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Abstract
A differential systems having a finite number of arbitrary order sin-

gularities and turning points is investigated. We establish properties of
the spectral characteristics, find the asymptotic forms of the solution of
the system (1) and we calculate the eigenvalues.
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1 Introduction

We consider the following system of differential equations

dy1

dx
= iρR(x)y2,

dy2

dx
= iρ

1

R(x)
y1, x ∈ [0, T ] (1)

with the initial conditions y1(T, ρ) = −1, y2(T, ρ) = 1. Here ρ = σ + iτ is the
spectral parameter, and R is a real function which is called the wave resis-
tance. System (1) is a canonical form for many problems in natural sciences.
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For example, for a wide class of problems describing the propagation of electro-
magnetic waves in a stratified medium, Maxwell’s equations can be reduced to
the canonical form (1). System (1) often appears in optics, spectroscopy and
acoustic problems. System (1) also appears for the design of directional cou-
plers for heterogeneous electronic lines, which constitute one of the important
classes of radio physical synthesis problems(see [1],[2]). Some aspects of syn-
thesis problems for system (1) with R>0(i.e. N=0) were studied in [7]. Inverse
problem for system (1) with the initial conditions y1(0, ρ) = 1, y2(0, ρ) = −1
and with R≥0 were studied in [3],[4]. In [5] studied the eigenvalues and de-
rived a formula for the asymptotic distribution of the eigenvalues in the case
when the equation has singularities or/and turnings at the end-points of a fi-
nite interval. In [8] studied the asymptotic estimates for a special fundamental
system of solutions of the corresponding differential equation and determined
the asymptotic distribution of the eigenvalues with several singularities or/and
turning points inside the interval [0,1] by EBERHARD and FREILING and
WILCKEN.
The main purpose of this paper is to study the behavior asymptotic solution
and eigenvalues in the case when the system has arbitrary order singularities
and turning points inside the interval.
We will suppose that

R(x) =
N∏

j=1

|x− γj |pj−1R0(x) (2)

where 0< γ1 < γ2 < ... < γN <T, pj are real numbers, R0(x) ∈ W 1
2 [0, T ],

R0(x) >0,

R(T ) = 1, R′(T ) = 0. (3)

In section 2, at the main spectral characteristic we introduce the characteristic
function

Δ(ρ) =
1√
a
y1(0, ρ); a := R(0). (4)

In section 3 we calculate eigenvalues(i.e. zeros of Δ(ρ) ) in the case when R
has two singularities and turning points.

2 Properties of spectral characteristics

2.1. We consider the replacement

y1(x, ρ) =
√
R(x)u(x, ρ), y2(x, ρ) =

1√
R(x)

v(x, ρ). (5)
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Let

h(x) =
R′(x)
2R(x)

, (6)

then (1) transform to the system

u′ + h(x)u = iρv, v′ − h(x)v = iρu ; x ∈ [0, T ] (7)

with the conditions u(T, ρ) = −1, v(T, ρ) = 1.
System (7) after elimination of v reduces to the equation

−u′′ + q(x)u = λu, λ = ρ2, (8)

and the conditions

u(T, ρ) = −1, u′(T, ρ) = iρ, (9)

where

q(x) = h2(x) − h′(x). (10)

It follows from (2), (6) and (10) that q(x) has the form

q(x) =
N∑

j=1

aj

(x− γj)2
+ q0(x),

where

aj :=
p2

j − 1

4
, pj �= 2k; k ∈ Z, q0(x).

N∏
j=1

|x− γj|1−|pj | ∈ L(0, T ),

and q0(x) has the form

q0(x) =
3

4
(
R′

0(x)

R0(x)
)2 − R′′

0(x)

2R0(x)
+

R′
0(x)

2R0(x)

N∑
j=1

pj − 1

x− γj
+

1

2

N−1∑
i=1

N∑
j=i+1

(pi − 1)(pj − 1)

(x− γi)(x− γj)
.

