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Abstract

Very large displacement but small strain of a very thin quadrilateral
plate is studied using Kirchhoff-Love theory. The numerical investiga-
tion is based on the mapping of the quadrilateral plate onto the com-
putational coordinates of a standard square and interpolation of the
displacement field over the whole domain with no director assignment.
The present investigation, which is basically a limiting analysis of the
Cosserat’s theory, enforces the well known Kirchhoff’s hypothesis which
denies the existence of shear strain in the direction of the plate’s thick-
ness. After forming the decoupled nonlinear equations, the material and
geometric tangential stiffness matrices are derived through a lineariza-
tion process and different stages of the problem solution are presented.
Finally through certain numerical examples and comparison of the re-
sults with some existing researches the validity and the accuracy of the
present method are verified.
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1 Introduction

Thin quadrilateral steel plates are widely used as the main structural com-
ponents of box girders in bridges, plate girders, and controller gates in water
and wastewater channels, platforms of offshore structures, shipbuilding and
aircraft industries. Rectangular and skew plates are used for a variety of func-
tions in aeronautical and aerospace constructions. It is well known that the
famous Kirchhoff’s hypothesis, that straight lines perpendicular to the mid-
surface remain perpendicular to the deformed midsurface, is satisfactory only
when the thickness approaches zero and the deformation is not too large. The
hypothesis, if carried over to cases where large deformations are experienced,
can lead to certain numerical difficulties. However, in this research a procedure
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is presented through which the hypothesis is employed in the Cosserat’s the-
ory to numerically investigate large deformations in a thin rectangular plate.
Large deformations in plates and shells are usually studied using two different
approaches- three dimensional theory and what is known as direct method or
Cosserat’s theory in which a director is assigned to a non-Euclidean plane [1-
4]. The accuracy of the direct method approaches that of three dimensional
theory if more terms are included in the series expansion of directors.

Analogous to theoretical approaches, in numerical analysis of large defor-
mations of plates and shells, the above mentioned two methods have also been
employed extensively. As for three dimensional theory, a so called three di-
mensional modified element was first developed by Ahmad et al [6]. Other
investigators like Hughes and Liu [7-8], Hughes and Carnoy [9] further devel-
oped this element in their works on nonlinear analysis of plates and shells.
Presently, this method is recorded in standard finite element textbooks like
Bathe [10], Hughes [11] and Belytschko [12]. Numerical formulation of the
second approach was first presented by Wempner [13] whose article introduces
co-rotational coordinates or co-rotational finite elements in nonlinear analysis
of shells. The work of Argyris [4] can also be mentioned along these investi-
gations. Finite element formulation of Cosserat’s theory goes back to the first
part of a series of papers written by Simo et al [15-21]. The works of others
like Wangner [22] on central symmetrical problems can also be cited.

Co-rotational coordinates or co-rotational finite elements have also found
their applications in problems in which large deformations exist along with
small strains. Some examples are works of Parish [23], Beuchter et. al [24],
Sansour et. al [25], Peng et. al [26], Jiang et. al [27], Moita et. al [28], and
Liu et. al [29].

All the above works on large deformations in plates and shells, involve shear
deformations in the direction of the thickness, and as the thickness approaches
zero mostly experience shear locking or membrane locking in the process of
their numerical analysis. In the present research an arbitrary quadrilateral
plate is mapped onto the computational coordinates of a standard square
and interpolation is merely done for the components of the displacement field
over the entire domain. Consequently, a numerical procedure based on the
Kirchhoff-Love theory for large deformations of the plate is presented with-
out appealing to the director field. This is in fact a limiting analysis of the
Cosserat’s theory in which Kirchhoft’s hypothesis which denies the presence of
shear strains in the direction of the shell’s thickness is enforced.

2 Kirchhoff’s Theory

Figure 1 shows a thin quadrilateral plate with dimensions a x b before and after
deformation while the Kirchhoff’s hypothesis is assumed to hold. The stretch
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and bending effects are considered simultaneously in writing the equilibrium
conditions [1]. The left superscripts denote the time of measurement. In this
figure x', 2%, 23are Cartesian reference coordinates and 0!, 6?the convective
coordinates which are assumed to be orthogonal at the reference configuration
at time t = 0. %a, and ’a, are the base vectors and °d and ‘d the directors at
times t = 0 and ¢t = ¢, respectively (o = 1, 2). Given Kirchhoff’s hypothesis
the director is always perpendicular to the midsurface.

