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Abstract

n(n—1) ¢

Let G be a finite p-group of order p™ with |M(G)| = p~ 2 ,
where M (G) is the Schur multiplier of G. Ya.G. Berkovich, X. Zhou,
and G. Ellis have determined the structure of G when ¢t = 0,1,2,3. In
this paper, we are going to find some structures for an abelian p-group
G with conditions on the exponents of G, M(G), and S2M(G), where
SoM (G) is the metabelian multiplier of G.
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1 Introduction and Preliminaries

Let G be any group with a presentation G = F/R, where F is a free group.
Then the Baer invariant of G’ with respect to the variety of groups V, denoted
by VM(G), is defined to be

VM(G) = T,

where V' is the set of words of the variety V, V(F') is the verbal subgroup of
F and
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[RV*F] = <U(f17 B3 fi*la fira f’i+17 L) fn)v(fla teey fi7 Y fn)ily
reR, fie FLveV,1<i<n,n€N).

In particular, if V is the variety of abelian groups, A, then the Baer invariant
of the group G will be (RN F')/[R, F| which is isomorphic to the well-known
notion the Schur multiplier of G, denoted by M(G) (see [5,6] for further de-
tails).

If V is the variety of polynilpotent groups of class row (c1,...,¢t), Nejconcrs
then the Baer invariant of a group GG with respect to this variety is as follows:

RN T 701+1(F)
[R, C1F7 02701+1(F)7 ooy et Yepo14+1© ... O 701+1(F)]

-/vcl,CQ ,,,,, CtM(G) = ) (1>

where Ve, 41 © .. 0 Ve 11(F) = Yeor1(Very 21 (- (Ve 21 (F))...)) are the term of
iterated lower central series of F. See [4] for the equality

[R'/\/;kl ctF] = [R’ Cva 02701+1(F)7 ooy e Vepo1+1 O -ee 0701+1(F)]‘

-----

In particular, if ¢; = 1 for 1 < i <, then N, ., ., is the variety of solvable
groups of length at most t > 1,S;.
In 1956, J.A. Green [3] showed that the order of the Schur multiplier of a finite

p-group of order p™ is bounded by pnw;l), and hence equals to pnw{l)’t, for

some nonnegative integer ¢. In 1991, Ya.G. Berkovich [1] has determined all
finite p-groups G for which ¢t = 0,1. The groups for which ¢t = 0 are exactly
elementary ablian p-groups, and the groups for which ¢ = 1 are cyclic groups
of order p* or the nonabelian group of order p* with exponent p > 2. In 1994,
X. Zhou [7] found all finite p-groups for ¢ = 2. He showed that these groups
are the direct product of two cyclic groups of order p? and p or the direct
product of a cyclic group of order p and the nonabelian group of order p? and
exponent p > 2 or the dihedral group of order 8. G. Ellis [2] determined all
finite p-groups G with ¢ = 0,1,2,3 in a quite different method to that of [1]
and [7] as follows:

Theorem 1.1 ([2]). Let G be a group of prime-power order p™. Suppose

that M(G) has order Pt Thent > 0 and

(i) t =0 if and only if G is elementary abelian,

(11) t =1 if and only if G = Z,2 or G = Ey;

(i)t = 2 if and only if G = Z, X Z,2,G = D or G =7, x Ey;

(wht =3 if and only if G = 23, G = Zyx Ly xZp,G=DxZy,G=Ey) G=
QorG=7,x7Z,x FE.

Here Zym denotes the cyclic group of order p™, D denotes the dihedral group
of order 8, ) denotes the quaternion group of order 8, E; denotes the extra
special group of order p3 with odd exponent p, and Ey denotes the extra special
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group of order p* with odd exponent p?.

Now, in this paper, we are going to find some structures for the p-group
G when G is abelian and |®(G)| = p® with conditions on the exponents of
G, M(G), and S3M(G). The following useful theorem of I. Schur is frequently
used in our method.

Theorem 1.2 (1. Schur [5]). Let G = Zy, ® Zy, & ... & Ly, , where nipq|n;
foralli € 1,2,...k —1 and k > 2, and let Z{™ denote the direct product of
m copies of Z,. Then

~ 2 k—1
MG 22,070 ..ozl
Remark 1.3. Let G be an abelian group with a free presentation F'/R.

