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Abstract

A conjecture was related to this author in correspondence, some
years ago, with Irving Kaplansky, which according to Professor Kaplan-
sky, was inspired by the proof of [4, Theorem 6.5.9, p. 348]. It asserts
that if p is a prime with representation p = a? + (2b)2, then the equa-
tion 22 — py? = a is solvable in integers x,y. In [5], we proved this
conjecture along with several others by him. Subsequently, Walsh in
[6], gave a slight extension of the above proof: if n = 1(mod 4) is a
nonsquare integer with representation n = a? + (2b)? for integers a and
b, and if X2 — nY? = —1 has solutions in integers X,Y, then n has a
factorization n = rs such that the equation ru? — sv? = a is solvable in
integers u, v. It is the purpose of this work to generalize the latter to a
much wider range of cases as given in Theorem 1.1 below. We illustrate
with several examples to show the wide applicability of the result.
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1 Generalized Conjecture of Kaplansky

In [1], Feit noted that the aforementioned conjecture of Kaplansky is ac-
tually implicit in work of Gauss [2, Section 265, pp. 290-291], and work of
Legendre [3, pp. 70-71]. However, it does not seem to have been explicitly



412 R. A. Mollin

proven before the work in [1], [5], and [6]. The following result has no analogue
in the literature.

The following generalizes [6] which in turn generalized [5].

Theorem 1.1 Let n € N, where n is not a perfect square, and n = a®+ b* for
some a,b € N, where a is odd. Suppose that there exist primitive solutions to
both

2 —ny? = —1, (1.1)
and

X? —nY? = —c* where c € N with ged(a,c) = 1. (1.2)

Then there exists a factorization n = rs, possibly trivial, with r,s € N such
that rw? — s2? = ad has a solution where d is a positive divisor of oc where
o =2 ifn is odd and c is even, and o = 1 otherwise.

Proof. Let T + U+/n be a primtive integral solution of X? — nY? = —¢?, and
set

u+vyn = (b+n)(T+Uy/n) (1.3)

u? — v’n = (ac)®. (1.4)

Using Equation (1.3), we see that if ged(u,v) = g then g | ¢? since
(u+vy/n)(T — Uy/n) = —(b+ vn).

If g does not divide ¢, then there must exist a prime p such that p* divides
g for some j € N so that p¥ divides ¢? but p/ does not divide c. Hence, by
Equation (1.4), we must have that ged(c,a) > 1 contradicting the hypothesis.
Therefore, g | ¢. Thus by Equation (1.4),

(5 () -G

Now we consider three cases that depend upon the relative parities of n
and c.

Case 1.1 c is even and n is odd.

Since n is a sum of two squares then it follows that n = 1 (mod 4), so b is even
in Equation (1.3). Also, it follows from congruence conditions modulo 4 that
T,U are both odd. Hence u, v are both odd. Since ged(u/g,v/g) = 1, then by
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Equation (1.5), there exist r, s € N such that n = rs, and vy, v, € N such that
v/g = vivy with

— + — = sy, 1.6
PR i (1.6)
and u  ca
2
—F — =10;. 1.7
PR ) (1.7)
Therefore,

rvi — sv? = F2ca/g = Fad,

where d = 2¢/g | 2c. In the event that the minus sign holds, we invoke
a solution T} + Uyy/n to Equation (1.1). Then we replace voy/r + v14/s by

(71 + Ur/n) (v2y/1 + v14/5).

Case 1.2 ¢ is odd and n s even.

In this case, n = 2 (mod 4) since n is a sum of two squares, so a,b are
both odd. Thus, T? — 2U% = —1 (mod 4) so if U is even, T? = —1 (mod 4), a
contradiction, so U and T are both odd. Therefore, v = 0T + Un is odd and
v =0bU + T is even. Since ged(u/g,v/g) = 1, there exist r,s € N such that
n =rs, and vy, vy € N such that v/g = 2v,vy with

u - ca
— 4+ — = 2502, 1.8
PR i (1.8)
and u  ca
—F — =2rv3. 1.9
s 5 (1.9)
Therefore,

rv; — svi = Fca/g = Fad,

where d = ¢/g | ¢. If the minus sign holds, we deal with this as in with case
1.1.

