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Abstract

The object of the present paper is to investigate coefficients for func-
tions belonging to the subclasses RP[«, 3] and CPla, 3] of p-valent a-
prestarlike functions of order 3 with negative coefficients. We obtain clo-
sure theorems, integral operators, radius of starlikeness and distortion
theorems for functions belonging to the classes RP[a, 5] and CP[a, f3].
We also obtain several results for the modified Hadamard products of
functions belonging to the classes RP[a, 8] and CP|a, 3.
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1 Introduction

Let A(p) denote the class of functions of the form:

F(2)=2"+ @™ (pe N ={1,2,..}) (1.1)
n=1
which are analytic and p-valent in the unit disc U = {z : |z| < 1}. A function
f(z) € A(p) is called p-valent starlike of order o(0 < av < p) if f(2) satisfies
the conditions
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Re{zf/(z)} >a (z€U) (1.2)

f(2)
and
7Re{sz;$) } 6 = 27p (2 € U) . (13)

We denote by S*(p, «) the class of p-valent starlike functions of order .. The
class S*(p, a) was introduced by Patil and Thakare [§].
The function

2P

Si(z):m(0§a<p;p€]\7) (1.4)

is the familiar extremal function for the class S*(p, ). Setting

2(p —a) +m — 2]

2 o= (ne N/{1},0< a<p), (1.5)

ie=F

G?(a,n) =
sP (z) can be written in the form:

sh(z) = 2P + ZGp(a,n + 1)zt (1.6)
n=1
Clearly, s2(z) € S*(p, ) and GP(a,n + 1) is a decreasing function in a(0 <

a < 2p2_1;p € N) and satisfies

E)

oo (o<

lim GP(a,n+1)=<{ 1 (a=21)

n—oo 2

0 (a>21).

Let (f * ¢)(z) denote the Hadamard product (or convolution) of the func-
tions f(z) and g(z), that is, if f(z) is given by (1.1) and g(z) is given by

9(2) = 2+ 3 by (L.7)

n=1

then
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(f*g)(z) = 2"+ Z O Dpyn 277 (1.8)

n=1

A function f(z) € A(p) is said to be p-valent a-prestarlike function of order
BO<a<p0<f<ppeN)if

(f*sh)(z) € 5"(p. B) (1.9)
where sP(z) is defined by (1.4). We denote by RP(a,3) the class of all p-
valent a-prestarlike functions of order 5. For a = 2”2_ L0 < B < pp €

N, Rr(2221 3) = S*(p, ). Further let C?(a, 3) be the subclass of A(p) con-
sisting of functions f(z) satisfying

f(z) € CP(a, §) if and only if Zf;)(z)

€ R (a, ). (1.10)

We note that:

(i) RP(o, ) = RP(a)(0 < a < p;p € N), the class of p-valent prestarlike
functions of order «, was studied by Kumar and Reddy [3] and Shenen et al.
[13];

(i) R'(a,3) = Rap(0 < a < 1;0 < B < 1), the class of a-prestarlike
functions of order (3, was introduced by Sheil-Small et al. [12];

(iii) R'(a, ) = Ro(0 < ar < 1), the class of prestarlike functions of order
a, was introduced by Ruscheweyh [10];

(iv) CY(a, 8) = C(a, )(0 < a < 1;0 < B < 1), the subclass of A(1) = A
consisting of functions f(z) € A satisfying zf (2) € R'(«, 8) = R(av, 3), was
introduced by Owa and Uralegaddi [7].

