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Abstract

A differential systems having a finite number of arbitrary order sin-
gularities and turning points is investigated. We establish properties of
the spectral characteristics, find the asymptotic forms of the solution of
the system (1) and we calculate the eigenvalues.
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1 Introduction

We consider the following system of differential equations

dy, . dy, . 1

— =1ipR ,—— = ip———Yy1,x € |0,T 1
= iR P2 = i € 0.7] 1)
with the initial conditions y; (7T, p) = —1,y2(T, p) = 1. Here p = o + it is the
spectral parameter, and R is a real function which is called the wave resis-
tance. System (1) is a canonical form for many problems in natural sciences.
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For example, for a wide class of problems describing the propagation of electro-
magnetic waves in a stratified medium, Maxwell’s equations can be reduced to
the canonical form (1). System (1) often appears in optics, spectroscopy and
acoustic problems. System (1) also appears for the design of directional cou-
plers for heterogeneous electronic lines, which constitute one of the important
classes of radio physical synthesis problems(see [1],]2]). Some aspects of syn-
thesis problems for system (1) with R>0(i.e. N=0) were studied in [7]. Inverse
problem for system (1) with the initial conditions (0, p) = 1,42(0,p) = —1
and with R>0 were studied in [3],[4]. In [5] studied the eigenvalues and de-
rived a formula for the asymptotic distribution of the eigenvalues in the case
when the equation has singularities or/and turnings at the end-points of a fi-
nite interval. In [8] studied the asymptotic estimates for a special fundamental
system of solutions of the corresponding differential equation and determined
the asymptotic distribution of the eigenvalues with several singularities or/and
turning points inside the interval [0,1] by EBERHARD and FREILING and
WILCKEN.

The main purpose of this paper is to study the behavior asymptotic solution
and eigenvalues in the case when the system has arbitrary order singularities
and turning points inside the interval.

We will suppose that

N
R(z) =[] |z — /""" Ro() (2)
j=1
where 0< 71 < 79 < ... < vy <T, p; are real numbers, Ry(z) € W,[0,T],
Ro(ZL’) >0,
R(T) =1,R(T) = 0. (3)

In section 2, at the main spectral characteristic we introduce the characteristic
function

Alp) = %ymo,p); a == R(0). (4)

In section 3 we calculate eigenvalues(i.e. zeros of A(p) ) in the case when R
has two singularities and turning points.

2 Properties of spectral characteristics

2.1. We consider the replacement

y1(x, p) =/ R(x)u(z, p), ya(z, p) = 1

vz, p). ()

=
=
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Let

then (1) transform to the system
u + h(z)u =ipv,v" — h(z)v =ipu ; x€0,T]

with the conditions u(T, p) = —1,v(T, p) = 1.
System (7) after elimination of v reduces to the equation

—u" + q(x)u = M, = p?

and the conditions

where

q(z) = h*(z) — K ().
It follows from (2), (6) and (10) that g(z) has the form

N
Z ) + qo(2),
]:1 ]
where
2
- — 1]
aj = p]4 . pi#2kkeZ, qox H|x ‘|17|pj| € L(0,7),

and go(x) has the form

3 Bo@),,  Ri(x) . Bolo) < 1
(@) = Z(Ro(x) B 2R0(x) 2R0 x) Z — 2

97

(10)

It follows from (3),(4) and (5) that the characteristic function A has the form:

A(p) = u(0, p).

v = o kg = (=)0 +

Wi = (P)/ja 7j+1)7'70 = 0, YN+1 = T.

(11)
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Denote: Cij(x, ) = (z — ;) § Crmj(p(x —v;))*™ k=1,2,7=1,N,
m=0

where

Ci10jCo0; = (205) 7", Oy = (—1)" Co; (T3 (25 + 1) (25 + puj — 1) — a;)) ™

Here and in the sequel z* = exp(p(in|z| +iargz)),argz € (—m, 7.

For x € w; Jwj_1, the functions Cy;(z, \) are solutions of the equation

a;

!
(x — ;)2

Y= Ay,

and det[C,Sfﬁl)(x, Mkm=12 = 1.
Let Sk;(z,A), j=1, N, k=1,2 be solutions of the following integral equation

T s
Skj(x, )\) = Ck/'j(x, )\) + . gj(l',t, )\)(Q(t) — m)skj(t, )\)dt,.flf c wj ij',l,
J J

where gj(‘r7 l )‘) = Olj(t7 A)OQj(xa )‘) - C12j (tu )‘)Clj('r7 /\)
The functions Si;(x,A) are entire in A of order %, and they form a FSS of
equation (8). Moreover

det[SlSjnil) (.I’, )‘)]k,mzl,Z =1
In [6] asymptotic properties of Sy;(x, A) are investigated. Denote
Q:=A{(p.x): |p(z =) 2 1;j =1, N}.

