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Abstract

In this paper we study n-dimensional compact C R-submanifolds of
(n—1) C R-dimension immersed in a complex projective space cptp)/2,
Especially we provide necessary conditions in order for such a subman-
ifold to be a geodesic hypersphere in C'P("*P)/2 in terms with sectional

curvature.
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1 Introduction

Let M be an n-dimensional C R-submanifold of maximal C R-dimension iso-
metrically immersed in a complex space form M ™*P)/2(¢c). Denoting by (J,7)
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the Kihlerian structure of M™+P)/2(c), it follows by definition (cf. [2,5,6,9,12])
that the dimension of the maximal .J-invariant subspace

D, =T,MNJI,M

of the tangent space T, M of M is (n— 1) at any point x € M. So there exists
a unit vector field U; tangent to M such that

Dy = Span{U,}, "z € M,

where D denotes the subspace of T,M complementary orthogonal to D,.
Moreover, the vector field £ defined by

is normal to M and satisfies
JTM C TM & Span{{}.

Hence we have, for any tangent vector field X and for a local orthonormal
basis {{, ; a = 1,...,p} (& = &) of normal vectors to M, the following
decomposition in tangential and normal components :

JX = FX +u'(X)&, (1.2)
JE = -Uy+ P&, a=1,....p. (1.3)
Since the structure (J,g) is hermitian and J? = —1I, we can easily see from

(1.2) and (1.3) that F' and P are skew-symmetric linear endomorphisms acting
on T, M and T} M, respectively, and that

9(FU, X) = —u! (X)g(&1, P&a), (1.4)

g(Ua: Uﬁ) = 5016 - g(Pga: pgﬁ): (15>

where TF M denotes the normal space of M at x and g the metric on M
induced from g. Furthermore, we also have

9(Ua, X) = u'(X)d14 (1.6)
and consequently

g(UhX):ul(X)? Ua:ov OZ:2,...,p. (]‘7>
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Next, applying J to (1.2) and using (1.3) and (1.7), we have
F2X = —X + W (X)U), u'(X)P& = —u (FX)&, (1.8)
from which, taking account of the skew-symmetry of P and (1.4),
W (FX)=0, FU =0, «(U)=1 P&=0. (1.9)
Thus (1.3) may be written in the form
J& = =Uy, J& =P, a=2,...,p. (1.10)

Those equations tell us that (F,g,U;,u') defines an almost contact met-
ric structure on M (cf. [2,5,6,8,10,12]). Recently Okumura and Vanhecke
[12] studied C R-submanifolds of maximal C'R-dimension admitting normal al-
most contact metric structure when M ("+2)/2 (c) is a complex projective space
CP™t2)/2 and proved the following theorem as an improvement of a theorem
provided by Okumura [10, Theorem 4.4, p.363] :

Theorem O-V. Let M be an n-dimensional C R-submanifold of (n —1) CR-
dimension isometrically immersed in CP"P)/2 and let the distinguished nor-
mal vector field & is parallel with respect to the normal connection. If the almost
contact metric structure of M is normal, or equivalently if FA; = A1 F , then
M s locally isometric to M,?lm (r1,72), where Ay denotes the shape operator
in direction of & and

ME . (r1,ma) == (S (1) x 5272 (1ry))

ni,n2
for some portion (ny,ns) of (n—1)/2 and some 1,75 such that 3 +r3 =1 (m
is the Hopf fibration : S"P+1(1) — C P+p)/2),
On the other hand, in his paper [4], Kon provided
Theorem K. Let M be a compact, minimal real hypersurface of CP"+D/2.
If the minimum of sectional curvatures of M is 1/n, then M is the geodesic

minimal hypersphere M(f(n—l)/Q = M(f(n—1)/2(1 /g )

In this paper we shall study C'R-submanifolds of (n —1) C'R-dimension iso-
metrically immersed in C P*P)/2 and improve Theorem K by using Theorem
O-V.

