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Abstract

We investigate symmetry reductions and exact solutions for the
(1+2) - dimensional nonlinear quasigeostrophic Hasegawa - Mima -
Charney - Obukhov (HMCO) model. The symmetry reductions of the
underlying equation to ordinary differential equations with respect to
both Lie and hidden symmetries are carried out. The reduced equations
appear linear, favoring the construction of a remarkable number of fam-
ilies of exact solutions. These solutions are expressed in terms of Bessel
and modified Bessel functions, polynomial functions and circular func-
tions. Traveling wave solutions are also obtained. Finally, it is proved
that the HMCO equation does not satisfy the Painlevé integrability
property.

Mathematics Subject Classification: 76D05; 86A05; 35A30; 35C05

Keywords: Quasigeostrophic model, Hasegawa - Mima - Charney - Obukhov
equation, symmetry reduction, Lie symmetry, hidden symmetry, linearization,
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1 Introduction

The quasigeostrophic model is a simplified geophysical fluid model at asymp-
totically high rotation rate or at small Rossby number. It describes large scale
motion in the atmosphere and oceans at middle latitudes. This model has
been widely used for modeling atmosphere and oceanic circulation, for studies
of stability, frontogenesis and turbulence (see [1] and references therein). In
[2, 3], by an asymptotic multiscale development with respect to δ (aspect ratio)
and ε (Rossby number) and using the β - plane approximation, the following
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quasigeostrophic equation, referred to as the Hasegawa - Mima - Charney -
Obukhov (HMCO) equation was obtained:

(Δη0 − Fη0)t + J(η0,Δη0) + J(η0, ηB + βy) = 0, (1)

where η0 is the amplitude of the surface perturbation at lowest order in ε,
ηB(x, y) is the equation of the bottom and J is the Poisson bracket : J(u, v) =
uxvy − uyvx, F is the Froude number. In this context, η0 is a wave function of
the velocity field. The HMCO equation is a quasigeostrophic equation with no
dissipation term, obtained as an asymptotic model from the Euler equations
with free surface under a quasigeostrophic velocity field assumption. It forms
a general class of equations arising in plasma theory and geophysics. For sake
of simplicity, we consider a flat bottom, i.e ηB is taken to be zero [1]:

(Δη0 − Fη0)t + J(η0,Δη0) + βη0,x = 0. (2)

In plasma theory, these models describe drift waves in nonuniform, β -low
plasma in magnetic field and (1) was first derived in this setting by Hasegawa
and Mima [4, 5].

Many papers have been devoted to these models, including the existence
and uniqueness of global solution in time in the Besov space [6], local and global
existence results for associated initial value problem in the super critical case,
the asymptotic behavior of viscosity solution in the critical case and the decay
of Lp - norms in the critical case by use of the maximum principle [7], the
existence of weak solutions [2], etc...
To the best of our knowledge of the literature, no results have been published
on the linearization and the construction of exact solutions of this model by
using the Lie symmetry method. Hence, the aim of this contribution is to
construct relevant exact solutions of the equation (2) written as

(Δ − I)ut + ux + J(u,Δu) = 0, (3)

where u = u(x, y, t), I is the identity operator and Δ is the standard Laplacian
operator in R

2 in cartesian coordinates (x, y), F = 1. For this purpose, we
implement the Lie symmetry reduction method [8, 9].
The paper is organized as follows. In section 2, we give a brief review of the
Lie symmetry method. In section 3, the main results of this contribution are
presented. Iterating the Lie method, we carry out symmetry reductions of the
nonlinear equation (3) to various linear ordinary differential equations (ODEs).
Then, we solve these ODEs. The application of the superposition principle to
the obtained solutions induces a nonlinear superposition of solutions of (3).
Consequently, we succeed in constructing several families of exact solutions
for the HMCO equation (3). These solutions are multiplied using the full
symmetry group action. We end with some concluding remarks in section 4.
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2 Classical Lie symmetry method: an overview