From [3], we have the following Lemma:
Lemma 1 . For z € wy, (p,x)€

S (i, N) = Brgp ™ ((—ip)™eaxp(—ip(x — ~;))[1],

+(ip)" exp(—impes)exp(ip(x — ;) 1],

—2i(ip)™ > cosmupexp(ip(z +v; — 27,))[1]4), s > 7, (12)
p=j+1

SI (i, N) = Brgp ™ ((—ip) eaxp(—ip(x — ~;))[1],

+(ip) " exp(impug)exp(ip(x — ;) [1,

j—1

+2i(ip)™ Z cosmupexp(ip(z + v — 27,))[1]4), s < 7, (13)
p=s+1



Differential equations with singularities and turning points

where  [1], =1+ 5 O((p(x —75))7"), BrjBo; = (—disinmv;)~".

Jj=1
Denote

99

Ui, A) = (=11 (T, NS, A) — S5, M) Say(x, M), b = 1,2.(14)

The functions ¢ (x, A)are solutions of (8) and
,gm_l)(x, A) = Okm, k,m = 1,2,

(0k.m is the Kronecker delta). Moreover
< iz, A), ez, \) >=1, where <y, z >:=yz' — 2¢.
Using (12)-(13) we get for x € wy, (p, x)e :

(15)

9" 0) = i)™ (1) Feaplip(T — D)1, + exp(—in(T — 2))[1],

N
+(=1)F12i > cosmvjexp(ip(x + T — 2v;))[1],); |p| — 0o, k,m = 1,2. (16)

Jj=s+1

In view of (9), we have

u(z, p) = =1 (x, \) + ipe(x, N).

Theorem 1 . For |p|— oo , k,m=1,2:

u™ (x, p) = (—ip)"exp(ip(T — x))[1],

N
—2i(ip)™ Y cosmvzexp(ip(z + T — 2v;))[1],,
Jj=s+1

N
A(p) = —exp(ipT)[1] — 20> cosmvjexp(ip(T — 2v;))[1],
=1
where  [1]=14+0(p™).
Proof. Using (16),(17) we get for |p| — oo , k,m=1,2,

u™(z,p) = =" (x,A) + it (x, ))
= [l ()" explip(T — )1,

(17)

(18)

(19)

+ exp(—ip(T —x))[1], + 2t Z costvjexp(ip(x + T — 27;))[1]4)]

Jj=s+1
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Fiplg i)™ ()" eaplip(T — x))[1],

4+ exp(—ip(T — gp))[l]7 — 2 ‘Zl coswvjexp(ip(w + T — 2%‘))[1]7)]
= —%(—zmmexp(w(T — o)1), ~ %(z’p)%w(-ip(T — o),
_ %(@'p)m% _z: cosmvjexp(ip(x + 1T — 27;))[1],

1

= g(=ip) exp(ip(T — @)[1], + %(ip)memp(—ip(T —x))[1],

Lo 1 .
— i(zp) 2i Y cosmvjexp(ip(z + T — 27v;))[1]5.
Jj=s+1

Using (11) and (18) we arrive at (19).

3 Distribution of the eigenvalues

The main result of this paper is the following theorem on the asymptotic
behavior of the eigenvalues of system differential equations when the system
has two singularities and turning points 7; and v, (i.e. N=2).

Theorem 2 . The system of differential equations has a countable set of
eigenvalues

- - ;kEZ,j:LQ,
N 2im

Pkj

where

a? — 0 + [1] + (—1) /(02 — a2 + [1])2 — 4a2[1] , _
A = 2a[T ,a = 21cosTvy, b = 2icosmus.

Proof. According to (19) from A(p) =0
we have,

—exp(ipT)[1] — 20 cosmvjexp(ip(T — 27;))[1] = 0

Jj=1

20 Y cosmujerp(—2ipy;) = [1],
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2icosmurexp(—2ipy1) + 2icosmvgexp(—2ipye) = [1], (20)
2icosmurexp(2ipy1) + 2icosmvgexp(2ipye) = [1].
Now consider
a = 2icosmuy, b = 2icosmuy, X = exp(2ipy1),Y = exp(2ipys). (21)

Substituting (21) into (20), we obtain the following system with respect to X
and Y :

aX +bY = [1], (22)
a b

A p
¢ (23)

In view of (23), we have
bX
Y =
11X —a

Substituting Y into (22),

a? — 0 + [1] £ /(b2 — a2 + [1])2 — 4a[1]
2a[1] '

According to (21), we have

exp(2iprjn — 2kmi) = A;;5=1,2,k € Z,

where
a? — 0 + [1] + (=1) /(02 — a2 + [1])2 — 4a2[1]
T 2a[1]
Conclude,
km  LnA;
Prj = — + 55—

4! 21y
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