∞

0

pC(t, 0, x)dx. (4.4)

Note that the initial condition N0 = A, V0 = 0, P-a.s. implies that

pA(0, u) =
d

du
F (u), u > 0.

Finally, observe that the equations (4.1)–(4.4) are consistent with the proba-
bility law

∑
K pK(t) = 1 and that pA(0) = 1.

5 Functional Equation

First, we remark that our system of differential equations is well–adapted to a
Laplace–Fourier transformation. As a matter of fact, the transition functions
are bounded on their appropriate regions and locally integrable with respect
to t. Consequently, each Laplace–transform exists for Re z > 0. Moreover, the
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integrability of the density functions and the transition functions with regard
to u, x, y also implies the integrability of the corresponding partial derivatives.
Applying a Laplace–Fourier–transform technique to the equations (4.1)–(4.4)
and taking the initial condition into account, reveals that for Re z > 0, Im ω ≥
0, Im η ≥ 0, Im ζ ≥ 0,

(z + λs + iω)

∫ ∞

0

e−ztE(eiωUt1{Nt = A})dt+ p∗A(z, 0) =

Eeiωf +

∫ ∞

0

eiωup∗B(z, u, 0)du+

∫ ∞

0

eiωup∗C(z, u, 0)du, (5.1)

(z + iω + iη)

∫ ∞

0

e−ztE(eiωUteiηYt1{Nt = B})dt+

∫ ∞

0

eiωup∗B(z, u, 0)du+∫ ∞

0

eiηyp∗B(z, 0, y)dy = λsEe
iηrs

∫ ∞

0

e−ztE(eiωUt1{Nt = A})dt, (5.2)

(z + iω + iζ)

∫ ∞

0

e−ztE(eiωUteiζXt1{Nt = C})dt+

∫ ∞

0

eiωup∗C(z, u, 0)du+∫ ∞

0

eiζxp∗C(z, 0, x)dx = p∗A(z, 0)EeiωfEeiζr, (5.3)

zp∗D(z) =

∫ ∞

0

p∗B(z, 0, y)dy +

∫ ∞

0

p∗C(z, 0, x)dx. (5.4)

Adding the equations (5.1)–(5.3) yields the functional equation

(z + λs(1 −Eeiηrs) + iω)

∫ ∞

0

e−ztE(eiωUt1{Nt = A})dt +

p∗A(z, 0)(1 −EeiωfEeiζr) +

(z + iω + iη)

∫ ∞

0

e−ztE(eiωUteiηYt1{Nt = B})dt +

(z + iω + iζ)

∫ ∞

0

e−ztE(eiωUteiζXt1{Nt = C})dt +∫ ∞

0

eiηyp∗B(z, 0, y)dy +

∫ ∞

0

eiζxp∗C(z, 0, x)dx = Eeiωf . (5.5)

6 Survival function

In order to obtain the Laplace–transform of the survival function, we first
remark that by equations (5.4) and (3.3)

Ee−zθ =

∫ ∞

0

eiηyp∗B(z, 0, y)dy

∣∣∣∣
η=0

+

∫ ∞

0

eiζxp∗C(z, 0, x)dx

∣∣∣∣
ζ=0

.
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On the other hand, substituting ζ = η = 0, ω = iz,Re z > 0 into the equation
(5.5) yields

p∗A(z, 0)(1 − Ee−zf ) + Ee−zθ = Ee−zf .

Hence, by equation (3.2),

�∗(z) =
1 − Ee−zf

z
(1 + p∗A(z, 0)). (6.1)

Consequently, we only have to determine p∗A(z, 0).

7 Solution procedure

In order to derive the unknown p∗A(z, 0), we first eliminate the functions∫ ∞

0

e−ztE(eiωUteiηYt1{Nt = B})dt

and ∫ ∞

0

e−ztE(eiωUteiζXt1{Nt = C})dt.