In this section, we briefly recall some results of the Lie symmetry method,
often referred to as the classical method. Consider an n-th order PDE system

Ω(x, u(n)) = 0, Ω = (Ω1, . . . ,Ωl) (4)

be a system of l partial differential equations (PDEs) of order n in p in-
dependent variables x = (x1, . . . , xp) ∈ χ ⊂ R

p and q dependent variables
u = (u1, . . . , uq) ∈ U ⊂ R

q. Here χ is the space of the independent variables
and U is the space of the dependent variables. u(n) denotes all the partial
derivatives of u with respect to x up to order n and the corresponding space
is denoted by U (n). For any multi-index J = (j1, . . . , jk) with 1 ≤ ji ≤ p, we
denote

uα
J =

∂kuα

∂xj1 . . . ∂xjk
.

The system (4) is said to be a maximal rank system if

rank

( (
∂Ω

∂xi
,
∂Ω

∂uα
J

) )
= l whenever Ω(x, u(n)) = 0.

Let us consider the submanifold

SΩ =
{
(x, u(n)) : Ω(x, u(n)) = 0

} ⊂ χ× U (n)

defined by the PDE system (4) itself. The set SΩ contains all analytic solutions
of the system (4). The symmetry group G associated with the PDE system (4)
consists of one - parameter groups of transformation acting on an open subset
M ⊂ χ × U , which leave invariant the set SΩ. Let the general infinitesimal
generator associated with G be given by

Q =

p∑
i=1

ξi(x, u)
∂

∂xi
+

q∑
α=1

φα(x, u)
∂

∂uα
. (5)

The n-th prolongation of Q is given by the formula

pr(n)Q =

p∑
i=1

ξi ∂

∂xi
+

q∑
α=1

∑
0≤#J≤n

φα
J

∂

∂uα
J

, (6)

where the functions φα
J are obtained inductively by means of

φα
J,i = Diφ

α
J −

p∑
k=1

Di(ξ
k)uα

J,k, φα
0 = φα (7)
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and the total derivative Di are the formal derivations

Di =
∂

∂xi
+

q∑
α=1

∑
i1,i2,...

uα
i

∂

∂uα
+ uα

i1,i

∂

∂uα
i1

+ uα
i1i2,i

∂

∂uα
i1,i2

+ . . .. (8)

An operator Q is called Lie symmetry operator of the system (4) if system
(4) is invariant under the local transformations generated by the operator Q.

Theorem 2.1 [10](Criterion of infinitesimal invariance)
Suppose (4) is a PDE system of maximal rank defined over M ⊂ χ× U . If G
is a local group of transformations acting on M and

pr(n)Q(Ων) |K={Ω=0}= 0, ν = 1, l, (9)

is identically satisfied for every infinitesimal generator Q of G, then G is the
maximal symmetry group of the system (4). Here, K is the set of all differential
consequences of (4) of order less than n+ 1.

Inserting l variables u(n) found from (4) into (9), taking the Taylor series of
the functions pr(n)Q(Ων) |K={Ω=0} with respect to the remaining variables and
setting the coefficients of these series equal to zero, generate an overdetermi-
nated system of linear differential equations, called the determining equations,
of order not larger than n for the coefficients ξi(x, u) and φα(x, u) of the vector
field (5) of the classical symmetries.

The actions of the operator Q on the functions uα, α = 1, q, are defined
by the formula

Quα = φα −
p∑

i=1

ξiuα
i , α = 1, q.

The following statement holds [9].

Theorem 2.2 The set of Lie symmetry operators of system (4) is a Lie
algebra under the standard Lie brackets of differential operators of the first
order.

The integration constants give the dimension of the symmetry algebra, say A ,
of the system (4). If some arbitrary functions arise in the infinitesimals ξi, φα,
then this algebra is infinite - dimensional.

