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Abstract

Our aim in this paper is to prove Sobolev type inequality for mea-
surable functions by using serial expansion for the variable exponent
Lebesgue spaces and the corresponding Sobolev spaces. We also deter-
mine pre-limit exponent for measurable (may be discontinuous) func-
tions in Sobolev type inequality.
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1. Introduction

The variable exponent Lebesgue space Lp(x)(Ω) and the corresponding Sobolev
space W 1,p(x)(Ω) have been a subject of active research stimulated by develop-
ment of the studies of problems in elasticity, fluid dynamics, calculus of vari-
ations, and differential equations with p(x)−growth over the last decades [7].
We refer to [6,8] for fundamental properties of these spaces, to [1,2,3,4,5] for
Sobolev type inequalities.

O.Kováčik and J.Rákosńık [6] obtained Sobolev-type inequality

‖u ‖q (x), Ω ≤ C ‖∇ u ‖p (x), Ω ; u ∈ C∞
0 (Ω ) (1)

for continuous p(x) function, where a positive constant C is independent of u
and

1 ≤ q (x ) ≤ Np(x )

N − p (x )
− ε = p∗(x) − ε , 0 < ε <

1

N − 1
,

and they also showed that, in general, the Sobolev space W 1,p(x)(Ω) is not
embedding in Lp∗(x)(Ω).
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Later D.E.Edmunds and J.Rákosńık [3,4] proved W 1 ,p( x) (Ω) → Lp∗(x)(Ω)
for bounded lipschitz domain, where p(x) ∈ C0,1(Ω) and 1 ≤ p(x) ≤ q < N .

X.L.Fan, J.Shen and D.Zhao [5] investigated Sobolev-type embedding for
W k,p(x)(Ω), where Ω is an open domain in R

N with cone property, and p(x) is
a Lipschitz continuous function defined on satisfying 1 < p− ≤ p+ < N

k
.

Recently, L.Diening [1] has obtained embedding above for unbounded do-
main assuming that p (x) is constant at infinity and satisfies (w-Lip.)

| p (x) − p (y)| � C

− log |x − y| ; x, y ∈ R
N , |x − y| � 1

2
.

2. Definitions and Basic Facts

Let p : R
N → [1,∞) be a measurable function called the variable exponent on

R
N (N ≥ 2). We write p+ := sup

x∈�N

p(x) and p− := inf
x∈�N

p(x). We define the

variable exponent Lebesgue space Lp(x)(RN) to consist of measurable functions

f : R
N → R such that the modular Ip(f) :=

∫
�N

| f(x)| p(x) dx is finite. If p+ <

∞, then ‖ f ‖p(x) = inf
{
λ > 0 : Ip

(
f
λ

) ≤ 1
}
, defines a norm on Lp(x)(RN).

This makes Lp(x)(RN) a Banach space. Moreover, if ‖ f ‖p(x) ≤ 1 and only if

Ip(f) ≤ 1. If p is constant, then Lp(x) coincides with the classical Lebesgue
space Lp and so the notation can give rise to no confusion.

The corresponding Sobolev space W 1,p(x)(RN) is the class of all functions
f ∈ Lp(x)(RN) such that all generalized derivatives Dif, i = 1, . . . , n, belongs
to Lp(x)(RN ). Endowed with the norm ‖f‖1,p(x) = ‖f‖p(x) + ‖∇f‖p(x) it forms
a Banach space.

Let w be a locally integrable function on R
N such that w(x) > 0 for a.e.

x ∈ R
N . Suppose further that w satisfies

1.
∫

2B x
r

w(x)dx ≤ C
∫

Bx
r

w(x)dx for w ∈ A∞, ∃C > 0 and ball Bx
r ⊂ R

N

2. sup
r>0

x∈�N

r1−N

[ ∫
Bx

r

w(y)dy

]N−1
N

≤ C inf
Bx

r

w
N−1

N (x)

where Bx
r =

{
y ∈ R

N : |y − x| < r
}
. Then Gagliardo type inequality, can be

derived from [9],

( ∫
�N

∣∣∣ u(x)
N

N−1

∣∣∣w(x) dx

)N−1
N

� C

∫
�N

|∇u(x) |w(x)
N−1

N dx (2)

holds where u ∈ C∞
0 (RN ) and C is independent of the function u.
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3. Main Result