Substituting ω = −τ + iz, ζ = η = τ, τ ∈ R,Re z > 0 into equation (5.5),
noting that z + iω + iη = z + iω + iζ = 0, yields

−(λs(Ee
iτrs − 1) + iτ)

∫ ∞

0

e−ztE(e−i(τ−iz)Ut1{Nt = A})dt +

p∗A(z, 0)(1 −Ee−i(τ−iz)fEeiτr) +∫ ∞

0

eiτx(p∗B(z, 0, x) + p∗C(z, 0, x))dx = Ee−i(τ−iz)f .

Taking Lemma 3.1 into account, entails that for τ ∈ R,Re z > 0,

ψ+(z, τ) − ψ−(z, τ) = ϕ(z, τ), (7.1)

where

ψ+(z, ω) :=
φ+(z, ω)

1 + λsErsγ+
s (ω)

,

φ+(z, ω) :=

∫ ∞

0

eiωx(p∗B(z, 0, x) +p∗C(z, 0, x))dx−λsErsγ
+
s (ω)p∗A(z, 0), Im ω ≥ 0.

ψ−(z, ω) := iω

∫ ∞

0

e−ztE(e−i(ω−iz)Ut1{Nt = A})dt− p∗A(z, 0), Im ω ≤ 0.

ϕ(z, τ) := ϕa(z, τ) + p∗A(z, 0)ϕb(z, τ),
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ϕa(z, τ) :=
Ee−i(τ−iz)f

1 + λsErsγ+
s (τ)

,

ϕb(z, τ) := ϕa(z, τ)Ee
iτr.

In order to apply the theory of sectionally holomorphic functions, e.g. [4], we
introduce the following

Lemma 7.1
The functions ϕa(z, τ) and ϕb(z, τ) are Lipschitz–continuous on R and at
infinity.
Proof
Note that Lemma 3.1 implies that supτ∈R |1 + λsErsγ

+
s (τ)|−1 < ∞. Hence,

the existence of Ef,Er,Ers and Er2
s entails that

sup
τ∈R

∣∣∣ ∂
∂τ
ϕp(z, τ)

∣∣∣ <∞,

where (by convention) p = a, b. Consequently, by the mean value theorem,
there exist constants Ka and Kb such that for all τ1, τ2 ∈ R

|ϕp(z, τ1) − ϕp(z, τ2)| ≤ Kp|τ1 − τ2|.

Hence, ϕa(z, τ) and ϕb(z, τ) are Lipschitz–continuous on R.
Finally, note that the Lipschitz–continuity of ϕa(z, τ) and ϕb(z, τ) at infinity
follows from the inequality |ϕb(z, τ)| ≤ |ϕa(z, τ)| and the order relation (2.1).
Corollary 7.1
The function

Kp(z, ω) :=
1

2πi

∫
Γ

ϕp(z, τ)
dτ

τ − ω
, ω ∈ C

is sectionally holomorphic and regular.
In order to proceed with the solution procedure, let K−

p (z, ω) denote the re-
striction of Kp(z, ω) to C−. Note that K−

p (z, ω) is continuous from the right,
i.e. for u ∈ R,

K−
p (z, u) = lim

ω→u

ω∈C−
K−

p (z, ω)

and that

K−
p (z, ω) =

1

2πi

∫
Γ

ϕp(z, τ)
dτ

τ − ω
, ω ∈ C−. (7.2)

Applying the Sokhotski–Plemelj formula for the region C−, reveals that

K−
p (z, u) = −1

2
ϕp(z, u) +

1

2πi

∫
Γ

ϕp(z, τ)
dτ

τ − u
. (7.3)
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On the other hand, we have by equation (7.1)

ψ−(z, ω) =
1

2πi

∫
Γ

ϕa(z, τ)
dτ

τ − ω
+ p∗A(z, 0)

1

2πi

∫
Γ

ϕb(z, τ)
dτ

τ − ω
, ω ∈ C−.

(7.4)

However,

lim
ω→0

ω∈C−
ψ−(z, ω) = −p∗A(z, 0). (7.5)

From equations (7.2)–(7.5) we obtain the relation

−p∗A(z, 0) = K−
a (z, 0) + p∗A(z, 0)K−

b (z, 0), (7.6)

where

K−
p (z, 0) = −1

2
ϕp(z, 0) +

1

2πi

∫
Γ

ϕp(z, τ)
dτ

τ
.