In the sequel, Span {V1, . . . , VN} denotes the set of all linear combina-
tions of vectors V1, . . . , VN . Now, consider the set of Lie symmetry operators
Q1, . . . , Qs, (s < m <∞) of system (4) which satisfy the following conditions:

1. Span {Q1, . . . , Qs} is a Lie algebra;

2. rank
((
ξi,k

))
1≤i≤p, 1≤k≤s

= s.
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Then the general solution of the system

Qku
α = 0, k = 1, s, α = 1, q, (10)

is found by solving the characteristic system

dx1

ξ1,k(x, u)
= . . . =

dxp

ξp,k(x, u)
=

du1

φ1,k(x, u)
= . . . =

duq

φq,k(x, u)
, k = 1, s, (11)

and can be written in the form

W α(x, u) = ϕα(w(x, u)), α = 1, q, w = (w1, . . . , wm−s), (12)

where ϕα, α = 1, q, are arbitrary differentiable functions of w; W α, α = 1, q
and wν , ν = 1, m− s are functionally independent first integrals of system
(10), (also called invariants) and the Jacobian of W under u does not vanish,
i.e.,

det
((
W α

uα′
))q

α,α′=1
�= 0. (13)

Owing to condition (13) being satisfied, we can solve (12) with respect to u.
As a result we obtain a form to find u, also called ”ansatz”:

u = F (x, ϕ(w)), (14)

where u, F and ϕ have q components. Thus, due to the arbitrariness of the
function ϕ, the ansatz associated with a fixed subalgebra is not determined in
a unique manner. The following assertion also holds [10].

Theorem 2.3 Substituting (14) into (4), we obtian a set of equations which
is equivalent to a system for the functions ϕα (α = 1, q), depending only on
variables w1, . . . , wm−s (called the reduced system corresponding to the initial
system (4) and the subalgebra Span {Q1, . . . , Qs}).

Furthermore, one can iterate the classical method, applying it again to the
reduced system itself. We thus define the so - called Hidden symmetry of the
system, i.e, the Lie symmetry of the reduced system of (4).
Finally [8], if Q is a classical symmetry, and the system (4) satisfies some
mild technical conditions, for each value of ε, the transformations xi �−→
xi(ε), uα �−→ uα(ε) determined by the flow equations:

dxi

dε
= ξi(x, u),

duα

dε
= φα(x, u) (15)

send solutions of system (4) to solutions of system (4).
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3 Main Results

Let A be the maximal Lie invariance algebra of (3) and

Q = ξ(x, y, t, u)
∂

∂x
+ η(x, y, t, u)

∂

∂y
+ τ(x, y, t, u)

∂

∂t
+ φ(x, y, t, u)

∂

∂u

be its generic element. Following the algorithm described in the previous
section, we find that the infinitesimals ξ, η, τ and φ satisfy the following deter-
mining system of equations

φx = ηt, φy = τt, φt = ηt, φu = −τt, ξu = ξx = 0, ξy = −ηt, ξt = −τt,
ηtt = ηy = ηu = 0, ηx = ηt, τx = τy = τu = τtt = 0 (16)

which can be solved to get the following.

Theorem 3.1 Any operator Q from A lies in the linear span of operators

Q1 = −t ∂
∂x

+ t
∂

∂t
+ (y − u)

∂

∂u
, Q2 =

∂

∂t
, Q3 =

∂

∂y
, Q4 =

∂

∂x
,

Q5 =
∂

∂u
, Q6 = −y ∂

∂x
+ (t + x)

∂

∂y
+ (t+ x)

∂

∂u
. (17)

For the purpose of carrying out reduced systems corresponding to (3), we lay
stress on the relevant one - dimensional subalgebras Span {Q1} , Span {Q6}
and Span {αQ2 + aQ3 + bQ4} , a �= 0, b �= 0, of the algebra A . Indeed, it is
straightforwardly checked that the coefficients of ξi corresponding to each of
operators Q1, Q6 and Q1 + aQ2 + bQ3 satisfy the above mentioned required
condition rank