Denoting by T'(p) the subclass of A(p) consisting of functions of the form:

F(2)=2" =) appn2" " (apin = 0;p € N). (1.11)
n=1
We denote by S*[p, 3] , RP[a, f] and CP[a, (3] the classes obtained by taking

intersections, respectively, of the classes S*(p, 3), RP(«, 3) and C?(«, ) with
the class T'(p). Thus, we have

S*[p, 8] = S™(p, 3) N T(p), (1.12)

R, f] = BP(a, B) N T(p), (1.13)

and

CPla, f] = C*(a, B) N T (p) . (1.14)
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The class S*[p, 5] was studied by Owa [5].
It follows from (1.13) and (1.14) that

f(2) € CPla, A] if and only if @ € R[a, 3] . (1.15)

Also we note that, by specializing the parameters «, § and p, we obtain the
following subclasses studied by various authors:

(i) RP[pa, pa] = RP[a](0 < a < 1;p € N) (Kumar and Reddy [3]);

(ii) R'a,a] = R[a](0 < a < 1) (Silverman and Silvia [14] and Owa and
Al-Bassam [6]);

(iii) R'a, 8] = Rle, B](0 < a < 1,0 < 8 < 1) (Silverman and Silvia [15],
Uralegaddi and Sarangi [17], Aouf and Salagean [2], Aouf et al. [1], Srivastava
and Aouf [16] and Rania and Srivastava [9]).

In the present paper we investigate coefficients for functions belonging to
the subclasses RP[«, 5] and C?|a, (3] of p-valent a-prestarlike functions of order
£ with negative coefficients. We obtain closure theorems, integral operators,
radii of starlikeness and convexity and distortion theorems for functions be-
longing to the classes RP|«, 5] and CP[a, B]. We also obtain several results for
the modified Hadamard products of functions belonging to the classes R [, (]
and CP[a, f3].

2 Coefficient inequalities

Theorem 1 . Let the function f(z) be defined by (1.11). Then f(z) is in the
class RP|o, B] if and only if

oo

S (04 p — HC (@ + Dapen < (0 6). (2.1)

n=1
Proof. It is known [5] that a necessary and sufficient condition for g(z) =

2P — 3 bpin 2P (bpin > 0) to be in the class S*[p, 4] is that

n=1
Y (n+p=Bbpn < (p—5). (2.2)
n=1
Since
(fxsP)(z) =2F — i GP(a,n + 1)ay, 2", (2.3)

n=1

where s(z) is given by (1.4), the result follows.
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Corollary 2 .If f(z) is in the class RP|a, 3], then

(»—B)
Uin S o BGran £ 1) (p,n € N), (2.4)
with equality for
f(z) =2 — (=5 2t (p,n € N). (2.5)

(n+p—0)GP(a,n+1)

In view of (1.15), Theorem 1 yields the following necessary and sufficient
condition for the class C?[a, [3].

Theorem 3 . The function f(z), defined by (1.11), is in the class CP|a, (] if
and only if

(e 9]

}:ﬁ;”xn+p—m0%mn+1mwng@—ﬁy (2.6)

n=1

3 Extreme points

From Theorem 1 and Theorem 2, we see that both RP[a, 3] and CP[«, (] are
closed under convex linear combinations, which enables us to determine the
extreme points for these classes.

Theorem 4 . Let

folz) =27 (3.1)
and
(p—5)
(n+p—PB)GP(a,n+1)
Then f(z) € RP|o, 3] if and only if it can be expressed in the form

Jpin(2) = 2P — 2 (p,n € N). (3.2)

f(z) = Zﬂp+nfp+n(z) ) (33>

where fip1n, > 0 and > ppin = 1.
n=0
Proof. Suppose that
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f(z) = Zﬂp+nfp+n(z)

Then it follows that

oo

(n+p—B)GP(a,n+1) )
; (»—5) p—AGHan+ )
= iuzwn:l_,upgl' (3.5)

Therefore, by Theorem 1, f(z) € RP[a, f3].
Conversely, assume that the function f(z) defined by (1.11) belongs to the
class RP|a, 5]. Then

(p—0B)

ap+nS (n—}-p—ﬁ)Gl’(Ox,n—}-l)(p’neN) (36>
Setting
_ (n+p—-B)GP(a,n+1)
Hptn = =7 (p,n € N) (3.7)
and
ty=1=3 tpin (3.8)
n=1

we see that f(z) can be expressed in the form (3.3). This completes the proof
of Theorem 3.

