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Abstract

In this paper we study n-dimensional compact CR-submanifolds of
(n−1) CR-dimension immersed in a complex projective space CP (n+p)/2.
Especially we provide necessary conditions in order for such a subman-
ifold to be a geodesic hypersphere in CP (n+p)/2 in terms with sectional
curvature.
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1 Introduction

Let M be an n-dimensional CR-submanifold of maximal CR-dimension iso-
metrically immersed in a complex space form M (n+p)/2(c). Denoting by (J, g)
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the Kählerian structure of M (n+p)/2(c), it follows by definition (cf. [2,5,6,9,12])
that the dimension of the maximal J-invariant subspace

Dx := TxM ∩ JTxM

of the tangent space TxM of M is (n− 1) at any point x ∈ M . So there exists
a unit vector field U1 tangent to M such that

D⊥
x = Span{U1}, ∀x ∈ M,

where D⊥
x denotes the subspace of TxM complementary orthogonal to Dx.

Moreover, the vector field ξ defined by

ξ := JU1 (1.1)

is normal to M and satisfies

JTM ⊂ TM ⊕ Span{ξ}.

Hence we have, for any tangent vector field X and for a local orthonormal
basis {ξα ; α = 1, . . . , p} (ξ1 := ξ) of normal vectors to M , the following
decomposition in tangential and normal components :

JX = FX + u1(X)ξ1, (1.2)

Jξα = −Uα + Pξα, α = 1, . . . , p. (1.3)

Since the structure (J, g) is hermitian and J2 = −I, we can easily see from
(1.2) and (1.3) that F and P are skew-symmetric linear endomorphisms acting
on TxM and T⊥

x M , respectively, and that

g(FUα, X) = −u1(X)g(ξ1, P ξα), (1.4)

g(Uα, Uβ) = δαβ − g(Pξα, P ξβ), (1.5)

where T⊥
x M denotes the normal space of M at x and g the metric on M

induced from g. Furthermore, we also have

g(Uα, X) = u1(X)δ1α (1.6)

and consequently

g(U1, X) = u1(X), Uα = 0, α = 2, . . . , p. (1.7)
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Next, applying J to (1.2) and using (1.3) and (1.7), we have

F 2X = −X + u1(X)U1, u1(X)Pξ1 = −u1(FX)ξ1, (1.8)

from which, taking account of the skew-symmetry of P and (1.4),

u1(FX) = 0, FU1 = 0, u1(U1) = 1, P ξ1 = 0. (1.9)

Thus (1.3) may be written in the form

Jξ1 = −U1, Jξα = Pξα, α = 2, . . . , p. (1.10)

Those equations tell us that (F, g, U1, u
1) defines an almost contact met-

ric structure on M (cf. [2,5,6,8,10,12]). Recently Okumura and Vanhecke
[12] studied CR-submanifolds of maximal CR-dimension admitting normal al-
most contact metric structure when M (n+p)/2(c) is a complex projective space
CP (n+p)/2 and proved the following theorem as an improvement of a theorem
provided by Okumura [10, Theorem 4.4, p.363] :

Theorem O-V. Let M be an n-dimensional CR-submanifold of (n− 1) CR-
dimension isometrically immersed in CP (n+p)/2 and let the distinguished nor-
mal vector field ξ is parallel with respect to the normal connection. If the almost
contact metric structure of M is normal, or equivalently if FA1 = A1F , then
M is locally isometric to MC

n1,n2
(r1, r2), where A1 denotes the shape operator

in direction of ξ and

MC
n1,n2

(r1, r2) := π(S2n1+1(r1) × S2n2+1(r2))

for some portion (n1, n2) of (n− 1)/2 and some r1, r2 such that r2
1 + r2

2 = 1 (π
is the Hopf fibration : Sn+p+1(1) → CP (n+p)/2).