Consequently, �∗(z) is completely determined by equations (7.6) and (6.1).
We summarize the following explicit result.
Property 7.1

�∗(z) =
1 − Ee−zf

z

(
1 − K−

a (z, 0)

1 + K−
b (z, 0)

)
,

where

K−
a (z, 0) = −1

2

Ee−zf

1 + λsErs

+
1

2πi

∫
Γ

Ee−i(τ−iz)f

1 + λsErsγ+
s (τ)

dτ

τ
,

K−
b (z, 0) = −1

2

Ee−zf

1 + λsErs
+

1

2πi

∫
Γ

Ee−i(τ−iz)fEeiτr

1 + λsErsγ+
s (τ)

dτ

τ
,

γ+
s (τ) :=

⎧⎨
⎩

Eeiτrs − 1

iτErs
, if τ 
= 0,

1 , if τ = 0.

Remarks 7.1
It should be noted that Property 3.1 holds for a general Rs with finite mean.
Clearly, the existence of a moment does not depend on the canonical structure
(Lebesgue decomposition) of the underlying distribution. Therefore, Lemma
7.1 also holds for general R and Rs. The requirement of a finite variance
σ2

rs
is extremely mild. In fact, the current repair time distribution functions

of interest to Statistical Reliability Engineering, even have moments of any
order. Therefore, our initial assumption concerning the existence of repair
time density functions is totally superfluous to ensure the existence of the
integral

1

2πi

∫
Γ

ϕp(z, τ)
dτ

τ − ω
, ω ∈ C.
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Example
Let F (u) = 1 − e−λu, λ > λs. Note that fs is stochastically larger than f .
Furthermore, let R and Rs be general. We have

Ee−i(τ−iz)f =
−iλ

τ − i(λ+ z)
.

Equation (7.2) yields

K−
a (z, ω) = − 1

2πi

∫
Γ

iλ(τ − ω)−1(τ − i(λ+ z))−1

1 + λsErsγ+
s (τ)

dτ .

For ω ∈ C−,Re z ≥ 0, the integrand represents a meromorphic function in
C+ with single pole i(λ + z). Moreover, the function vanishes at infinity in
C+ ∪ R. An application of the residue theorem entails that

K−
a (z, ω) =

iλ

ω − i(λ+ z)

λ+ z

λ+ z + λs(1 − Ee−(λ+z)rs)
.

Hence, by continuity,

K−
a (z, 0) = − λ

λ+ z + λs(1 − Ee−(λ+z)rs)
.

In a similar way,

K−
b (z, 0) = − λEe−(λ+z)r

λ+ z + λs(1 − Ee−(λ+z)rs)
.

Hence, by Property (7.1),

�∗(z) =
1

λ+ z

(
1 +

λ

z + λs(1 − Ee−(λ+z)rs) + λ(1 − Ee−(λ+z)r)

)
.

Note that this formula holds for arbitrary R and Rs and that

Eθ =
1

λ
+

1

λs(1 − Ee−λrs) + λ(1 − Ee−λr)
.

Finally, we consider the case of deterministic repair (replacement), i.e. let
R(·) = Rs(·) = Ht0(·), where we take t0 as time unit. Clearly, Ee−zr =
Ee−zrs = e−z. Hence, for Re z ≥ 0,

�∗(z) =
1

λ+ z

λ

z + λs + λ− (λs + λ)e−(z+λ)
.

Applying the inversion technology presented in [12], yields the exact survival
function

�(t) = e−λt
(
1 +

λ

λs

[t]∑
k=0

( λ

λ+ λs

)k(
1 − e−λs(t−k)

k∑
j=0

(λs(t− k))j

j!

))
.

Figure 1 displays the graph of �(t), 0 ≤ t ≤ 10, λ = 0.5, λs = 0.25.
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Figure 1: Graph of �(t), 0 ≤ t ≤ 10, λ = 0.5, λs = 0.25
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