Corollary 5 . The extreme points of the class RP|«, 3] are the functions
fp(2) = 2P and

Y (p_ﬁ) Zp—‘,—’n, n
feenl®) = 2 = e T e e

Similarly, we have

Theorem 6 .Let
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fp(z) = 2P (39)

and

(p—0B)

)(n+p—ﬁ)Gp(a7n+1)Zp "(p,n € N). (3.10)

fp+ﬂ(’z) = Zp - (m

Then f(z) € C?[a, 5] if and only if it can be expressed in the form
f(z) = Zﬂernprrn(Z) g (3.11)
n=0

where fiprn, > 0and > iy, = 1.
n=0

Corollary 7 .The extreme points of the class CP[a, (5] are the functions f,(z) =
2P and

(p—0)
(B2 (n +p — B)GP(a,n + 1)

p

fpin(2) = 27 — 2Pt (p,n € N).

4 Distortion theorems

In view of Theorems 3 and 4, we will obtain distortion theorems for the classes

RP|a, B] and C?|a, (]

Lemma 8 . For 0 < a < QP—;,O < B <p and p € N, then (n+p —
B)GP(a,n+1) isan increasing function of n , where GP(a,n+1) is defined by
(1.5).

Proof. . Let K(a,B,n,p) = (n+p—PB)GP(a,n+ 1).Since,

2p+n — 2«
n+1
we can see that K(a,3,n+ 1,p) > K(«,,n,p) if and only if

GP(a,n+2) = GP(a,n+1), (4.1)

2p—a)n+1+p—0)—p—-p) >0, (4.2)

for 0 < a < QP—;, 0 < B < p which holds for p € N.This completesthe
proof of Lemma 1.

In the remainder of this section, we assume that f(z) is defined by (1.11),
OSQSQP—;,0§5<p and pin N.
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Theorem 9 . If f(z) is in the class RP[a, (3], then

P _ (p—5) S|P+l e S|P (p—5) S|PHl
P~ S P < R <+ s

(ze€U). (4.3)
Equality holds for the function f,+1(z) given by
(p - B) +1
for1(z2) = 2P — (2 eU). 4.4
Proof. By virtue of Theorem 3, we note that
|Z|p_ %1681‘\}[{ (n+p_(ﬁggfza7n+1) |Z|p+n S ‘f(Z)| S |z|p+ %15\}/{ (n—&-p—g;;'f()a,n—i-l) |z|p+n :
(4.5)
From Lemma 1, we see that the max in (4.5) occurs when n = 1. This
completes the proof of Theorem 5.
Theorem 10 . If f(2) is in the class RP|«, (5], then
_ p+1)(p—0 , B p+1(p—p
plel = s LD D) o () < e LEDEZP)

21+p—B)(p—a) 21+p—-B)p—a)

(ze€U). (4.6)

Equality holds for f,,1(z) given by (4.4).
Proof. We know that

— — n z n+p—1 / _ _ n z n+p—1
plefP™! = max EROEREs < |1 (2)] < plaP ! max SR e U),

(4.7)
From Lemma 1, we see that the max in (4.7) occurs when n = 1. This
completes the proof of Theorem 6.

Theorem 11 .If f(z) is in the class C?|a, (3], then
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P _ (p - ﬁ) P p+1
112 P = s e (4.8
and
&)< 2P+ p=p) 2 (4.9)

2(25)(1+p—0)p—a)

for z € U. The results are sharp for the function f(z) given by

f(z) =2 — =5 LT (2 e ). (4.10)

2551 +p—B)(p—a)

Proof. From Theorem 4, we have that

P— max (p—5) 2|ptm
1) 2 2~ e oy, ) (1.11)

and

p (p_ﬂ> pt+n
|f(2)] < [2]" + max T~ B e T T E (4.12)

b
for z € U. From Lemma 1, we see that the max in (4.11) and (4.12) occur
when n = 1. This completes the proof of Theorem 7.