The position vector of a material point, being dependent on the variables
o', 62 is

ty — <tx1’ t2, tx3>T (1)

The base vectors and the normal unit vector to the midsurface are

t
taa = tx,a = ggz
t t

ta3 al xX'as

_ taixtay (2)
[facctas]]

The components of the first and second fundamental tensors of the surface
and the components of the membrane and bending strains can be written as

Yaas =X 0."X g

thap = —'agq.lag =tag.fa, g

Leap = %(tx,a.txﬁ — 9% ,.%% 3)

bhap = 'ag.!x 05 = ﬁ ("X ap. /%1 X "X o]

(3)

where the left subscripts denote the reference configuration in measurement of
the strain components. ‘a,g, 'b,s are the first and second fundamental tensors
of the surface, respectively. ‘a = det(*ang), feqs: the membrane strain and
fkap: the bending strain. Now the stress components can also be defined. In
Cosserat’s theory, the membrane, shear and bending stresses are defined in
terms of effective stress components in the direction of the shell’s thickness [1].
Figure 2 shows the effective Cauchy stress at a material point at the deformed
configuration. Also shown in this figure are the components of the effective
symmetric Piola stress corresponding to Cauchy stress.

In this figure, ‘n®?, 1q®, im*Pare the effective membrane stress, shear stress
and bending moment, respectively, measured per unit length of the deformed
configuration. These are in fact the resultants of the Cauchy stresses and their
invariant forms can be written as

in=!n*ta, @ tag
a4 =tq"'a, (4)
tm =Im*ta, ® tas
Similarly, {n®®, g, m®” are the effective membrane stress, shear stress
and bending moment, respectively, measured per unit length of the reference
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configuration. These are in fact the resultants of the Piola stresses and their
invariant forms can be written as

In = {n*?%a, @ as
04 = 04" "aq (5)
tm = {m* %, ® a;

These stresses are related according to the following relations

tnob = Jineb
04" = J 14 (6)
EmoP = JimP
where J = jé—g is the transformation Jacobian, namely, the ratio between
elements of area after and before the deformation. Using the principle of
virtual work, the equilibrium condition at time ¢ can be written as
i (850 + M6 0s)dir = R )
Jo, (EnP8tens + EmPotkas)do = ' Reyy

where ! R.,; is the virtual work of the external forces and in terms of boundary
tractions is

Pew = [ (B0'% +'mo'd)d'o + | (Rox+moddde (8)

where i, 'm are the distributed force and moment vectors at time ¢, respec-
tively, measured per unit area of the deformed configuration. Similarly 'n, ‘m
are the distributed force and moment vectors at time ¢, respectively, measured
per unit length of the boundary d'c. Defining computational stress fr and
strain fe vectors according to

[
Or_<0n y 0TV, oMV, oty ™, o, g

(9)

t11t22t12t11t22t12>T
to [t t t t t t T
o€ = <0€117 0622, 20€12, oR11, oK22, 20/<012>
the virtual work principle can be written in the concise form
A 117 Ste d' = 'Rouy (10)
g
For a simple linear hyperelastic material we have
t (vt
or =C.e (11)

where
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all 2 v Oall 0a22 +(1—-v 0a12 2 Oall 0a12
om0 LA A L
., Lswm 12 Cat)? 4 15 (Calt) (Ca?)
h
C,="2c,

(12)

In the above relations ‘a®” is the conjugate of the first fundamental tensor
of the surface, F, Young’s modulus of elasticity, h, plate’s thickness and v, the
Poisson’s ratio. Variations in strain components are as follow

Oheap = 5(0"% 0. "X g + "X 5. 6" g) t (13)
8 Kap = \/%5 X apfx1 X '%] — 2\;(17)3 X ap."%1 X "X o]

where

(5tCL = 2ta22tx71.5tx,1 + 2t(111tX72.(5tX72 - 2ta12(tX71.(5tX72 + tX72.(5tX71) (14)

By substituting Eq. (14) into Eq. (13), the variations of strain and curva-
ture components are obtained. Then by substituting Eq. (13) into Eq. (10),
the nonlinear form of virtual work is established. The step by step analysis of
the nonlinear problem is explained in the next section.

3 Numerical Solution

The three stages mentioned below are followed in the development of the nu-
merical solution:

e Mapping of the plate to the computational domain of a standard square
and interpolating the displacement field.

e Linearization of the weak form of the equilibrium equations.
e Deriving appropriate expressions for the tangential, material and geo-

metric stiffness matrices.