2 Preliminaries

We first let M be as in §1 and use the same notations as shown in that section.
We denote by V and V the Levi-Civita connection on M®*P)/2(¢) and M,
respectively. Then Gauss and Weingarten equations are given by

VxY =VxY +h(X,Y), (2.1)
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Vixéa = —AX + Vi, a=1,...,p (2.2)

for any vector fields X,Y tangent to M. Here V* denotes the normal con-
nection induced from V on the normal bundle TM* of M, and h and A, the
second fundamental form and the shape operator in direction of &,, respec-
tively. It is clear that h and A, are related by

p
hX,Y) = g(AuX,Y ).
a=1
Especially, we put

Vo =Y sas(X)és. (2.3)
p=1

Then (sas) is the skew-symmetric matrix of connection forms of V.

Now, by using (2.1)-(2.3) and taking account of the Kihler condition V.J =
0, we differentiate (1.2) and (1.3) covariantly and compare the tangential and
normal parts. Then we can easily find that

(VxF)Y =u'(Y)A X — g(AY, X)Uj, (2.4)
(Vxuh)Y = g(FAX,Y), (2.5)
VxU; = FAlX, (26)
p
9(AuU1, X) = = " 515(X)Poa; @ =2,...,p (2.7)
=2
for any X,Y tangent to M, where we have put P¢, = gzg P,sép for 2 <

a < p.

In the rest of this paper we assume that the distinguished normal vector
field & = & is parallel with respect to the normal connection V+. Then (2.3)
gives

S1a =0, a=2,...,p, (2.8)
which together with (2.7) yields

AU =0, a=2,...,p. (2.9)



Sectional curvature of C R-submanifolds of maximal C R-dimension 509

On the other hand the ambient manifold M ("*?)/2(¢) is of constant holomor-
phic sectional curvature ¢ and consequently its Riemannian curvature tensor
R satisfies

R(X.Y)Z = H{5(Y. 2)X —g(X.2)Y +3(JY. 2)JX
—-9(JX,2)JY —29(JX,Y)JZ}

for any X,Y,Z tangent to M™+P)/2(c) (cf. [1,13]). So, equations of Gauss,

Codazzi and Ricci imply

R(X,Y)Z zz{g(Y, X — g(X, 2)Y
+9(FY,Z)FX — g(FX, Z)FY —2g(FX,Y)FZ}  (2.10)
+ 3 {9(AY, Z)AX — g(AX, 2)AsY ),

(VXAl)Y — (VyAl)X

211,
= S9(XU)FY — g(V.U)FX — 29(FX.Y)U3}, —
(VxA)Y — (Vy A X
p
=Y {s5u(V) 45X — s5a(X) A5V}, a=2,..,p, (2.11,)
5=2
[A1, Al =0, a=2,...,p (2.12)

for any XY, Z tangent to M with the aid of (2.8), where R denotes the
Riemannian curvature tensor of M with respect to g.
From now on we prepare some algebraic identities for later use. Putting

V=V, Uy — (divU)U, (2.13)

it follows from (1.8), (1.9) and (2.6) that

V = FAlUl, (214)
g(U, V) =0, (2.15)
FV = —A1U1+)\U1, (216)

g(V,V) = p—a?, (2.17)
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where here and in the sequel we put
A= g(AULU) =u' (A UY), p=g(AIUL,UL).
It follows easily from (2.15) and (2.16) that
g(A U, V) =0.
Also (2.6), (2.15) and (2.16) imply
ut(VxV) = g\\A U, — AU, X).
Taking an orthonormal basis
{ei}imt,.n = {€as a0 = Uthamt,.m (M= (n—1)/2)

of tangent vectors to M such that e, := Fe,, we can obtain that

divV = g(VeVie) =Y 9(Vre,Ar)ea — (Ve, A1) Feg, Un)
i=1 a=1
+ A(trdy)) —p— Z g(Ai1Fe,, FAse,)
a=1

with the aid of (1.8), (2.14) and (2.18). Since (2.11) implies

m

> 9(Vee, Avea = (Ve, A Feq, Ur) = S(n = 1),

a=1

(2.21) reduces to

divV = N(trA,) — -+ z(n —1) = Y g(AiFe,, FAe,).