Theorem 1. Let p : R
N → [1,∞) be a measurable function such that 1 <

p− � p(x) � p+ < N . Define q : R
N → [1,∞) by

q(x) =
Np(x)

βp(x)(N − 1) − N(p(x) − 1)
< p∗(x)

where 1 < β � N
N−1

. Suppose further that the set of functions
{
qk+1(x)

}
satisfies

i)

∫
Bx

2r

qk(y)dy � σk

∫
Bx

r

qk(y)dy , σ � 1,

ii)

[
1

|Bx
r |
∫
Bx

r

qk(y)dy

] 1
k

� β N ∗
inf
Bx

r

q(y) , k = 1, 2, ...; β > 1.

Then there exists C > 0 such that (1) holds for u ∈ C∞
0 (RN ).

Proof. Let u ∈ C∞
0 (RN) and assume that ‖u‖q(x) = 1. Then

1 =

∫
�N

|u(x)|q(x) dx

=

∫
�N

( | u(x) |∫
0

q(x)tq(x)−1dt

)
dx =

∞∫
0

dt

( ∫
Gt

q(x) tq(x)−1dx

)

=

∞∫
0

dt

t

( ∫
Gt

q(x) tq(x)dx

)
(3)

where Gt =
{
x ∈ R

N : |u(x) | > t
}
. Now, using Taylor expansion tq(x) =

eq(x) ln t =
∞∑

k=0

(q(x) ln t)k

k!
(x ∈ R

N , t > 0) for function tq(x) and substituting into

(3), we obtain

1 =

∞∫
0

dt

t

[ ∫
Gt

q(x)

∞∑
k=0

(q(x) ln t)k

k!
dx

]

=

∞∫
0

dt

t

[ ∞∑
k=0

lnk t

k!

( ∫
Gt

qk+1(x) dx

)]
(4)
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From the assumptions of theorem and the inequality (2) for the set of the
functions qk+1(x), we obtain

∫
Gt

qk+1(x) dx � CβkN∗

tN∗

( ∫
Et

q
k+1
N∗ (x) |∇ u | dx

)N∗

, (5)

where Et =
{
x ∈ R

N : t
2

< | u(x) | � t
}
, N∗ = N

N−1
and C > 0 is indepen-

dent of k. Using the following test function

zt(x) = min

{
( | u (x)| − t

2
)+

t
2

, 1

}
(6)

in the inequality (2), where

(g)+ =

{
g(x) , g(x) � 0

0 , g(x) < 0

we have

1 � C

∞∫
0

dt

t

∞∑
k=0

β k N∗
(ln t)k

tN∗k !

( ∫
Et

q
k+1
N∗ (x) |∇u | dx

)N∗

from inequalities (4) and (5). Applying Minkowski’s inequlity as form:

[ ∞∑
k=0

ck

(∫
| fk(x)| dx

)a
] 1

a

�
∫ ( ∞∑

k=0

ck| fk(x)| a

) 1
a

dx

we obtain

1 � c

∞∫
0

dt

⎡
⎣ ∫

Et

( ∞∑
k=0

βkN∗
(ln t)kqk(x)

t1+N∗k!
|∇u |N∗

q(x)

) 1
N∗

dx

⎤
⎦

N∗

(7)

and since eβN∗ ln t q(t) =
∞∑

k=0

βkN∗
(ln t)kqk(t)

k!
we have

1 � c

∞∫
0

dt

⎡
⎣ ∫

Et

tβ
q(x)
N∗ −1− 1

N∗ q
1

N∗ (x) |∇u | dx

⎤
⎦

N∗

. (8)

Using Young’s inequality

a.b � ap(x)

p(x)
+

bp′(x)

p′(x)
,
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where a, b > 0 , p(x) � 1 , 1
p(x)

+ 1
p′(x)

= 1 is used in (8), then we have

t
β q(x)

N∗ −1− 1
N∗ q

1

N
∗ (x) |∇ u | � |∇ u | p(x)

ε p(x) p(x) t
1

N ∗
+

+ ε p′(x) t (
β q(x)

N∗ −1− 1
N∗ )p′(x)+

p′(x)
p(x)N ∗ q

p′(x)
N ∗ (x ) , ε > 0 .

