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Abstract

An n × n matrix is called a principally nonsingular matrix (NS-
matrix) if all its principal minors are different from zero and it is called
a totally nonsingular matrix (TNS-matrix) if all its minors are different
from zero. In this paper, we are interested in the NS-matrix (TNS-
matrix) completion problem: whether a partial NS-matrix (TNS-matrix)
has a NS-matrix (TNS-matrix) completion. Here, we prove that any
partial NS-matrix (TNS-matrix) has a NS-matrix (TNS-matrix) com-
pletion.
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1 Introduction

An n × n real matrix is called a principally nonsingular matrix (NS-matrix)
if every principal submatrix is nonsingular. This class of matrices constitutes
a unifying superset for a number of familiar classes of matrices characterized
by the sign of the determinants of principal submatrices such as P -matrices
(whose principal minors are all positive), M-matrices (matrices in Zn that are
P -matrices), inverse M-matrices (nonsingular matrices whose inverse is an M-
matrix), N -matrices (whose principal minors are negative) and dn-matrices
(negative definite matrices with negative entries).

The following diagram describes the relation between these classes of ma-
trices:

dn−matrix
↓

M −matrix −→ P −matrix −→ NS −matrix ←− N −matrix
↑

inv M −matrix

It is easy to see that the class of NS-matrices is invariant under permutation
similarity, diagonal similarity and left or right positive diagonal multiplication.

A partial matrix is a rectangular array in which some entries are specified
while the remaining entries are free to be chosen from a certain set. A com-
pletion of a partial matrix is a conventional matrix resulting from a particular
choice of values for the unspecified entries. Given a partial matrix A, we de-
note by A0 the completion obtained by completing each unspecified entry of
A with 0.

The submatrix of an n×n (partial) matrix A lying in rows α and columns
β, α, β ⊆ {1, ..., n}, is denoted by A[α|β], and the principal submatrix A[α|α]
is abbreviated to A[α]. On the other hand, |α| denotes the number of elements
of α.

Let Π be any one of the classes of the matrices mentioned in the above
diagram. Keeping in mind that every principal submatrix of a Π-matrix is a
Π-matrix, we introduce the following definition.

Definition 1.1 A partial matrix is said to be a partial Π-matrix if every
completely specified principal submatrix is a Π-matrix.

A matrix completion problem asks which partial matrices have completions
with a given property. The Π-matrix completion problem, more concretely,
asks which partial Π-matrices can be completed to a Π-matrix. Such comple-
tions are called Π-matrix completions. Several authors have been studying this
problem since 1996.
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In [6], Johnson and Kroschel initiated the study of the P -matrix comple-
tion problem. This study was extended later by Fallat, Johnson, Torregrosa
and Urbano in [1] and by Hogben in [5]. The M-matrix and inverse M-matrix
completion problems have been studied quite exhaustively, both for combina-
torially symmetric partial matrices (see [8]) and for non-combinatorially sym-
metric partial matrices (see [3], [4], [10]). More recently, Mendes, Torregrosa
and Urbano have worked on the N -matrix completion problem, obtaining some
interesting results for combinatorially symmetric partial matrices (see [11]) and
for non-combinatorially symmetric partial matrices (see [12]). These authors
have also considered and concluded the study of the DN -matrix completion
problem (see [13]), getting similar results to those presented by Grone et al in
[2] for definite positive partial matrices.

In section 2 we analyze the NS-matrix completion problem: our aim is to
determine which partial NS-matrices admit a NS-matrix completion. The
existence of the desired completion is always guaranteed.

A generalization of each one of the classes of matrices previously mentioned
by extending the property that characterizes the class of matrices in terms of
the principal submatrices to every submatrix. In this sense, an n× n real ma-
trix is said to be a totally nonsingular matrix (TNS-matrix) if all its square
submatrices are nonsingular. This class of matrices contains the totally nega-
tive matrices (tn-matrices), whose minors are strictly negative, and the totally
positive matrices (TP -matrices), whose minors are strictly positive. Extending
these classes of matrices, if we allow the existence of null minors, we have the
totally nonpositive matrices (tnp-matrices) and the totally nonnegative matri-
ces (TN -matrices). In the following diagram we describe the relation between
these classes of matrices.

P −matrix −→ NS −matrix ←− N −matrix
↑ ↑ ↑

TP −matrix −→ TNS −matrix ←− tn−matrix
↓ ↓

TN −matrix tnp−matrix

Observe that, on one hand, TNS-matrices also satisfy the mentioned prop-
erties for Π-matrices. On the other hand, there is an important difference
between this class of matrices and the NS-matrices: while NS-matrices may
have zero off-diagonal elements, a TNS-matrix has no zero entries.

In the literature, one can find some work on the matrix completion problems
corresponding to some of the classes of matrices mentioned above. The TN -
matrix completion problem is firstly considered by Johnson et al in [7]. Jordán
and Torregrosa continue this study in [9].

As for all the referred classes of matrices, we can extend, in a natural way,
the concept of TNS-matrix to the context of partial matrices. A partial matrix
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is said to be a partial TNS-matrix if every completely specified submatrix is a
TNS-matrix. We analyze, in section 3, the TNS-matrix completion problem.
The basic question is to decide whether or not a given partial TNS-matrix
admits a TNS-matrix as a completion. Analogously to the previous case, we
prove that it is always possible to find such a completion.

To this end we can assume, without loss of generality, that all principal
diagonal entries are prescribed.

2 NS-matrices

First, we will consider the NS-matrix completion problem for partial matrices
with exactly one unspecified entry. This case will lead us to the answer to the
general problem.

Lemma 2.1 Let A be an n×n partial NS-matrix with exactly one unspec-
ified entry. Then, there exists a NS-matrix completion Ac of A.