Corollary 12 .If f(z) is in the class CP[a, B]. Then f(z) is included in a
disc with its center at the origin and radius r given by

(p—0)

=1 . 4.13
STy (419)
Theorem 13 .If f(z) is in the class C?|a, (], then
/ p—1 p(p - 5) p
and
PG < plep 5 2EO (4.15)

N tp- D)
for z € U. The bounds for (4.14) and (4.15) are sharp for the function f(z)
given by (4.10).
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Proof. By means of Theorem 4, we note that

/ p—1 p(p — ﬂ) p+n—1
£ 2Pl —max o PR (4.16)
and
1f'(2)] < plzlP + max plp —5) Eliaas (4.17)

neN (n+p— B)GP(a,n+1)

Also by using Lemma 1, we see that the max in (4.16) and (4.17) occur when
n = 1. This completes the proof of Theorem 8.

Remark 1 . Making use of the relationship (1.15) between the classes RP [, (]
and CP[a, (], we can deduce Theorem 8 from Theorem 5.

5 Integral operators

Theorem 14 . Let the function f(z) defined by (1.11) be in the class RP|«, (] ,
and let ¢ be a real number such that ¢ > —p . Then the function F(z) defined

by

Rz =12 / L f (1) dt (5.1)

also belongs to the class RP|a, (].
Proof. From the representation of F(z), it follows that

F(z)=2" - Z bpin 2277, (5.2)
n=1
where
c+p
b =(—— n -
p+n (c+p+n)ap+
Therefore
> (n4p =BG (a,n+ Dby = 35 (n+p— B)GP(,n+ 1) (G5 Gpin

1 n=1
1(n +p—B)G(a,n+ 1)apin < (p— ),
(2) € RP[a, 8]. Hence, by Theorem 1, F(2) € RP[«, 3].

n

<

8

3
I

since

~~



Prestarlike functions 367

Corollary 15 . Under the same conditions as Theorem 9, a similar proof
shows that the function F(z) defined by (5.1) is in the class CP|a, 3], whenever
f(z) is in the class CP[a, [].

6 Radius of starlikeness

Since f(z) defind by (1.11) is p-valent in the unit disc U if

[e.o]

p+n
Z( Japin <1 (cf.[4]) (6.1)
n=1 p
. . 2p—1
we can see that RP[a, ] is a subclass of T'(p)if 0 < a < ,0< 6 <

p,p € N with the aid of Theorem 1. Also we can see that CPla, 3] is a
: 2p—D(p—05)+2p .
subclass of T(p)if 0 < a < ,0< B8 < p,pe N with
) 21+p—p)
the aid of Theorem 2.

Theorem 16 . Let the function f(z)defined by (1.11) be in the class RP[a, [3].

Then f(z)is p-valently starlike of order 0 (0 < 4§ < p)in |z| < r1, where

1
(p=0)(nt+p—pB)G"(a,n+1) }ﬁ
n>1). 6.2
S R el 02
The result is sharp, with the extremal function f(z) given by (2.5).

r = inf
neN

/
Proof. It is sufficient to show that Z},f((j) — p' <p—4¢ for |z| < ry. We have
z
, Zn Ap+n |Z‘n
z]]:((j) —p’ < n:loo '
z
1 - Z Qp+n ’Z‘n
n=1
2f'(2) ‘ :
Thus —p| <p-—94 if
f(2)
. (n +p - 5) n
o | < L (6.3)
c—  (p—9)

Hence, by Theorem 1, (6.3) will be true if

(n+p—9) 2" < (n+p—0)GP(a,n+1)
(p—9) - (p—0)
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or if

1
(p—=0)(n+p—pF)G°(a,n+1)\n

The theorem follows easily from (6.4).

Corollary 17 . Let the function f(z) defined by (1.11) be in the class RP|c, (3] .
Then f(z)1is p-valently conver of orderd (0 < 4§ <p) in |z| < ry, where

1
_ g [P0 = 0)(n+p — B)GP(a,n + 1) n .
”“f{ CESSICET Ty } (nz1). (65)

The result is sharp, with the extremal function f(z) given by (2.5).