It follows from (3),(4) and (5) that the characteristic function Δ has the form:

Δ(ρ) = u(0, ρ). (11)

2.2. Let

vj =
|pj|
2
, μkj = (−1)kvj +

1

2
, ωj = (γj, γj+1), γ0 := 0, γN+1 := T.
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Denote: Ckj(x, λ) = (x− γj)
μkj

∞∑
m=0

Ckmj(ρ(x− γj))
2m; k = 1, 2, j = 1, N,

where
C10jC20j = (2vj)

−1, Ckmj = (−1)mCk0j(
∏m

s=1((2s+ μkj)(2s+ μkj − 1)− aj))
−1.

Here and in the sequel zμ = exp(μ(ln|z| + i arg z)), arg z ∈ (−π, π].
For x ∈ ωj

⋃
ωj−1, the functions Ckj(x, λ) are solutions of the equation

−y′′ + aj

(x− γj)2
y = λy,

and det[C
(m−1)
kj (x, λ)]k,m=1,2 = 1.

Let Skj(x, λ), j=1, N ,k=1,2 be solutions of the following integral equation

Skj(x, λ) = Ckj(x, λ) +
∫ x

γj

gj(x, t, λ)(q(t) − aj

(t− γj)2
)Skj(t, λ)dt; x ∈ ωj

⋃
ωj−1,

where gj(x, t, λ) = C1j(t, λ)C2j(x, λ) − C2j(t, λ)C1j(x, λ).
The functions Skj(x, λ) are entire in λ of order 1

2
, and they form a FSS of

equation (8). Moreover

det[S
(m−1)
kj (x, λ)]k,m=1,2 = 1.

In [6] asymptotic properties of Skj(x, λ) are investigated. Denote

Ω := {(ρ, x) : |ρ(x− γj)| ≥ 1; j = 1, N}.
From [3], we have the following Lemma:
Lemma 1 . For x ∈ ωs, (ρ, x)∈ Ω:

S
(m)
kj (x, λ) = βkjρ

−μkj ((−iρ)mexp(−iρ(x− γj))[1]γ

+(iρ)mexp(−iπμkj)exp(iρ(x− γj))[1]γ

−2i(iρ)m
s∑

p=j+1

cosπvpexp(iρ(x+ γj − 2γp))[1]γ), s ≥ j, (12)

S
(m)
kj (x, λ) = βkjρ

−μkj ((−iρ)mexp(−iρ(x− γj))[1]γ

+(iρ)mexp(iπμkj)exp(iρ(x− γj))[1]γ

+2i(iρ)m
j−1∑

p=s+1

cosπvpexp(iρ(x+ γj − 2γp))[1]γ), s < j, (13)
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where [1]γ = 1 +
N∑

j=1
O((ρ(x− γj))

−1), β1jβ2j = (−4isinπvj)
−1.

Denote

ψk(x, λ) = (−1)k−1(S
(2−k)
2j (T, λ)S1j(x, λ) − S

(2−k)
1j (T, λ)S2j(x, λ)), k = 1, 2.(14)

The functions ψk(x, λ)are solutions of (8) and

ψ
(m−1)
k (x, λ) = δk,m, k,m = 1, 2, (15)

(δk,m is the Kronecker delta). Moreover
< ψ1(x, λ), ψ2(x, λ) >= 1, where < y, z >:= yz′ − zy′.
Using (12)-(13) we get for x ∈ ωs, (ρ, x)εΩ :

ψ
(m−1)
k (x, λ) =

1

2
(iρ)m−k((−1)m−kexp(iρ(T − x))[1]γ + exp(−iρ(T − x))[1]γ

+(−1)k−12i
N∑

j=s+1

cosπvjexp(iρ(x+ T − 2γj))[1]γ); |ρ| → ∞, k,m = 1, 2. (16)