((
ξi,k

))
1≤i≤p, 1≤k≤s

= s.. Moreover, Q2 + aQ3 + bQ4 generates

traveling wave solutions of the HMCO equation (3).

i Reduced equations of (3), subalgebra Span {Q1} and its induced hidden
symmetries
The characteristic system associated with the operator Q1 is given by

dx

−t =
dt

t
=
dy

0
=

du

y − u
. (18)

Solving it, we obtain two independent invariants : w1 = x+ t, w2 = y,
and one dependent w3 = t(y − u). Setting r = w1, s = w2 and w = w3,
then, we construct the following ansatz:

u(x, y, t) = −w(r, s)

t
+ s (19)

where t stands for a parametric variable. Substituting (19) into the
HMCO equation (3), we obtain the following nonlinear PDE with two
independent variables r, s and one dependent variable w = w(r, s):

wrr + wss + wrwrrs + wrwsss − wswrrr − wswrss − w = 0. (20)
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Let

Q1,• = ξ̃(s, r, w)
∂

∂s
+ τ̃(r, s, w)

∂

∂r
+ φ̃(r, s, w)

∂

∂w
(21)

be the infinitesimal operator of symmetry of (20). The implementation
of the above described classical method to this PDE shows that the
determining equations for the infinitesimals ξ̃, τ̃ and φ̃ are the following
one

φ̃ = 0, ξ̃s = ξ̃w = 0, ξ̃r = −τ̃s, τ̃ss = τ̃r = τ̃w = 0 (22)

yielding the following statement.

Theorem 3.2 Hidden symmetries of the HMCO equation are gener-
ated by the operators

Q1,1 = −r ∂
∂s

+ s
∂

∂r
, Q1,2 =

∂

∂r
, Q1,3 =

∂

∂s
. (23)

Operator Q1,1 generates rotation in the (r, s) - plane while, Q1,2 + cQ1,3

leads to traveling wave solutions of (20) with the velocity c �= 0 arbi-
trarily fixed. In view of the relevance of these symmetry operators, we
carry out the symmetry reductions of (20) corresponding to subalgebras
Span {Q1,1} and Span {Q1,2 + cQ1,3}. Thus Under the ansatze

w(r, s) = v(z), z =
√
r2 + s2 (24)

and
w(r, s) = v(z), z = s− cr (25)

corresponding to operators Q1,1 and Q1,2 +cQ1,3, respectively, the reduc-
tion (20) of the nonlinear HMCO equation (3) is mapped to the following
linear homogeneous second order ODEs

zv”(z) + v′(z) − zv(z) = 0 (26)

and

v”(z) − 1

c2 + 1
v(z) = 0. (27)

The linearizations (26) and (27) unlock completely the problem of con-
structing exact solutions of (3).

ii Reduced equation of (3) and subalgebra Span {Q6}
The characteristic system associated with operator Q6 is given by

dx

−y =
dy

x+ t
=

du

x+ t
=
dy

0
. (28)
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Solving this system, we find that Q6 has only one independent invariant
which is defined, up to an arbitrary diffeomorphism ϕ, by

ζ = ϕ

(
x2 + y2

2
+ tx

)
. (29)

The dependent invariant is given by w = u − y. Hence, setting ϕ ≡ 1,
we introduce the following ansatz

u(x, y, t) = w(ζ) + y, ζ =
x2 + y2

2
+ tx. (30)

Inserting (30) into (3), the nonlinear PDE (3) is linearized by symmetry
reduction corresponding to the subalgebra Span {Q6} to the third order
homogeneous and non autonomous linear differential equation

−2(ζ +
t2

2
)w′′′(ζ) − 2w”(ζ) + w′(ζ) = 0, (31)

where t stands for a parametric variable. As observed for reductions (26)
and (31), this last result opens the way to build a wide family of exact
solutions for the HMCO equation.

iii Reduction of the HMCO equation corresponding to the subalgebra
Span {Q2 + aQ3 + bQ4}, a �= 0, b �= 0

Let a �= 0 and b �= 0 be some fixed constants. The characteristic system
associated to the operator Q2 + aQ3 + bQ4 is given by

dt

1
=
dy

a
=
dx

b
=
du

0
. (32)

This system is equivalent to the integral combination

d(abt+ by + ax)

0
=
du

0

whose first integrals are

ζ = abt+ by + ax, w = u.