Since F' < R, Ny M(G) = Y, +1(F)/[R, ¢ F]. Now, we can consider
Yer+1(F)/[R, o, F] as a free presentation for N., M(G) and hence

co c1 F
NN B(G)) = et

Therefore by (1) we have
NereeM(G) = Ne, M(N, M(G)).
By continuing the above process we can show that
Neyeoion M(G) = Ney M (N, M(N, M(@))....).

In particular, if ¢; = ¢o = 1, then we have SoM(G) = M(M(G)).

2 Main Results

Through out the paper we assume that G is an abelian p-group of order p"
n(n—1)

with |M(G)|=p— = "

Lemma 2.1 . Let ®(G), the Frattini subgroup of G, be of order p*. Then
n = (ala+ 1)+ 2t + 2m)/2a, for some m € Ny.

Proof. Let G = Zpor @ Zpos @ ... © Lpen-a, Where oy > ag > ... 2> g,
By Theorem 1.2 , M(G) = Zye: @ Z;i)g & ..o Z% " and so |M(G)| =

pan—a
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n(n—1)

pa2+2a3+...+(n—a—1)an7a' But M(G) has order Pz . Therefore

n(n —1)

-t
2

ar+2a3+ ...+ (n—a—1)a,_,

1+424+.+(n—a—-1)
(n—a)(n—a-—1)
2
n?— (2a+ 1)n+aa+1)
5 :
Hence 2an > 2t + a(a + 1), and the result holds.

v

Lemma 2.2 . With the assumption and notation of the previous lemma we
have the following inequalities for the exponent of G,

pa—m-I-l S €:L‘p(G) Spa+1-

Proof. Clearly G/®(G) is an elementary abelian p-group of order p"~® and so
exp(G) < p*TL.

For the other inequality let G = Zpoy @ Zpor @ ... © Zpon—a, where ap >
Q9 > ... > Qy_q > 1. Then similar to the proof of previous lemma we have

-1
%—t = w42a3+ ...+ (n—a—1)anq
> ar+(24+3+..+n—a—1)
- 200 — 2+ 1% — (2a+ 1)n +ala+ 1)

2

Therefore n > W and hence by Lemma 2.1 we have ag < m + 1.

Now, suppose by contrary exp(G) = p® %1, where k > m, then a3 > 2. Thus
by Theorem 1.2 we have

n(n —1)

-1
2

as+2a3+ ...+ (n—a—1)a,_,

(g +as+...t+apq)+ag+2a4+...+(n—a—2),_q
> n—a+k-1)+2+24+3+...+n—-a—-2)
(mn—a—2)(n—a—1)

= n—a+k
n—a-+k -+ 5

2k+a(a+1)+242¢
2a

2m+a(a+1)+2+2t
2a

Hence n > >

2.1.

which is a contradiction by Lemma
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Theorem 2.3 . With the above notation and assumptions, let G be of
exponent p*~" . Then G = Zpo-m+1 @ Zym+1 DLy, D ... B Z,, .
—_——

n—a—2—copies

Proof. let G = Zyor © Zpor @ ... D Zyon—a, Where ag > ag > ... > g > 1. By
the proof of previous lemma we have a, < m+ 1. If ap < m, then a3 > 2 and
we have

n(n —1)

5 —t = ag+2az3+..+(n—a—1)a,_,

(042+043+...+04n,a)+043—|—2a4+...—i—(n—a—?)an,a
m—a+m—-1)+2+2+3+...+n—a—2)
m—a—=2)(n—a—1)

5 .

v

n—a-+m-+

Therefore n > W which is a contradiction by Lemma 2.1. Hence
the result holds.

Theorem 2.4 . Further to the previous notation and assumptions, let m =
k+s (k,s €Ny, exp(G) = p* "1 and exp(M(Q)) + exp(SaM(G)) = pktr.
Then

G = Zpa—k+1 I, pr ) Zpk+r—x ) thl @D...P thf ) Zp P ...PD Zp ,
n—a—(f+3)—copies
where
r=k—s+2r—=3+3h -1+ ...+ (f+2)(hy—1), hy > hy > ... >h;>2,
and f < —r+ 2.