In view of (9), we have

u(x, ρ) = −ψ1(x, λ) + iρψ2(x, λ). (17)

Theorem 1 . For |ρ|→ ∞ , k,m=1,2:

u(m)(x, ρ) = (−iρ)mexp(iρ(T − x))[1]γ

−2i(iρ)m
N∑

j=s+1

cosπvjexp(iρ(x+ T − 2γj))[1]γ, (18)

Δ(ρ) = −exp(iρT )[1] − 2i
N∑

j=1

cosπvjexp(iρ(T − 2γj))[1], (19)

where [1] = 1 +O(ρ−1).
Proof. Using (16),(17) we get for |ρ| → ∞ , k,m=1,2,

u(m)(x, ρ) = −ψ(m)
1 (x, λ) + iρψ

(m)
2 (x, λ)

= −[
1

2
(iρ)m((−1)mexp(iρ(T − x))[1]γ

+ exp(−iρ(T − x))[1]γ + 2i
N∑

j=s+1

cosπvjexp(iρ(x+ T − 2γj))[1]γ)]
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+ iρ[
1

2
(iρ)m−1((−1)m−1exp(iρ(T − x))[1]γ

+ exp(−iρ(T − x))[1]γ − 2i
N∑

j=s+1

cosπvjexp(iρ(x+ T − 2γj))[1]γ)]

= −1

2
(−iρ)mexp(iρ(T − x))[1]γ − 1

2
(iρ)mexp(−iρ(T − x))[1]γ

− 1

2
(iρ)m2i

N∑
j=s+1

cosπvjexp(iρ(x+ T − 2γj))[1]γ

− 1

2
(−iρ)mexp(iρ(T − x))[1]γ +

1

2
(iρ)mexp(−iρ(T − x))[1]γ

− 1

2
(iρ)m2i

N∑
j=s+1

cosπvjexp(iρ(x+ T − 2γj))[1]γ.

Using (11) and (18) we arrive at (19).

3 Distribution of the eigenvalues

The main result of this paper is the following theorem on the asymptotic
behavior of the eigenvalues of system differential equations when the system
has two singularities and turning points γ1 and γ2 (i.e. N=2).

Theorem 2 . The system of differential equations has a countable set of
eigenvalues

ρkj =
kπ

γ1
+
LnAj

2iγ1
; k ∈ Z, j = 1, 2,

where

Aj =
a2 − b2 + [1] + (−1)j

√
(b2 − a2 + [1])2 − 4a2[1]

2a[1]
, a = 2icosπv1, b = 2icosπv2.

Proof. According to (19) from Δ(ρ) = 0
we have,

−exp(iρT )[1] − 2i
2∑

j=1

cosπvjexp(iρ(T − 2γj))[1] = 0

2i
2∑

j=1
cosπvjexp(−2iργj) = [1],
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⎧⎨
⎩

2icosπv1exp(−2iργ1) + 2icosπv2exp(−2iργ2) = [1],

2icosπv1exp(2iργ1) + 2icosπv2exp(2iργ2) = [1].
(20)

Now consider

a = 2icosπv1, b = 2icosπv2, X = exp(2iργ1), Y = exp(2iργ2). (21)

Substituting (21) into (20), we obtain the following system with respect to X
and Y :

aX + bY = [1], (22)

a

X
+

b

Y
= [1]. (23)

In view of (23), we have

Y =
bX

[1]X − a
.

Substituting Y into (22),

X =
a2 − b2 + [1] ±

√
(b2 − a2 + [1])2 − 4a2[1]

2a[1]
.

According to (21), we have

exp(2iρkjγ1 − 2kπi) = Aj; j = 1, 2, k ∈ Z,

where

Aj =
a2 − b2 + [1] + (−1)j

√
(b2 − a2 + [1])2 − 4a2[1]

2a[1]
.

Conclude,

ρkj =
kπ

γ1
+
LnAj

2iγ1
.
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