3.1 Mapping to Computational Domain and Interpolat-
ing Displacement Field

An arbitrary shaped quadrilateral plate with line supports in Cartesian coor-
dinates may be expressed simply by the mapping of a square plate defined in
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its natural coordinates by the simple boundary Eqns. 6% = +1 as shown in
Fig. 3. For a general quadrilateral plate with straight edges, the displacement
transformation from the physical coordinates system to the computational
coordinates system is achieved in exact form since the physical coordinates
system itself is interpolated exactly.

Transformation equations for this linear mapping are

24: O)lI N([)(@l 92) (15>

I=1
Ny (6, 11 +00,0")(1+ 67, 6%)

where z{}) are the coordinates of four corners of the quadrilateral plate N 9‘“)

the interpolation functions and 98) the natural coordinates of the i** corner.
The first fundamental tensor of the surface at time ¢ = 0 and its conjugate, to
be used in the constitutive equations are

2 —
s = 3 G e 7] = Pes] 5

Given the equilibrium state at time ¢, the equilibrium state at time ¢ +
At is derived by interpolating the variation in the displacement field, i.e.,
t+Atx — x over the plate surface. As for the interpolation of the first
two components of the displacement field, i.e., x!, 22 the following simple

polynomials are used

X =

P(67) = (1— 6%), Py(6*) = (1 +6°)
) = s o 25, o

where the first two functions, namely, P;, P, are chosen such that the in-plane
boundary conditions are satisfied. To interpolate the third component of the
displacement field, i.e., 22, the following functions are used
Pu(0%) = Hi(6%), k=1,2,3,4 (18)
Pu(0%) = (1 — (0%)*)*=3, k =5,6, ...

where functions Hj which are four Hermite functions for £k = 1,2,3,4 are
chosen such that the out-plane boundary conditions are satisfied. The two-
dimensional interpolation functions can be formed through the products

N; (0%, 6%) = P;(0') Py(6*) and we have

X! N 0o 0O x!
x=d=24-]lo0o N2 o 2 - Nz (19)
x3 0 0 N3 %3
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where N’ is the vector of shape functions and % is the vector of gener-
alized coordinate for interpolation ofz’ (i*" coordinate). Now by define of
'Qap=['X ap."Xx1 X 'x 2] we have

(56%5 = Eag.(S)A(
(56/1015 = Kag.(S)A(

Sta = A.6% (20)
8'Qup = Qap-0X
where
Ea/g = %(txﬂ.N7ﬁ + tX% N a)
1 @

Koo = 1700 Qs ~ 3 far ™)

Qaﬁ = (tX’l X tX,Q)T.NAﬁ + (tX’Q X tX7aﬁ)T.N,1 + (tX7aﬁ X tX,l)T.NQ

A= 2ta11tx7T2.N72 + 2ta/22tx,€.N71 — 2tCL12tX£.N71 — 2tCL12tX:I£.N72

(21)

3.2 Linearization

The appropriate linear forms of equations (10) and (13) are formed through
differentiation. The results are

and

A AleT Ste do + / LT ASLe d° = ARy (22)

A(Séeag = 5)2T.5a5.f(
A(Sglﬁag = (s}A(T.K:ag.)A(
Adta = 5%T. AR

AG' Qo = 0%T.Qup.%

where
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Eap = J(NT.N 4+ N7 N )

St o t a
Kas = ( {?—MAT A <21 A= () AT Qus
_(QW) o A4+ — Qaﬁ
A= 4NT th fx1.N 1 + 4Nj‘q.txj€.tx72.N72 — 2N7T1.tx7T2.tx,1.N,2
2NT txz x9N — 2N7T2.tx7T1.tx,1.N,2 — 2N7T2.txj€.tx,2.N71
Q.5 =B, N 5+ Bl.s N1+ Bl N

I'O tl,?QN?l_tx?lN?Q t 2N3 t 2N3 '|
BlZ - ]N-1 - ]N-1 O N3 —t 1 :’N-3

{ Nl_thNl t1N2_tx1N2 0’ !

0 ﬁNQ L 3N2 Naﬁ— X ﬁN?’Q i
BQaB =|"! 3N1 - xaﬂNl 0 ,a N? T2 N?Oéﬂ
N1 ¢ 2N1 N2 —tx ﬂNQ 0
e;

r 0 t 3N2 _ xaﬁNQ tx?aﬁN?) _t 2N
Bog = | ‘a3 N, — 123N 5 0 fri NS 5 — :z:aﬁN?’

| Nla,@—tx?aﬁN,ll "Ny =2y NT 0 |

3.3 Stiffness Matrices

Substituting the interpolated displacement field in relations (22) and using the
results in relation (23) and (24), the linear form of the decoupled equations is
obtained as follows