On the other hand, in his paper [4], Kon provided

Theorem K. Let M be a compact, minimal real hypersurface of CP (n+1)/2.
If the minimum of sectional curvatures of M is 1/n, then M is the geodesic

minimal hypersphere MC
0,(n−1)/2 := MC

0,(n−1)/2(
√

1
n+1

,
√

n
n+1

).

In this paper we shall study CR-submanifolds of (n−1) CR-dimension iso-
metrically immersed in CP (n+p)/2 and improve Theorem K by using Theorem
O-V.

2 Preliminaries

We first let M be as in §1 and use the same notations as shown in that section.
We denote by ∇ and ∇ the Levi-Civita connection on M (n+p)/2(c) and M ,
respectively. Then Gauss and Weingarten equations are given by

∇XY = ∇XY + h(X, Y ), (2.1)
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∇Xξα = −AαX + ∇⊥
Xξα, α = 1, . . . , p (2.2)

for any vector fields X, Y tangent to M . Here ∇⊥ denotes the normal con-
nection induced from ∇ on the normal bundle TM⊥ of M , and h and Aα the
second fundamental form and the shape operator in direction of ξα, respec-
tively. It is clear that h and Aα are related by

h(X, Y ) =

p∑
α=1

g(AαX, Y )ξα.

Especially, we put

∇⊥
Xξα =

p∑
β=1

sαβ(X)ξβ. (2.3)

Then (sαβ) is the skew-symmetric matrix of connection forms of ∇⊥.
Now, by using (2.1)-(2.3) and taking account of the Kähler condition ∇J =

0, we differentiate (1.2) and (1.3) covariantly and compare the tangential and
normal parts. Then we can easily find that

(∇XF )Y = u1(Y )A1X − g(A1Y, X)U1, (2.4)

(∇Xu1)Y = g(FA1X, Y ), (2.5)

∇XU1 = FA1X, (2.6)

g(AαU1, X) = −
p∑

β=2

s1β(X)Pβα, α = 2, . . . , p (2.7)

for any X, Y tangent to M , where we have put Pξα =
∑p

β=2 Pαβξβ for 2 ≤
α ≤ p.

In the rest of this paper we assume that the distinguished normal vector
field ξ1 := ξ is parallel with respect to the normal connection ∇⊥. Then (2.3)
gives

s1α = 0, α = 2, . . . , p, (2.8)

which together with (2.7) yields

AαU1 = 0, α = 2, . . . , p. (2.9)
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On the other hand the ambient manifold M (n+p)/2(c) is of constant holomor-
phic sectional curvature c and consequently its Riemannian curvature tensor
R satisfies

R(X, Y )Z =
c

4
{g(Y , Z)X − g(X, Z)Y + g(JY , Z)JX

− g(JX, Z)JY − 2g(JX, Y )JZ}

for any X, Y , Z tangent to M (n+p)/2(c) (cf. [1,13]). So, equations of Gauss,
Codazzi and Ricci imply

R(X, Y )Z =
c

4
{g(Y, Z)X − g(X, Z)Y

+ g(FY, Z)FX − g(FX, Z)FY − 2g(FX, Y )FZ}
+

∑
α

{g(AαY, Z)AαX − g(AαX, Z)AαY },
(2.10)

(∇XA1)Y − (∇Y A1)X

=
c

4
{g(X, U1)FY − g(Y, U1)FX − 2g(FX, Y )U1},

(2.11a)

(∇XAα)Y − (∇Y Aα)X

=

p∑
β=2

{sβα(Y )AβX − sβα(X)AβY }, α = 2, . . . , p,
(2.11b)

[A1, Aα] = 0, α = 2, . . . , p (2.12)

for any X, Y, Z tangent to M with the aid of (2.8), where R denotes the
Riemannian curvature tensor of M with respect to g.