Proof. Let G = Zyor @ Zipos @ ... © Zpen-a, Where oy > g > ... > yq.
By Theorem 1.2 and Remark 1.3 it is easy to see that exp(M(G)) = p*?
exp(SoM(G)) = p*3, and so by hypothesis ap +a3 = k+r, and oy = a—k+1.
If a3 = 1, then it is easy to see that s = 0 and so exp(G) = a —m + 1. Hence
by Theorem 2.3 G = Zpa—mt1 @ Zpymir ©Zy © ... Ly .
N
n—a—2—copies

Now, we can assume that az > 2 and hence G may have the following
structure:

G = Zpa—k+1 &P pr ) Zpk-‘rr—x ) thl @D...P thf ) Zp P ...PD Zp ,
—_———
n—a—(f+3)—copies

where f >0 and hy > hg > ... > hy > 2. If f > 1 since G is a group of order
p", we have
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(a—k+1)+(k+7r)+(hi+...4+hf)+(n—a—f—3) =nso hy+...+hy = —r+f+2
and hence hy = —r+ f+2—hy — ... — hy_.

But hy > hy > ... > hf >2,sothat —r + f+2>2f andso 0 < f < —r + 2.
Now, by Theorem 1.2 we have

n?®—n—2t

5 =z+(14+2+...+n—a-—1),

where

z=x+2k+2r—2x+3h+4ho+ ...+ (f+2)h—(1+2+ ...+ f+2).

Thus
2z4+ala+1)+2t
n= .
2a
On the other hand by the hypothesis n = Q(HSHZ{E&HH%, hence we have

z =k + s, and the result follows.

Corollary 2.5 . With the notation and assumptions of previous theorem
we have

(i) G = Ziparor @ Lpp—s1 @ Lipstr Ly, & ... D Zy, if r=2;
N—————

n—a—3—copies
(ZZ) G= Zpa—chrl %, Zpkfs+2 P Zps—l & Zp2 P Zp P ... P Zp, Zf r = 1;
—_———
n—a—4—copies
(i) if r = 0, then
Zpa—k+1 @ Zpk—s+4 @ Zp574 @ Zp2 @ Zp2 @ Zp @ @ Zp
—_——

n—a—>5—copies

G

I

or
Zpa7k+1 D Zpk75+3 D Zp573 D Zps D Zp D...D Zp ;
—_——
n—a—4—copies
(iv) if r = —1, then
Zpa—k+1 ) Zpk—s+8 P Zps—g P Zp4 P Zp P ...P Zp
—_——

n—a—4—copies

Zpa7k+1 ) Zpk75+5 ) Zpsfﬁ ) Zps () Zp2 () Zp b ... Zp
—_——

@
I

n—a—>5—copies

Zpa—k+1 ) Zpk—s+7 ) Zps—S P sz &P sz &P Zp2 P Zp P ... P Zp
N—_— ———

n—a—6—copies

Proof. i) If r = 2, then f = 0. Therefore

G g Zpa—k+1 @ Zpac @ Zpk+r—ac @ Zp @ @ Zp,
—_——

n—a—3—copties
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where x = k — s + 1. Hence the result follows.
i) Ifr=1, then f=0,1. If f=0,thenn=a—-k+1+k+14+n—a—-3
which is a contradiction. Then f =1 and

G g Zpafkﬁ»l @ Zpa: @ Zpk+rfz @ th1 @ Zp @ @ Zp7
—_————

n—a—4—copies

where hy = —r+ f+2=2andz=k—s+24+6—-(14+42+3) =k —s+2.
Hence the result follows.

iii) If » =0, then f =0,1,2. If f =0, then hy + ha+ ... + hy = 0 but we have
hi +hy+ ...+ hy = —r + f +2 = 2 which is a contradiction. If f =1, then
r=k—s+4andif f =2, thenx =k — s+ 3.

iv)By a routine calculation similar to (ii) the result holds.

Note that we can continue the above corollary for other integers r < —1,
but with a boring calculations.
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