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Abstract

In [1], a sufficient condition had been given for the class SH(c).
We show that these coefficient conditions are also necessary when h
has negative and g has positive coefficients. These lead to distortion
bounds.
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1. Introduction

Let U = {z : |z] < 1} denote the open unit disc and Sy denote the class
of all complex-valued, harmonic and sense-preserving univalent functions f in
U normalized by f(0) = f.(0) —1 = 0. Each f € Sy can be expressed as
f=h+7g, where

h(z) =z + Zanz”, g(z) = Z by 2" (1)

are analytic in U.A necessary and sufficient condition for f to be locally univa-
lent and sense-preserving in U is that |A/(2)| > |¢'(2)| in U. Clunie and Sheil-
Small [2] studied Sy together with some geometric subclasses of Sg. Observe
that Sy reduces to S, the class of normalized univalent analytic functions, if
the co-analytic part of f is zero.

On the other hand, Sakaguchi [3] introduced the class Ss of analytic univa-
lent functions in U which are starlike with respect to symmetrical points. An
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analytic function f is said to be starlike with respect to symmetrical points if
and only if

22(2)
f(z) = f(=2)
Extending the definition (2) to include the harmonic functions in [1], Ahuja

and Jahangiri denoted the class SH(«) of complex-valued, sense-preserving,
harmonic starlike functions f of the form (1) which satisfy the condition

o eareen
J‘“{f(rew) = f(—rew>} zo @

Re > 0. (2)

where z =re®?, 0 <r<land 0<6 <27 .
We further denote by FH(«) of the subclasses of SH(«) such that the
functions h and ¢ in f = h + g are of the form

h(z)=z— Zanz”, g(z) = anz” A, by >0 (4)
n=2 n=1

In this paper, we provide that coefficient condition which had proved suf-
ficient in [1] is necessary when h has negative and g has positive coefficients.
Furthermore we give distortion bounds for functions in this class.

2. Main Results

Firstly, we shall need the following lemma which include a sufficient condition
for harmonic functions in SH(«) in [1].

Lemma For h and g as in (1), let the harmonic function f = h + g satisfy

= [2(n—1) 2n—1-a 2n—1+a
- - n— - n— 71)71— SQ
Z{ 1 — o (lagn—2| + |ban—2|) + 1 — 4 |agn—1] + 1 — 4 |ba 1’}
(5)

where a; = 1 and 0 < o < 1. Then f is sense-preserving harmonic univalent
in U, and f € SH(a).

n=1

Theorem 1 Let f = h+ g be given by (4). Then f € FH(«) if and only
if

= (2(n—1 n—1—« 2n—14+a«
3 {Mua%_g! o) £ 2 71172”_11} <2
— — —

1 1 1
(6)

n=1
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where a;y =1 and 0 < a < 1.

Proof . The if part follows from Lemma upon noting that if the analytic
and co-analytic parts of f = h+g € SH(«) are of the form (4) then f = h+g €
FH(c«). For the only part, we show that f ¢ FH(«) if the condition (6) does
not hold. Note that a necessary and sufficient condition for f = h + g given

i T'Cie
by (4) to be starlike of order a, 0 < v < 1, is that Re {WM} —a >
0, 0 < a < 1. This is equivalent to

0 < e { 2(zH(2) = 29 2)) } .
(h(=) = h(=2)) + (9() — (=)

o {2(1 —a)z—Y 2 ,2n—a+ (—1)"a))a,z" =Y 2 (2n+a — (—1)”04))bn?”}
22 =3, l,(1 = (=D)™)apz™ + 3507 (1 = (=1)")bypz"

2(1—a)z — Y00 5, 2(2n — 2)ag,—222" "2 + (2(2n — 1) — 2a)ag,—1 22"}

= Re
{ 2z — ZZOZQ 2a2n_122"—1 + Zzozl 2[)2”_152"_1

o0 (2(2n - 2)1)2”_252”_2 + (2(2n - 1) + 204))[)2”_152”_1

n=1
o8] — o8] =2n—1
22— 3 nlo 2000127 4+ 3000 2bgp 120

}

(1 — a)z — Z;?LOZQ 2(” — 1)a2n—222n_2 + (2TL —-1- a)agn_lz2”_1
2= Yl a2p 122 £ Y by 220

<|

S0 1 2(n — D)ban—222""2 + (2n — 1 + a)byp_122"!

If the condition (6) does not hold then

< (1 — a) — Enoozz 2(n — l)agn_z + (27’L —1- a)agn_l — Enoozl 2(7’L — 1)b2n_2 + (27’L -1+ Oé)bgn_l

<0
14+ 3 oloa2m—1+ 202y ban—1 -

that is,

e} e}

(1 — a) — Z 2(TL — 1)a2n_2 + (QTL —-1- Oé)agn_l — Z 2(TL — 1)b2n_2 + (QTL -1+ Oé)bgn_l <0

n=2 n=1

Hence f ¢ FH(a) and so the proof is complete.
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Theorem 2 . If f € FH(«) then

1— 1
]f(z)]ﬁ(l—l—bﬁr—l—( 2&— ;&]bll)TZ, |z| =r <1,
and
l—-a 14+«
]f(z)lz(l—bl)r—( 7 T 3 ]bll)r2, |z| =r < 1.

Proof . Let f € FH(«). Taking the absolute value of f(z) we obtain

’f(Z)’ < (1 + b1)7’ + Z(GQn—Q + b2n_2)7,2n—2 —+ Z(a2n_1 + b2n_1)7,2n—1

n=2 n=2

o0 o0

< (1+by)r +7r° Z(a2n—2 + bop_g) + 12 Z(a2n—1 + bop—1)T

n=2 n=2

o0

=, 2
r? Z(m)(GQn—Q + boy o) + 77 Z(a2n—1 + ban—1)r

n=2 n=2

l—«o

= (L4 b)r + 5

o0

11—« 2(n—1
< (L4 by)r + 5 7“22 %&)(Cwnﬁ + ban—2)

n—

1— 1
<(1+b)r+ 20‘7«2 (1_ “‘bl), by (6)

l—a 1+«
:(1—|—bl)r+( - bl)ﬁ,

and

o0

1f(z)] > (1 —by)r — Z(a2n—2 + b2n—2)7’2n_2 + Z(a2n—1 + b2n—1)7’2n_1

n=2 n=2
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>(1—by)r— r? Z(a2n—2 + bon—2) + r? Z(a2n—1 + bop—1)r
n=2 n=2
& x x
=(1—b)r — r? Z )(azn-2 + ban—2) +1° Y (azn-1 + ban1)r
n=2 n=2

= 2(n —1)
&T2 (n

>(1—by)r— (agn—2 + ban_2)

n=2

2n —1—-« n—14+a«
+r Z ———Qop—1 T ﬁb%q

11—« 14+«
> (1—0b))r— 21— b by(6
> ( 17 5 7"( 1_&1), y(6)

l—a 1+«
:(1—bl)r—( - bl)ﬁ,

The following covering result follows from the left hand inequality in The-
orem 2.

Corollary  If f € FH(«) then
{w: lw| < 1+&_;3+&)bl} C f(U).
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