a=1
On the other hand, (2.6) yields
(Lug)(X,Y) = g((FA — A F)X,Y)

and consequently

1 1
§H£Ulgf|2 =3 > 9((FA = A\ F)(FA; — AjF)'e ;)

i=1

=trA? —p— Zg(AlFea, FAje,).
a=1

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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Hence (2.22) and (2.23) yield
1 , c
§H£U19H2 =divV — {\(trA;) —trA} + Z(n -1} (2.24)
or equivalently
1
divV = S|P AL = AP + A(trdy) — tra? + Z(n — ). (2.24')

Finally, we introduce several lemmas provided in [5] for later use.

Lemma 2.1. Let M be an n-dimensional C' R-submanifold of (n — 1) C'R-

dimension in a complex space form M(n+p)/2(c) of constant holomorphic sec-

tional curvature ¢ and let the distinguished normal vector field & be parallel
with respect to the normal connection. Then

IVA* = {(n = 1)/8}¢".

Lemma 2.2. Let M be as in Lemma 2.1 with ¢ # 0. If FA; = A F, then
IVAL]]?2 = {(n—1)/8}c* and

AZX = A X + Z{X — (X)L (2.25)
Moreover, in this case
AUy = AUy (2.26)
and the function A = u(A,U) is locally constant.
Lemma 2.3. Let M be as in Lemma 2.1 with ¢ # 0. If FA; = A F, then
FA,+AF =0, trA,=0, a=2,...,p. (2.27)
Proof. Differentiating (2.9) covariantly and using (2.6), we have
(VxA U + A FA X =0,
or equivalently
J(VxADY,U)) + g(AuFA X, Y) =0 (2.28)

for any vector fields X, Y tangent to M. By means of (2.9), (2.11;), (2.12) and
the assumption FFA; = Ay F, it can be easily verified from (2.28) that

(AuF + FA)ALX =0, (2.29)

Inserting A; X into (2.29) instead of X and using (2.9), (2.25) and (2.29) itself,
we have the first equation of (2.27). The second equation of (2.27) can be easily
followed from the fact that A, = F A, F, which is a direct consequence of (1.8),
(2.9) and the first equation of (2.27). O
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3 Proof of main theorems

In this section we assume that the ambient manifold is a complex projective
space C'P("tP)/2 of constant holomorphic sectional curvature 4. Suppose that
the distinguished normal vector field ¢ is parallel with respect to the normal
connection and that the trace of the shape operator A; corresponding to &
vanishes, that is,

trA; = 0. (3.1)
Then, from (2.11,) with ¢ =4 and s15 = 0, we have
Z(viAl)ei =0, (3.2)
,,,,,, » is the orthonormal basis given in §2 of tangent vectors to M
Using (2.4)-(2.6) and (3.2), we can easily obtain
D (ViViA)X = (R(ei, X)A)e; — 3{g(AU, X)U — FAFX}

for any vector field X tangent to M. Hence we have

V A17 Zg ezae] A1)617A163>
(3.3)
— 3{/.L — Zg AlFAlFei, 61)}
Taking account of the Laplacian of trA?, we have
/ [VA? %1 = —/ g(V2AL, A * 1, (3.4)
M M

On the other hand, it follows from Lemma 2.1 that
0< /M{HVA1H2 —2(n—1)+ %HFAl — A F|?} * 1,
Moreover, (3.3) and (3.4) yield
J U4 =20 = 1)+ SIFA — AP} 1

= / {EHFA1 —AF|? =2(n—1)+3(n— > _ g(AFAFe;e;))

—Zg (€i,e)Ar)e;, Arej)} 1,
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from which together with (2.23) and (2.24’) with ¢ = 4, we obtain

1
0< [ (IVAIE = 20— 1)+ FIFA — PP} +1

(3.5)
/{trA2 Zg (€i,e;)Ar)e;, Are;)} = 1.