Then, introducing the ansatz

u(x, y, t) = w(ζ), ζ = abt+ ax+ by (33)

traveling wave solutions of the HMCO equation are obtained as solutions
of the linear ODE

ab(a2 + b2)w′′′(ζ) + a(1 − b)w′(ζ) = 0. (34)
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3.1 Exact solutions of the HMCO equation (3)

In this section, we provide with the solutions of (3) by solving the reduced
systems (26), (27), (31) and (34). Since these ordinary differential equations
are all linear and homogeneous and have coefficients at most polynomial in
the independent variable, then their solutions can be obtained in terms of
Bessel functions, polynomials and circular functions. Moreover, their linearity
allows to apply the linear superposition principle to their solutions so that
to construct families of solutions of the nonlinear HMCO equation within a
nonlinear superposition principle. Let us introduce the notation FQ to denote
the family of all solutions of the HMCO equation (3) corresponding to its
reduction relatively to the one - dimensional subalgebra Span {Q}, Q being
an operator of symmetry, hidden or not. We then say that (3) admits FQ.
Then, the following statement holds.

Theorem 3.3 The HMCO equation (3) admits the families

FQ1,1 = {fc1,c2, c1, c2 ∈ R} ,
FQ1,2+cQ1,3 =

{
gc

c1,c2
, c1, c2 ∈ R

}
, c ∈ R − {0}

FQ6 = {hc1,c2,c3, c1, c2, c3 ∈ R} ,
FQ2+aQ3+bQ4 =

{
la,b
c1,c2,c3, , c1, c2, c3 ∈ R

}
, a, b ∈ R − {0} , (35)

where the functions fc1,c2(x, y, t), g
c
c1,c2

(x, y, t), hc1,c2,c3(x, y, t), l
a,b
c1,c2,c3

(x, y, t),
are the functions parameterized by their subscripts and defined by

fc1,c2(x, y, t) = y − 1

t

[
c1I0

(√
(x+ t)2 + y2

)

+ c2K0

(√
(x+ t)2 + y2

)]
, (36)

gc
c1,c2(x, y, t) = y − t−1

{
c1 exp

(
y − (x+ t)c√

c2 + 1

)
+ c2 exp

(−y + (x+ t)c√
c2 + 1

)}

(37)

hc1,c2,c3(x, y, t) = c1 + y +
{
c2I1

(√
x2 + y2 + t2 + 2xt

)
+ c3Y1

(
i
√
x2 + y2 + t2 + 2xt

)}√
2x2 + 2y2 + 4xt+ 2t2 (38)

la,b
c1,c2,c3

(x, y, t)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

= c1 + c2 sin
(
(abt+ ax+ by)

√
(a2b+ b3)−1(1 − b)

)
+c3 cos

(
(abt+ ax+ by)

√
(a2b+ b3)−1(1 − b)

)
if a ∈ R − {0} , b ∈ R − {0, 1} ,
= c1(at+ ax+ y)2 + c2(at+ ax+ y) + c3
if a ∈ R − {0} , b = 1,

(39)

where i2 = −1 is imaginary complex number, Iν(z) and Kν(z) are the
modified Bessel functions of the first and second kinds, respectively. They



154 M. N. Hounkonnou and M. M. Kabir

satisfy the modified Bessel equation of order ν:

z2v”(z) + zv′(z) − (z2 + ν2)v(z) = 0.