(tKM + tKG))A( - Femt - t+AtFemt - tFe;tt (25>

where Xis the vector for the degrees of freedom, ‘K, the material tangential
stiffness matrix, 'K, the geometric tangential stiffness matrix, and ‘F,;, the
nodal force vector at time ¢, where

Ky = fo, (BT.LC.B)d
Ke = fo, ((n*PEqp + tm K os5)d 0

T
B= <E{17 Eng 2E{27 K?lv KgQ? 2K?2>
tFext = foo_ BT.BI'dOO'

(26)

Now, through an iteration process and using equation (25), the problem
can be solved.
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4 Numerical Results

4.1 Cantilevered Beam

A simple example is first chosen to verify the validity and accuracy of the
proposed method. Figure 4 shows a cantilevered beam with rectangular cross
section subjected to three different loading conditions at its free end.

The first case is for a concentrated moment M at the free end. Table 1
shows the convergence trend in lateral displacement as the number of interpo-
lation polynomials is increased. Figure 5 shows moment versus displacement
as compared to the exact solution. The exact solution of the problem is known
to be 1/p = M /EI, where p is the radius of curvature and EI , the bending
rigidity and we have

IS

(ML/ET)
1—cos(ML/EI)
(ML/EI)

(27)

J:l_w}

L
Wo
L

The second case is for a concentrated load P whose vertical direction re-
mains unchanged during deformation, and finally the third case for a concen-
trated load P whose direction remains perpendicular to the deformed direction
of the beam. Figures 6 and 7 shows deformed configurations of this beam for
numerical values h/b = 0.1, b/L = 0.1, v = 0.3, and for the last two loading
conditions.

4.2 Skew Plate Subjected to Distributed Load

This example presents a skew plate subjected to a constant distributed load
P. The geometric boundary conditions are: simple supports for the out-plane
motion and two different cases, clamped and free, as for the in-plane motion.
Figure 8 shows the geometric conditions of the plate for the last two cases.

Most researches on this problem use von-Karman theory. In his “Non-
Linear Analysis of Plates”, Chia [30] has collected researches and analysis on
large deformations of plates. In the previous investigation Shahidi et. al. [31]
studied this problem by use of Cosserat theory and interpolation of director
field on the whole domain of plate. Some of his results, which are based on
von-Karman theory and previous investigation, are compared with the results
of the present research in Table 2.

Figure 9 also shows load versus displacement at the center of the skew plate
when the boundary conditions are clamped for the in-plane motion. For this
case, since in-plane motions are prevented, tensile stresses are produced at the
boundary when the lateral load is applied.
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4.3 Trapezoidal Plate Subjected to Distributed Load

This example presents a trapezoidal plate, subjected to two different load cases,
a constant distributed load P and a concentrated load P at the centre. The
geometric boundary conditions are: simple supports for the out-plane motion
and clamped for the in-plane motion. Figure 10 shows the geometric conditions
of the plate for the last two cases.

Figure 11 and 12 also shows load versus displacement at the center of the
trapezoidal plate when the boundary conditions are clamped for the in-plane
motion. For this case, since in-plane motions are prevented, tensile stresses
are produced at the boundary when the lateral load is applied.

5 Conclusion

Using Cosserat’s theory and imposing Kirchhoft’-Love assumption a procedure
for the numerical analysis of the theory was developed. Numerical results for
a cantilevered beam with rectangular cross section subjected to concentrated
loads at its free end, and also for quadrilateral plates, were derived and com-
pared to existing researches. The present methodology can be regarded as a
limiting analysis of Cosserat’s theory as thickness approaches zero. By impos-
ing Kirchhoff-Love hypothesis in the proposed numerical procedure, problems
like shear locking and membrane locking, were circumvented.

References

[1] Naghdi PM. The theory of shells and plates. C. Truesdell Handbuch der
Physik 1972;Via/2.

[2] Ericksen JL, Truesdell C. Exact theory of stress and strain in rods and
shells. Arch Rational Mech Anal 1959;1:295-323.

[3] Sanders JL. Nonlinear theories for thin shells. Arch Rational Mech Anal
1962;21:21-36.

[4] Green AE, Naghdi PM. A general theory of a cosserat surface. Arch.
Rational Mech Anal 1965;20:287-308.

[5] Green AE, Laws N, Naghdi PM. Rods, plates and shells. Proc Camb Phil
Soc 1968;64:895-913.

6] Ahmad S, ITrons BM, Zienkiewicz OC. Analysis of thick and thin
shell structures by curved finite elements. Int J Numer Methods Eng
1970;2:619-451.