Case 1.3 ¢ and n are both odd.

In this case, n = 1 (mod 4) since it is a sum of two squares. Again by
congruence conditions modulo 4, 7" is even and U is odd. Therefore, b is even
in Equation (1.3) so we must have that u/g is odd and v/g is even. Therefore,
there exist vy, vy € N such that 2v,vy = v/g and by Equation (1.5), there exist
r,s € N such that n = rs, and vy, vy € N such that v/g = 2v,vy with

u ca
— 4+ — = 2502, 1.10
P 1 (1.10)
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and u  ca
—F — =2r 1.11
g g 2 ( )

Therefore,
rv; — svi = Fea/g = Fde,

where d = ¢/g | c and e = a is odd. In the event that the minus sign holds, we
invoke a solution 77 4+ Uy/n to Equation (1.1). Then we replace r/vs +v14/s

by (Tl + Ul\/ﬁ)(UQ\/F"i_ Ul\/g).

Cases (1.1)—(1.3) complete the proof. O

The following is immediate from the above, since when a prime p is a sum
of two squares, then Equation (1.1) is necessarily solvable.

Corollary 1.1 (Mollin [5])
If p is a prime with representation p = a* + (20)?, then the equation x? —
py? = a is solvable in integers x,y

The following is immediate from Theorem 1.1 since it is the case where

c=1=o.

Corollary 1.2 (Walsh [6])
If n =1 (mod 4) is a nonsquare integer with representation n = a® + (2b)?
for integers a and b, and if X?> — nY? = —1 has solutions in integers X,Y,

then n has a factorization, possibly trivial, n = rs such that the equation

ru? — sv? = a is solvable in integers u,v.

The following is an illustration of Case 1.1 in the proof of Theorem 1.1.
Example 1.1 Let n = 145 = 12 + 122 = a? + b%. Since
X2 —145Y? =92 — 145 .1 = —8* = —¢2,

and
X% —nY?=122—145-1% = —1,

we have that if r =5 and s = 29, then
rw? — sz =ad =5-171> =29 - 71> = 16 = 2¢ = oec. (1.12)

Notice that, in the notation of the proof of Theorem 1.1, u = 253, v = 21,
g=1,v1=3,v="7, and

vy —svi=5-7"—29.3> = —16 = —2c,
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so we invoke the solution 12 + /145 to Equation (1.1) and calculate
(12 + V145)(5V7 + 3v/29) = 171V/5 + 71v/29,

which is how we get Equation (1.12).
The following is an illustration of Case 1.2 in the proof of Theorem 1.1.

Example 1.2 Let n = 106 = 5% + 92 = a® + b%. We have that
4005% — 3892 - 106 = 2% — ny® = —1,
28035% — 2723% - 106 = X% —nY? = —¢* = —49,
106 =n=rs=2-53,

and
rw? — 82> =2-27° - 53-139> =5 - 1 = ad. (1.13)

In the notation of Case 1.2 in the proof of Theorem 1.1, u = 540953,
v =52542, v; = 27, vy = 139, and g = 7 = ¢, whence Equation (1.13).

The last illustration is of Case 1.3 in the proof of Theorem 1.1.

Example 1.3 Let n = 845 = 5- 132 = 292 + 22 = a? + b?, for which we have
that
x? —ny? = 12238% — 421% - 845 = —1,

X? —nY? =36714% — 1263% - 845 = —9 = —¢2,

and
rw? — sz? = 10671943% — 367126 - 845 =29 -1 =a - d. (1.14)

In the notation of the proof 1.8 in Theorem 1.1, u = 1140663, v = 39240,
g=3=c, v =15, v, =436, and

rvy — svi =1-436% — 845-15% = —29 = —q,
so we invoke the solution 12238 + 421/845 to Equation (1.1) and calculate
(12238 + 4211/845)(436 + 315v/845) = 10671943 + 367126v/845,

which is how we get Equation (1.14).
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