Yν(z) is the Bessel function of the second kind, satisfying the Bessel’s equation
of order ν:

z2v”(z) + zv′(z) + (z2 − ν2)v(z) = 0.

Here, c1, c2 and c3 are some arbitrary constants arising from the superposition
of the solutions of the linear reduced equations.

Proof: Since the linear ODE (26) is the modified Bessel’s differential equation
of order zero, then its elementary solutions I0(z) and K0(z) are combined to
give its general solution

v(z) = c1I0(z) + c2K0(z), (40)

c1 and c2 being some arbitrary constants, by the linear superposition principle
for solutions of linear differential equations. Then, using (24) and (19), we
revert back to the HMCO fields x, y, t, u to get the solutions of the class FQ1,1

for the nonlinear equation (3). Hence, the linear combinations (40) of solu-
tions of the linear ODE (26) induce nonlinear superposition of solutions of (3).
Similar reasoning is applied to the reduced equations (27), (31) and (34) to
yield corresponding families FQ1,2+cQ1,3, FQ6 and FQ2+aQ3+bQ4 , respectively.
�

Hence, clearly, the solutions are expressed in terms of Bessel and modified
Bessel functions, trigonometric functions and polynomial functions.
The solutions can be generalized by exponentiating the basis elements of the
algebra A . Then, the most general transformation leaving invariant the solu-
tion manifold of the equation (3) depends on six parameters: α, β, γ, λ, κ, ε
through the composition

g := exp (αQ1) exp (βQ2) exp (γQ3) exp (λQ4) exp (κ) exp (εQ6)

of the flows exp (θiQi), i = 1, 6, θi ∈ R, generated by the basis elements Qi of
A . Solving the flow equations associated to these basis elements, we find

exp (αQ1)(x, y, t, u) =
(
(1 − eα)t+ x, y, eαt, (1 − e−α)y + e−αu

)
,

exp (βQ2)(x, y, t, u) = (x, y, t+ β, u) ,
exp (γQ3)(x, y, t, u) = (x, y + γ, t, u) ,
exp (λQ4)(x, y, t, u) = (x+ λ, y, t, u) ,
exp (κQ5)(x, y, t, u) = (x, y, t, u+ κ),
exp (εQ6)(x, y, t, u) = ((x+ t) cos ε− y sin ε− t, (x+ t) sin ε+ y cos ε, t,

(x+ t) sin ε+ (−1 + cos ε)y + u) (41)
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so that the most general transformation g operates according to

g(x, y, t, u) = {(1 − eα)(t+ β) + (x+ t) cos ε− y sin ε− t+ λ, (x+ t) sin ε
+y cos ε+ γ, (t+ β)eα, e−αu+ e−ακ+ x sin ε+ y(cos ε− e−α)

+ t sin ε} . (42)

Then, using the multiplication law, the most general solution of (3) ob-
tained from a given solution u = f(x, y, t), takes the form

u(x, y, t) = e−αf
{
(−e−α + e−2α cos ε)t+ x cos ε+ y sin ε+ β − (β + λ) cos ε

− γ sin ε, y cos ε− x sin ε− te−2α sin ε+ (β + λ) sin ε− γ cos ε,
− β + e−αt

}
+ xe−α sin ε+ (1 − e−α cos ε)y + (e−3α sin ε)t+ κe−α

+ γ(−1 + e−α cos ε) − (β + λ)e−α sin ε (43)

where ε, α, β, γ, λ, κ are arbitrary constants. Note, in addition, that using
the hidden symmetries (23) of the HMCO equation, a corresponding hidden
multiplication law for the solutions of classes FQ1,1 and FQ1,2+cQ1,3 is obtained.
By composing the flows generated by Q1,1, Q1,2 and Q1,3, respectively, we find
that the more general hidden symmetry group action g̃, leaving the solution
manifold of the reduced equation (20) invariant, depends on three parameters
η, σ, ν ∈ R and operates according to

g̃(r, s, w) = ((r + η) cosσ + (s+ ν) sinσ, −(r + η) sinσ + (s+ ν) cosσ, w) .
(44)