Therefore, inequality (8) can be rewritten as

1 ≤ c

∞∫
0

dt

⎡
⎣ ∫

E t

ε
1

p (x)
|∇ u| p(x)

t
1

N∗ p(x)
dx +

∫
E t

ε p′(x) tγ(x) q
p′(x)
N∗ (x) dx

⎤
⎦

N∗

≤ C1

∞∫
0

dt

t

( ∫
E t

ε
1

p(x)
|∇ u| p(x)

p(x)
dx

)N∗

+

+ C1

∞∫
0

dt

( ∫
E t

ε p′( x ) tγ(x) q
p′ ( x )

N∗ (x ) dx

)N∗

(9)

where γ(x) = (βq(x)
N∗ −1− 1

N∗ + 1
p(x)N ∗)p

′(x) and we have applied the well known
inequality

(a + b)
p � 2p−1 (ap + bp) , a, b > 0, p � 1.

Now, if we apply Minkowski’s inequality to each integral above, then we get

1 ≤ C1

{∫
�N

ε
1

p ( x ) dx

[ 2| u (x ) |∫
| u (x ) |

dt

t

(
|∇ u (x )| p (x )

p (x)

)N∗ ] 1
N∗}N∗

+

+ C1

{∫
�N

ε
p′( x )

[ 2| u ( x ) |∫
| u ( x ) |

tγ(x)N∗
dt

] 1
N∗

q
p′ ( x )

N∗ (x )dx

}N∗

or

1 ≤ C1 ln 2

∫
�N

ε
1

p (x )
|∇ u| p (x )

p (x )
dx +

+C2

{ ∫
�N

εp′ ( x ) |u (x )| tγ(x)N∗
q

p′( x )
N∗ (x ) dx

}N∗

. (10)

It is easy to see that[(
β q (x ) − N∗ − 1 +

1

p (x )

)
p′ (x ) + 1

]
1

N∗ = q (x )
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from definition of q(x). Since p(x) ≥ 1 and 0 < ε < 1, it follows εp(x) � ε.
Using these results in (10) and taking into account of boundedness of function

q(x) and
∫
�N

| u (x) |q(x) dx = 1, the inequality (10) can be rewritten as

1 � C1 ( ε)

∫
�N

|∇ u | p ( x ) dx + C2 εN∗
∫
�N

q
p′ ( x )

N∗ (x ) |u (x ) | q ( x ) dx

and by choosing C2ε
N∗

< 1 we find that

1 � C1 (ε )

1 − C2 εN∗

∫
�N

|∇u (x ) | p ( x ) dx = C3

∫
�N

|∇ u(x) |p ( x ) dx (11)

where C3 = C1(ε)

1−C2ε N∗ is a positive number.

Hence, since p(x) � 1 and C3 > 1 from inequality (11) for the function
u(x)

‖ u(x)‖ q(x)
, we have

1 � C3

∫
�N

(
| ∇ u|

‖u(x)‖q(x)

)p ( x )

dx

which yields (1). The theorem is proved.

Remark 2. If the function q satisfies sup
�N

q(x) � βN∗
inf
�N

q(x), then above

conditions i) and ii) is held.

Remark 3. If p is a Lipschitz continuous function, then by taking β = 1,
we obtain ( ∫

�N

∣∣∣ u q
k+1
N∗ (x)

∣∣∣N∗

dx

) 1
N∗

� C

∫
�N

∣∣∣∇(u q
k+1
N∗ (x)

)∣∣∣ dx

or( ∫
�N

|u|N∗
qk+1(x)dx

) 1
N∗

�
( ∫
�N

|∇u | q
k+1
N∗ (x)dx +

∫
�N

|u | q
k+1
N∗ −1(x) |∇q(x)| dx

)

where C > 0 is independent of k. Hence we have limit case q(x) = N p(x)
N−p(x)

as
β = 1.
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[6] O. Kováčik and J. Rákosńık, On spaces Lp (x )(Ω) and W k, p (x )(Ω).
Czechoslovak Math. J., 116, 1991, 592-618.
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