Now we choose an orthonormal frame {e;} of M such that
Alej :)\jej (3:1,,71)
Then it is clear that

Zg el7ej Al 617A16j Z{g 6@76] AlezuAleg) (AIR(eiyej)eiaAlej)}

0,

where K;; denotes the sectional curvature of the plane section spanned by
{ei,e;}. Hence, if the minimum of the sectional curvature of M is 1/n, the
above equation implies

1
Zg (€i,ej)Ar)e;, Arej) > %Z(AZ —)\)? = A (3.6)
Y]

Comparing (3.5) with (3.6), we have
FA = AF.
Combining those results and Lemma 2.3, we have

Theorem 3.1. Let M be an n-dimensional compact CR-submanifold of
(n — 1) CR-dimension in CP"P)/2 and let the distinguished normal vector
field & be parallel with respect to the normal connection. If the trace of the
shape operator Ay in direction of & vanishes and if the minimum of sectional
curvatures of M is 1/n, then

at any point in M. Hence M is minimal and
FA,+AF =0, a=2,...,p. (3.8)

By means of Theorem 3.1 we can obtain the following theorem under ad-
ditional condition :
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Theorem 3.2. Let M be an n-dimensional compact C'R-submanifold of
(n—1) CR-dimension in C P™*P)/2 and assume that there exists an orthonor-

.....

respect to the normal connection. If the trace of the shape operator Ay in di-
rection of & vanishes and if the minimum of sectional curvatures of M is 1/n,

then there is an (n + 1)-dimensional totally geodesic complex projective space
CP"HD/2 of CPMHP/2 sych that M C CP™+D/2,

Proof. Under our assumptions it follows from Theorem 3.1 that
trA, =0, a=2,...,p.

Moreover, it is clear from (2.11;) that, for any vector fields X, Y tangent to
M,
(VxAd)Y — (VyA)X =0

since sop =0, 1 <a, < p., and consequently
Z(viAa)ei = 07
» is the orthonormal basis given in §2 of tangent vectors to M.

D (ViVida)X =) (R(e;, X)Ad)e:

for any vector field X tangent to M, and so

9(V?Aa, Ao) = g((Rles, ) Anei, Ane;).
2%

where {e;}i—1._.
Hence we have

Taking account of the Laplacian of trA2, we have

/ HVAaHQ*l:—/ (V2 A, A) %1,
M M

which implies
0< / [VAL? *1 = —/ Zg((R(ei,ej)Aa)ei,Aaej) * 1. (3.9)
M M

As was shown in the proof of Theorem 3.1, we choose an orthonormal frame
{e;} of M such that

Agej=pe; (j=1,...,n).

Then we have

> 9((R(ei ) Ad)es, Aaes) = % D (i — 1) K.

i,j i,J
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Hence, if the minimum of sectional curvatures of M is 1/n, the above equation

and (3.9) yield
VA, =0, a=2....p (3.10)

for any vector field X tangent to M.
On the other hand, differentiating (3.8) covariantly and using (2.4), (2.9)
and (3.10), we have

u'(X)AgAY — g(A1AX, YU, =0

for any vector fields X,Y tangent to M. Putting X = U in this equation and
using (1.9) and (2.9), we have

AaAly - 0,

from which, inserting A;Y instead of Y and taking account of (2.25) with
c=4,
Aa=0, a=2,...,p.