From now on we prepare some algebraic identities for later use. Putting

V := ∇U1U1 − (divU)U, (2.13)

it follows from (1.8), (1.9) and (2.6) that

V = FA1U1, (2.14)

g(U1, V ) = 0, (2.15)

FV = −A1U1 + λU1, (2.16)

g(V, V ) = μ − α2, (2.17)
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where here and in the sequel we put

λ = g(A1U1, U1) = u1(A1U1), μ = g(A2
1U1, U1). (2.18)

It follows easily from (2.15) and (2.16) that

g(A1U1, V ) = 0. (2.19)

Also (2.6), (2.15) and (2.16) imply

u1(∇XV ) = g(λA1U1 − A2
1U1, X). (2.20)

Taking an orthonormal basis

{ei}i=1,...,n = {ea, ea∗ , en = U1}a=1,...,m (m := (n − 1)/2)

of tangent vectors to M such that ea∗ := Fea, we can obtain that

divV =

n∑
i=1

g(∇ei
V, ei) =

m∑
a=1

g((∇FeaA1)ea − (∇eaA1)Fea, U1)

+ λ(trA1) − μ −
m∑

a=1

g(A1Fea, FA1ea)

(2.21)

with the aid of (1.8), (2.14) and (2.18). Since (2.11) implies

m∑
a=1

g((∇FeaA1)ea − (∇eaA1)Fea, U1) =
c

4
(n − 1),

(2.21) reduces to

divV = λ(trA1) − μ +
c

4
(n − 1) −

m∑
a=1

g(A1Fea, FA1ea). (2.22)

On the other hand, (2.6) yields

(LU1g)(X, Y ) = g((FA1 − A1F )X, Y )

and consequently

1

2
‖LU1g‖2 =

1

2

n∑
i=1

g((FA1 − A1F )(FA1 − A1F )tei, ei)

= trA2
1 − μ −

m∑
a=1

g(A1Fea, FA1ea).

(2.23)
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Hence (2.22) and (2.23) yield

1

2
‖LU1g‖2 = divV − {λ(trA1) − trA2

1 +
c

4
(n − 1)} (2.24)

or equivalently

divV =
1

2
‖FA1 − A1F‖2 + λ(trA1) − trA2

1 +
c

4
(n − 1). (2.24′)

Finally, we introduce several lemmas provided in [5] for later use.

Lemma 2.1. Let M be an n-dimensional CR-submanifold of (n − 1) CR-

dimension in a complex space form M
(n+p)/2

(c) of constant holomorphic sec-
tional curvature c and let the distinguished normal vector field ξ be parallel
with respect to the normal connection. Then

‖∇A1‖2 ≥ {(n − 1)/8}c2.

Lemma 2.2. Let M be as in Lemma 2.1 with c �= 0. If FA1 = A1F, then
‖∇A1‖2 = {(n − 1)/8}c2 and

A2
1X = λA1X +

c

4
{X − u1(X)U1}. (2.25)

Moreover, in this case

A1U1 = λU1 (2.26)

and the function λ = u(A1U) is locally constant.

Lemma 2.3. Let M be as in Lemma 2.1 with c �= 0. If FA1 = A1F, then

FAα + AαF = 0, trAα = 0, α = 2, . . . , p. (2.27)

Proof. Differentiating (2.9) covariantly and using (2.6), we have

(∇XAα)U1 + AαFA1X = 0,

or equivalently

g((∇XAα)Y, U1) + g(AαFA1X, Y ) = 0 (2.28)

for any vector fields X, Y tangent to M . By means of (2.9), (2.11b), (2.12) and
the assumption FA1 = A1F , it can be easily verified from (2.28) that

(AαF + FAα)A1X = 0. (2.29)

Inserting A1X into (2.29) instead of X and using (2.9), (2.25) and (2.29) itself,
we have the first equation of (2.27). The second equation of (2.27) can be easily
followed from the fact that Aα = FAαF , which is a direct consequence of (1.8),
(2.9) and the first equation of (2.27).
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3 Proof of main theorems

In this section we assume that the ambient manifold is a complex projective
space CP (n+p)/2 of constant holomorphic sectional curvature 4. Suppose that
the distinguished normal vector field ξ is parallel with respect to the normal
connection and that the trace of the shape operator A1 corresponding to ξ
vanishes, that is,

trA1 = 0. (3.1)