Theorem 18 . Let the function f(z)defined by (1.11) be in the class CP[a, (],

(2p—1)(p—B)+2p |
0 <ac< ,0< B < pand p € N. Then f(z)is p-
2+ p—9) )
valently starlike of order 6 (0 < < p)in |z| < rs, where

1
. (p—é)(p+n>(n+p—ﬂ)0p(oa,n+1)}%
r3 = inf . 6.6
’ HEN{ p(p—B)(n+p—19) (66)
The result is sharp, with the extremal function f(z) given by
f(z) =2 — (p=5) P (p,n € N) . (6.7)

(55 +p = B)GP(a,n+1)

Corollary 19 . Let the function f(z)defined by (1.11) be in the class C?|a, 3],

2p—-D(p—P)+2p |
0 <ac< ,0< B < pand p € N. Then f(z)is p-
21 +p— ) )
valently convex of order § (0 < 4§ < p)in |z| <ry, where

1
(p=0)n+p—B)G(an+1)\n
{ (p—B)(n+p—0) } (n>1). (6.8)

The result is sharp, with the extremal function f(z) given by (6.7).

ry = inf
neN
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7 Modified Hadamard products

Let the functions f;(z)(j = 1,2) be defined by (3.1). The modified Hadamard
product of fi(z) and f>(2) is defined by

[e.o]

(fr*fo)(2) =2" = ) ppnatpina 2 (7.1)

n=1

Theorem 20 . Let the functions f;(2)(j = 1,2) defined by (3.1) be in the
class RP|a, B]. Then (f1 * f2)(2) € RP|a,v(av, B,p)], where

_ (» — B)?
The result is sharp.

Proof. . Employing the technique used earlier by Schild and Silverman [11],
we need to find the largest v = v(a, 3, p) such that

(7.2)

Z (n +p —(;)_G];()Oé, n 4+ 1) Qptn,1 Apin2 < 1. (7.3)
n=1
Since
3 (n+p—£)_6’;()0@”+ D iy <1 (7.4)
n=1
and
Z (n+p —(g)f?;(;z, n+1) pins < 1, (7.5)
n=1

by the Cauchy - Schwarz inequality we have

> (””‘(f?f ;(f’“ D s < 1. (7.6)
n=1

Thus it is sufficient to show that

(n+p—7)GP(a,n+1) (n+p—B)GP(a,n+1)

(p — "}/) Apin,1 Qpin,2 S (p — ﬂ) vV Ap+n,1 Apin,2

(n>1), (7.7)
that is , that
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(n+p—0)p—7)

Vi T € (7.8)
Note that
(»—5)
Vi € s (12 1). (7.9
Consequently, we need only to prove that
(»—0) (n+p—B)p—1)
T p-ACHan+ D) = mrp-p-p "= T
or, equivalently , that
n(p — B)*
7§p_(ﬂ+p—ﬁVG%%n+1%—@—ﬁV(nzly (71
Since
. n(p — B)?
A = G PG+ D = (0= 7 (712
2p—1

is an increasing function of n(n > 1) for 0 < a < ,0< 8 <pandpe

N, lettingn = 1 in (7.12) , we obtain

(» — B)?
vy<A(l)=p-— , 7.13
W s re-a--op T
which completes the proof of Theorem 12.
Finally , by taking the functions
(p—5) 1/
fi(z) = 2P — A =1,2 7.14
O s - VT Ty
we can see that the result is sharp.
Corollary 21 . For f;(2)(j =1,2) as in Theorem 12, we have
h(z) = 2P — Z Vaprnd Gping 22" (7.15)
n=1

belongs to the class RP[«, [].
The result follows from the inequality (7.6). It is sharp for the same func-
tions as in Theorem 12.
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Corollary 22 .Let the functions f;(2)(j = 1,2)defined by (3.1) be in the
class CP[a, B] . Then (f1* f2)(2) € CPla, M, B, p)], where

(p—B)?
251 +p—Bpp—a)—(p—F)*

AMa, B,p) =p— (7.16)

The result is sharp for the functions

(p—0)

B +p- o) - O P T

fi(z) = 2" —
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