Non-Linear Analysis of Arbitrary Quadrilateral Plates 289

[7]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

Haghes TJ, Liu WK. Nonlinear finite element analysis of shells: Part I.
Three dimensional shells. Comput Methods Appl Mech Eng 1981;26:331-
362.

Hughes TJR, Liu WK. Nonlinear finite element analysis of shells: Part II.
Two-dimensional shells. Comput Methods Appl Mech Eng 1981;27:167-
181.

Hughes JR, Carnoy E. Nonlinear finite element shell formulation ac-
counting for large membrane strains. Comput Methods Appl Mech. Eng
1983;39:69-82.

Bathe KJ. Finite element procedures. Prentice-Hall Englewood Cliffs NJ
1996.

Hughes TJR. The finite element method. Prentice-Hall Englewood Cliffs
NJ 1987.

Belytschko T, Liu WK, Moran B. Nonlinear finite elements for continua
and structures. John Wiley & Sons LTD 1987.

Wempner G. Finite elements, finite rotations and small strains of flexible
shells. Int J Solids Struc 1969;5:117-153.

Argyris J. An excursion into large rotations. Comput Methods Appl Mech
Eng 1982;32:85-155.

Simo JC, Fox DD. On a stress resultant geometrically exact Shell Model.
Part I: Formulation and optimal parametrization. Comput Methods Appl
Mech Eng 1982;72:267-304.

Simo, J. C., Fox, D. D. and Rifai, M. S.; “On a stress resultant geo-
metrically exact shell model. Part II: The linear theory: Computational
aspects,” Comput. Methods Appl. Mech. Engrg, Vol. 73, 1989, pp. 53-92.

Simo JC, Fox DD, Rifai MS. On a stress resultant geometrically exact shell
model. Part III: Computational aspects of the nonlinear theory. Comput
Methods Appl Mech Eng 1990;79:21-70

Simo JC, Rifai MS, Fox DD. On a stress resultant geometrically exact
shell Model. Part IV: Variable thickness shells with through-the-thickness
stretching. Comput Methods Appl Mech Eng 1990;81:91-126.

Simo JC, Kennedy JG. On a stress resultant geometrically exact shell
Model. Part V: Nonlinear Plasticity Formulation and integration algo-
rithms. Comput Methods Appl Mech Eng 1992;96:133-171.



290

[20]

[21]

[22]

[23]

[24]

[25]

[20]

[27]

28]

[29]

[30]
[31]

A. R. Shahidi

Simo JC, Rifai MS, Fox DD. On a stress resultant geometrically exact
shell Model Part VI: Nonlinear dynamics and conserving algorithms. Int
J Numer Methods Eng 1990;34:117-164.

Simo JC. On a stress resultant geometrically exact shell model. Part VII:
Shell intersections with 5/6-DOF finite element formulations. Comput
Methods Appl Mech Eng 1993;108:319-339.

Wangner W. A finite element model for non-linear shells of revolution
with finite rotations. Int J Numer Meth Eng 1990;29:1455-1471.

Parisch H. An investigation of a finite rotation four node assumed strain
shell element. Int J Numer Methods Eng 1991;31:127-150.

Buechter N, Ramm E. Shell theory versus degeneration Comparison
in large rotation finite element analysis. Int J Numer Methods Eng
1992;34:39-59.

Sansour C, Bufler H. An exact finite rotation shell theory, its mixed vari-
ational formulation and its finite element implementation. Int J Numer
Methods Eng 1992;34:73-115.

Peng X, Crisfield MA. A consistent co-rotational formulation for shells
using the constant stress/constant moment triangle. Int J Numer Methods
Eng 1992;35:1829-1847.

Jiang L, Chernuk MW. A simple four-noded co-rotational shell element
for arbitrarily large rotations. Comput Struc 1994;53:1123-1132.

Moita GF, Crisfield MA. A finite element formulation for 3-D continua
using the co-rotational technique. Int J Numer Methods Eng 1996;39:3775-
3792.

Liu CS, Hong HK. Using comparison theorem to compare co-rotational
stress rates in the model of perfect elastoplasticity. Int J Solids Struc
2001;38:2969-2987.

Chia CY. Non-Linear Analysis of Plates. New York: Mc Graw-Hill, 1980.

Shahidi, A. R., Mahzoon, M., Saadatpour, M. M. and Azhari, M., “Non-
Linear Static Analysis of Arbitrary Quadrilateral Plates in Very Large
Deflections”. Accepted in Communications in Nonlinear Science and Nu-
merical Stmulation. 12 April 2005.

Received: January 23, 2006