Now we put No(z) := {n € T+M|A, = 0} and let Hy(x) be the maximal
J-invariant subspace of Ny(x), that is, Ho(xz) = JNo(z) N No(x). Then the
orthogonal complement H(x) of Hy(z) in T+ M is Span{¢}, which is invariant
under parallel translation with respect to the normal connection under our
assumption. Therefore we can apply Okumura’s codimension reduction theo-
rem provided in [11, Theorem 4.1, p. 579], which completes the proof of our
theorem. O

Combining Theorem 3.2 and Theorem O-V, we have

Theorem 3.3. Let M be as in Theorem 3.2. If the trace of the shape opera-
tor Ay in direction of & vanishes and if the minimum of sectional curvatures of
M is 1/n, then M is isometric to the geodesic minimal hypersphere M(f(n—l)/Q

Of C«P(n+1)/2

Proof. By means of Theorem 3.1 and Theorem 3.2, M is a minimal real hyper-
surface in a complex projective space CP"*1/2 and, moreover, satisfies (3.7).
Hence Theorem O-V or [10, Theorem 4.4, p.363] yields that M is isometric to

M, (y/2dd /224 for some portion (ny,ny) of (n —1)/2. On the other
hand, using (2.25) with ¢ = 4 and (2.26), we can easily see that the minimum

of sectional curvatures of Mg, ), is 1/n and that of Mg, (4 /225, / QZil

(n1,ne > 1) is zero, which completes the proof of our theorem.

From Theorem 3.3, we immediately have
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Corollary 3.4. ([4]) Let M be a compact, minimal real hypersurface of a
complex projective space CP™H)/2 " If the minimum of sectional curvatures of

M is1/n. Then M is isometric to the geodesic minimal hypersphere M(f(nq)/z'

ACKNOWLEDGEMENTS. 'This work was supported by the Korea
Research Foundation Grant. (R14-2002-003-01002-0).

References

[1] A. Bejancu, C' R-submanifolds of a Kahler manifold I, Proc. Amer. Math.
Soc. 69 (1978), 135-142.

2] Y.-W. Choe and M. Okumura, Scalar curvature of a certain CR-
submanifold of a complex projective space Arch. Math. 68 (1997), 340-
346.

[3] U.-H. Ki and M. Kon, Minimal C'R submanifolds of a complex projective
space with parallel section in the normal bundle, Comm. Korean Math.
Soc. 12 ( 1997), 665-678.

[4] M. Kon, Real minimal hypersurfaces in a complex projective space, Proc.
Amer. Math. Soc. 79 (1980), 285-288.

[5] J.-H. Kwon and J. S. Pak, C'R-submanifolds of (n — 1) C'R-dimension in
a complex projective space, Saitama Math. J. 15 (1997), 55-65.

[6] J.-H. Kwon and J. S. Pak, n-dimensional C'R-submanifolds of (n — 1)
C R-dimension immersed in a complex space form, Comm. Korean Math.
Soc. 15 (1997), 55-65.

[7] H. B. Lawson, Jr., Rigidity theorems in rank-1 symmetric spaces, J. Diff.
Geom. 4 (1970), 349-357.

[8] Y. Maeda, On real hypersurfaces of a complex projective space, J. Math.
Soc. Japan 28 (1976), 529-540.

[9] R. Nirenberg and R. O. Wells Jr., Approximation theorems on differential
submanifolds of a complex manifold, Trans. Amer. Math. Soc. 142 (1965),
15-35.

[10] M. Okumura, On some real hypersurfaces of a complex projective space,
Trans. Amer. Math. Soc. 212 ( 1975), 355-364.

[11] M. Okumura, Codimension reduction problem for real submanifolds of
complex projective space, Collog. Math. Soc. Janos Bolyai 56 (1989),
574-585.



Sectional curvature of C R-submanifolds of maximal C R-dimension 517

[12] M. Okumura and L. Vanhecke, n-dimensional real submanifolds with
(n — 1)- dimensional maximal holomorphic tangent subspace in complex
projective spaces, Rendiconti del Circolo Mat. di. Palermo XLIII (1994),
233-249.

[13] K. Yano and M. Kon, CR submanifolds of Kaehlerian and Sasakian man-
ifolds, Birkhauser, Boston-Basel- Stuttgart, 1983.

Received: August 14, 2006