Then, the most general solution of the reduced equation (20), obtainable from
a given solution w = ψ(r, s), can be expressed as

w(r, s) = ψ (−η + r cosσ − s sinσ, −ν + s cosσ + r sinσ) . (45)

Correspondingly, the most general elements from the classes FQ1,1 and FQ1,2+cQ1,3

can be written as

fc1,c2(x, y, t) = y − 1

t

{
c1I0

[(
η2 + ν2 + (x+ t)2 + y2 − 2((x+ t)η + νy) cosσ

+ 2(yη − ν(x+ t)) sinσ)
1
2

]
+ c2K0

[(
η2 + ν2 + (x+ t)2 + y2

− 2((x+ t)η + νy) cosσ + 2(yη − ν(x+ t)) sinσ)
1
2

]}
(46)

and

gc
c1,c2(x, y, t) = y − t−1 {c1exp [(−ν + cη + (y − cx− ct) cosσ

+ (x+ t+ cy) sinσ) (1 + c2)−
1
2

]
+ c2exp [− (−ν + cη + (y − cx

− ct) cosσ + (x+ t+ cy) sinσ) (1 + c2)−
1
2

]}
, (47)

respectively. Here, η, ν and σ are arbitrary constants.
Hence, this result, together with the multiplication law (43), make it pos-

sible to generate more extended families of solutions for the HMCO equation
(3) from the classes FQ1,1 and FQ1,2+cQ1,3.



156 M. N. Hounkonnou and M. M. Kabir

4 Concluding remarks

Before summarizing the main results obtained in this work, let us comment on
the S-integrability of (3). Amongst the various approaches followed to study
the behavior of nonlinear PDE’s, Painlevé analysis has proved to be one of the
most fruitful, providing an algorithmic procedure that affords a systematic way
to deal with nonlinear PDEs. Our aim here is to investigate the complete inte-
grability of (3), i.e, to verify whether or not this equation is of Painlevé type.
This is equivalent to verify if it has single valued solutions in the neighborhood
of non characteristic, movable singularity manifolds. Equations of this type
are integrable by spectral methods (S - integrable in the Calogero terminology
[12]). To check the Painlevé property [11] for equation (3), we require a gen-
eralized Laurent expansion of the field u in terms of an arbitrary singularity
manifold (depending on the initial data) χ(x, y, t) = 0. This expansion should
be of the form [11]

u(x, y, t) =
∞∑

j=0

uj(y, t)χ
j−c(x, y, t), (48)

where u0 �= 0. We suppose that the non characteristic singularity manifold is
defined by

χ(x, y, t) = x+ ψ(y, t), (49)

where ψ(y, t) is an analytic function, as proposed by Kruskal [13]. Substituting
(48) into equation (3), we find for the leading term that

c = −1. (50)

Therefore, only Taylor’s series expansion of the solution are obtained, i.e reg-
ular solutions. This shows that (3) fails to satisfy the Painlevé test.

Finally, we have successfully implemented the Lie method to carry out
reductions of the (1 + 2) - dimensional nonlinear HMCO equation to ODEs.
Both the Lie and the hidden symmetries of the equation have been investigated
for this purpose. Moreover, all these ODEs are linear and homogeneous, with
analytical coefficients. This enables us to obtain the solutions in terms of Bessel
and modified functions, polynomial and circular functions and traveling waves.
We also applied nonlinear superposition formulae as well as the full point and
hidden symmetry group action to derive generalized solutions. Finally, the
implementation of the Painlevé test suggests that the HMCO equation (3) is
not completely integrable. This confirms the assertion [14] that there exist
linearizable PDEs which resist to the Painlevé property.
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