Proof: Let A be an n × n partial NS-matrix with precisely one unspecified
off-diagonal entry. We can assume, without loss of generality, that such entry
is in the position (1, n). Given x ∈ R, consider the completion of A

Ax =

⎡
⎢⎢⎢⎢⎢⎣

a11 a12 · · · a1n−1 x
a21 a22 · · · a2n−1 a2n
...

...
...

...
an−11 an−12 · · · an−1n−1 an−1n

an1 an2 · · · ann−1 ann

⎤
⎥⎥⎥⎥⎥⎦

.

Observe that detAx = (−1)n+1 det A[{2, 3, . . . , n}|{1, 2, . . . , n−1}] x+det A0.
Therefore, we consider the following two cases:

(a) det A[{2, 3, . . . , n}|{1, 2, . . . , n− 1}] �= 0. In this case it is obvious that
there exists a unique value of x for which det Ax = 0.

(b) det A[{2, 3, . . . , n}|{1, 2, . . . , n − 1}] = 0. For each i ∈ {2, 3, . . . , n},
define ui =

[
ai1 ai2 · · · ain−1

]
and vi =

[
ai2 ai3 · · · ain−1

]
.

We know that the set of vectors {u2, u3, · · · , un−1, un} is linearly de-
pendent. Let us suppose, now, that {u2, u3, · · · , un−1} is also linearly
dependent. We can then assert that the set of vectors {v2, v3, · · · , vn−1}
is linearly dependent and, hence, det A[{2, 3, . . . , n− 1}] = 0, which is a
contradiction with the fact of A being a partial NS-matrix. Therefore,
{u2, u3, · · · , un−1} is a linearly independent set of vectors and there ex-
ists a set of scalars αj , not all null, with j ∈ {2, 3, . . . , n− 1}, such that
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un =
∑

j∈{2,3,... ,n−1} αjuj. Hence,

det Ax = det A0 = det

⎡
⎢⎢⎢⎢⎢⎣

a11 a12 · · · a1n−1 0
a21 a22 · · · a2n−1 a2n
...

...
...

...
an−11 an−12 · · · an−1n−1 an−1n

an1 an2 · · · ann−1 ann

⎤
⎥⎥⎥⎥⎥⎦

=

= det

⎡
⎢⎢⎢⎢⎢⎣

a11 a12 · · · a1n−1 0
a21 a22 · · · a2n−1 a2n
...

...
...

...
an−11 an−12 · · · an−1n−1 an−1n

0 0 · · · 0 ann −
∑

j∈{2,3,... ,n−1} αjajn

⎤
⎥⎥⎥⎥⎥⎦

.

Taking into account that detA[{2, 3, . . . , n}] �= 0, since A is a partial
NS-matrix, we can conclude that ann−

∑
j∈{2,3,... ,n−1} αjajn �= 0. There-

fore, det A0 and consequently det Ax are different from zero.

Analyzing these two cases, we conclude that there is at most one value of
x for which det Ax = 0. Observe that all principal submatrices of the given
partial matrix A that are completed by x are of this same form. So, for each
one of them, there exists at most one value of x for which its determinant is
zero. Let S be the set of all those values of x. Then, Ax is a NS-matrix for
any x ∈ R− S. �

Theorem 2.2 Every n × n NS-partial matrix admits a NS-matrix com-
pletion.

Proof: Consider a NS-partial matrix. Select an unspecified off-diagonal en-
try. If it is the sole unspecified entry in one or more principal submatrices,
use Lemma 2.1 to choose a value for this entry that is acceptable for all the
principal submatrices it will complete; if not, any value may be chosen for this
entry. After at most n2 − n such steps, the matrix will be completed to a
NS-matrix. �

If the partial NS-matrix is entry-wise negative, entry-wise positive or has
a certain sign pattern, Lemma 2.1 and Theorem 2.2, guarantee the existence
of a NS-matrix completion with all its elements negative, positive or verifying
the sign pattern previously prescribed.

3 TNS-matrices

Analogously to what was done in the previous section, we consider the TNS-
matrix completion problem for partial matrices with exactly one unspecified
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entry. We end this section by presenting the answer to the general TNS-matrix
completion problem.

Lemma 3.1 Let A be an n × n partial TNS-matrix with one unspecified
off-diagonal entry. Then, there exists a TNS-matrix completion Ac of A.

Proof: We can assume, without loss of generality, that the unspecified entry
is the (1, n)-entry. Given x ∈ R− {0}, we define the completion Ax of A as

Ax =

⎡
⎢⎢⎢⎢⎢⎣

a11 a12 · · · a1n−1 x
a21 a22 · · · a2n−1 a2n
...

...
...

...
an−11 an−12 · · · an−1n−1 an−1n

an1 an2 · · · ann−1 ann

⎤
⎥⎥⎥⎥⎥⎦

.

For any α ⊆ {2, 3, . . . , n} and β ⊆ {1, 2, . . . , n − 1} such that |α| = |β|, we
have:

det Ax[{1} ∪ α|β ∪ {n}] = (−1)|α|+2 det A[α|β] x + det A0[{1} ∪ α|β ∪ {n}].

Since A is a partial TNS-matrix, we can assert that detA[α|β] �= 0. Therefore,
there exists at most one value of x for which det Ax[{1} ∪ α|β ∪ {n}] = 0.

Notice that all of the submatrices of A that are completed by x have a
determinant of this form and then for each one of them there exists at most
one value of x that makes it singular. Let S be the set of all those values of x. It
is now clear that Ax is a TNS-matrix completion of A for any x ∈ R−{S∪{0}}.
�

In analogous way to the NS-matrix completion problem it is easy to prove
the following result.

Theorem 3.2 Every n×n TNS-partial matrix admits a TNS-matrix com-
pletion
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