Then, from (2.11a) with c = 4 and s1β = 0, we have

∑
(∇iA1)ei = 0, (3.2)

where {ei}i=1,...,n is the orthonormal basis given in §2 of tangent vectors to M
and ∇i := ∇ei

.
Using (2.4)-(2.6) and (3.2), we can easily obtain

∑
(∇i∇iA1)X =

∑
(R(ei, X)A1)ei − 3{g(A1U, X)U − FA1FX}

for any vector field X tangent to M . Hence we have

g(∇2A1, A1) =
∑
i,j

g((R(ei, ej)A1)ei, A1ej)

− 3{μ −
∑

g(A1FA1Fei, ei)}.
(3.3)

Taking account of the Laplacian of trA2
1, we have

∫
M

‖∇A1‖2 ∗ 1 = −
∫

M

g(∇2A1, A1) ∗ 1. (3.4)

On the other hand, it follows from Lemma 2.1 that

0 ≤
∫

M

{‖∇A1‖2 − 2(n − 1) +
1

2
‖FA1 − A1F‖2} ∗ 1,

Moreover, (3.3) and (3.4) yield

∫
M

{‖∇A1‖2 − 2(n − 1) +
1

2
‖FA1 − A1F‖2} ∗ 1

=

∫
M

{1

2
‖FA1 − A1F‖2 − 2(n − 1) + 3(μ −

∑
g(A1FA1Fei, ei))

−
∑
i,j

g((R(ei, ej)A1)ei, A1ej)} ∗ 1,
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from which together with (2.23) and (2.24′) with c = 4, we obtain

0 ≤
∫

M

{‖∇A1‖2 − 2(n − 1) +
1

2
‖FA1 − A1F‖2} ∗ 1

=

∫
M

{trA2
1 −

∑
i,j

g((R(ei, ej)A1)ei, A1ej)} ∗ 1.
(3.5)

Now we choose an orthonormal frame {ej} of M such that

A1ej = λjej (j = 1, . . . , n).

Then it is clear that
∑
i,j

g((R(ei, ej)A1)ei, A1ej) =
∑
i,j

{g((R(ei, ej)A1ei, A1ej) − g(A1R(ei, ej)ei, A1ej)}

=
1

2

∑
i,j

(λi − λj)
2Kij ,

where Kij denotes the sectional curvature of the plane section spanned by
{ei, ej}. Hence, if the minimum of the sectional curvature of M is 1/n, the
above equation implies

∑
i,j

g((R(ei, ej)A1)ei, A1ej) ≥ 1

2n

∑
i,j

(λi − λj)
2 = trA2

1. (3.6)

Comparing (3.5) with (3.6), we have

FA1 = A1F.

Combining those results and Lemma 2.3, we have

Theorem 3.1. Let M be an n-dimensional compact CR-submanifold of
(n − 1) CR-dimension in CP (n+p)/2 and let the distinguished normal vector
field ξ be parallel with respect to the normal connection. If the trace of the
shape operator A1 in direction of ξ vanishes and if the minimum of sectional
curvatures of M is 1/n, then

FA1 = A1F (3.7)

at any point in M . Hence M is minimal and

FAα + AαF = 0, α = 2, . . . , p. (3.8)

By means of Theorem 3.1 we can obtain the following theorem under ad-
ditional condition :
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Theorem 3.2. Let M be an n-dimensional compact CR-submanifold of
(n− 1) CR-dimension in CP (n+p)/2 and assume that there exists an orthonor-
mal basis {ξ, ξα}α=2,...,p of normal vectors to M each of which is parallel with
respect to the normal connection. If the trace of the shape operator A1 in di-
rection of ξ vanishes and if the minimum of sectional curvatures of M is 1/n,
then there is an (n + 1)-dimensional totally geodesic complex projective space
CP (n+1)/2 of CP (n+p)/2 such that M ⊂ CP (n+1)/2.

Proof. Under our assumptions it follows from Theorem 3.1 that

trAα = 0, α = 2, . . . , p.

Moreover, it is clear from (2.11b) that, for any vector fields X, Y tangent to
M ,

(∇XAα)Y − (∇Y Aα)X = 0

since sαβ = 0, 1 ≤ α, β ≤ p., and consequently

∑
(∇iAα)ei = 0,

where {ei}i=1,...,n is the orthonormal basis given in §2 of tangent vectors to M .
Hence we have ∑

(∇i∇iAα)X =
∑

(R(ei, X)Aα)ei

for any vector field X tangent to M , and so

g(∇2Aα, Aα) =
∑
i,j

g((R(ei, ej)Aαei, Aαej).

Taking account of the Laplacian of trA2
α, we have

∫
M

‖∇Aα‖2 ∗ 1 = −
∫

M

g(∇2Aα, Aα) ∗ 1,

which implies

0 ≤
∫

M

‖∇Aα‖2 ∗ 1 = −
∫

M

∑
i,j

g((R(ei, ej)Aα)ei, Aαej) ∗ 1. (3.9)

As was shown in the proof of Theorem 3.1, we choose an orthonormal frame
{ej} of M such that

Aαej = μjej (j = 1, . . . , n).

Then we have

∑
i,j

g((R(ei, ej)Aα)ei, Aαej) =
1

2

∑
i,j

(μi − μj)
2Kij .
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Hence, if the minimum of sectional curvatures of M is 1/n, the above equation
and (3.9) yield

∇XAα = 0, α = 2, . . . , p (3.10)

for any vector field X tangent to M .
On the other hand, differentiating (3.8) covariantly and using (2.4), (2.9)

and (3.10), we have

u1(X)AαA1Y − g(A1AαX, Y )U1 = 0

for any vector fields X, Y tangent to M . Putting X = U in this equation and
using (1.9) and (2.9), we have

AαA1Y = 0,

from which, inserting A1Y instead of Y and taking account of (2.25) with
c = 4,

Aα = 0, α = 2, . . . , p.

Now we put N0(x) := {η ∈ T⊥
x M |Aη = 0} and let H0(x) be the maximal

J-invariant subspace of N0(x), that is, H0(x) = JN0(x) ∩ N0(x). Then the
orthogonal complement H1(x) of H0(x) in T⊥

x M is Span{ξ}, which is invariant
under parallel translation with respect to the normal connection under our
assumption. Therefore we can apply Okumura’s codimension reduction theo-
rem provided in [11, Theorem 4.1, p. 579], which completes the proof of our
theorem.

Combining Theorem 3.2 and Theorem O-V, we have

Theorem 3.3. Let M be as in Theorem 3.2. If the trace of the shape opera-
tor A1 in direction of ξ vanishes and if the minimum of sectional curvatures of
M is 1/n, then M is isometric to the geodesic minimal hypersphere MC

0,(n−1)/2

of CP (n+1)/2.

Proof. By means of Theorem 3.1 and Theorem 3.2, M is a minimal real hyper-
surface in a complex projective space CP (n+1)/2 and, moreover, satisfies (3.7).
Hence Theorem O-V or [10, Theorem 4.4, p.363] yields that M is isometric to

MC
n1,n2

(
√

2n1+1
n+1

,
√

2n2+1
n+1

) for some portion (n1, n2) of (n − 1)/2. On the other

hand, using (2.25) with c = 4 and (2.26), we can easily see that the minimum

of sectional curvatures of MC
0,(n−1)/2 is 1/n and that of MC

n1,n2
(
√

2n1+1
n+1

,
√

2n2+1
n+1

)

(n1, n2 ≥ 1) is zero, which completes the proof of our theorem.

From Theorem 3.3, we immediately have
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Corollary 3.4. ([4]) Let M be a compact, minimal real hypersurface of a
complex projective space CP (n+1)/2. If the minimum of sectional curvatures of
M is 1/n. Then M is isometric to the geodesic minimal hypersphere MC

0,(n−1)/2.
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