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Abstract

Let A be a Banach algebra and let I be a closed two-sided ideal in
A, Ais Ais I-weakly amenable if the first cohomology group of A with
coefficients in the dual space I* is zero; i.e., H'(A, I*) = {0}. Further, A
is ideally amenable if A is I-weakly amenable for every closed two-sided
ideal I in A. In this paper we find the necessary and sufficient conditions
for a module extension Banach algebra to be ideally amenable.
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1 Introduction

Let A be a Banach algebra and let X be a Banach A-bimodule, then X* is a
Banach A-bimodule if for each a € A and z € X and 2* € X* we define

(x,ax*) = (xa,z"), (x,z*a) = (az,z").

In particular [ is a Banach A-bimodule and I* is a dual A-bimodule for every
closed two-sided ideal I in A. If X is a Banach A-module then a derivation
from A into X is a continuous linear operator D if for every a,b € A,

D(ab) = D(a).b+ a.D(b).
If x € X and we define ¢, from A into X as follows
d.(a) =ax —r.a (a € A,

0, is a derivation. Derivations of this form are called inner derivations. A
Banach algebra A is amenable if every derivation from A into every dual
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A-module X is inner; i.e. H' (A, X*) = {0}, where H'(A, X*) is the first
cohomology group from A with coefficients in X*. This definition was intro-
duced by B. E. Johnson in [Jol] (see [Ru] and [He]). A is weakly amenable if,
every derivation from A into A* is inner (see [Jo3], [D-Gh], [Grl], [Gr2] and
[Gr3]). Bade, Curtis and Dales [B-C-D] have introduced the concept of weak
amenability for commutative Banach algebras. Let n € N. A Banach algebra
A is called n-weakly amenable if, H'(A, A™) = {0}. Dales, Ghahramani and
Gronbaek started the concept of n-weak amenability of Banach algebras in
[D-Gh-G]. A Banach algebra A is ideally amenable if H'(A, I*) = {0}, for
every closed two-sided ideal I in A. Eshaghi-Gordji and Yazdanpanah have
introduced the concept of ideal amenability of Banach algebras in [G-Y] (see
[E-H] and [E-M]). Let A be a Banach algebra and X be a Banach A-bimodule,
and let B; = A® X as a Banach space, so that

1@, )| = [la]l + || (ae A, reX)
Then B, is a Banach algebra with the product
(a1,21)(ag, x2) = (a1a2, 21 - ag + ay - z2) .

By is called a module extension Banach algebra. It is easy to show that
By = A* @ X*, where this sum is A-bimodule /,-sum. Yong Zhang in [Zh]
found the necessary and sufficient conditions for a module extension Banach
algebra to be n-weakly amenable (n € N). We prove Zhang’s Theorems for
n-ideal amenability when n=1.

2 Module extension Banach algebras

Let A be a Banach algebra and let X be a Banach A-bimodule. It is easy
to show that J is a closed ideal in A @& X, if and only if there exist closed
ideal I in A and a closed A-submodule Y of X such that J = I &Y and
that IX UXI C Y. We will find the necessary and sufficient conditions for
a module extension Banach algebra to be ideally amenable. First we give the
following Lemmas.

Lemma 2.1. Suppose that I' : X — [* is a continuous .A-bimodule mor-
phism. Then ' : A® X — (I @ Y)* defined by T'((a,z)) = (I'(z),0) is
a continuous derivation. The derivation I is inner if and only if there exists
F € Y*such that aF' — Fa=0and I'(x) = xF — Fz fora € A and z € X.

proof It is straightforward to check that I is continuous derivation. Not-
ing that (I'(z),0) = I'((0,2)) , I'((a,0)) = (0,0). Now let I' is inner then
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((a,z)) = (a,2).6 — &.(a,z) where £ € (I & Y)*. We have (I'(z),0) =
((0,z)) = (0,2).£ — £.(0,z) and

(0,0) =T'((a,0)) = (a,0).£ —£.(a,0).

We define F': Y — C by F(y) = £(0,y). Since Y is a submodule of X, for
y €Y and a € A we have ya,ay € Y and (aF)(y) = F(ya), (Fa)(y) = F(ay)
and hence aF, F'a are well-defined. Furthermore

= =

(aF' = Fa)(y) = F(ya—ay)=£(0,ya— ay)
((a,0)8)(0,y) — (£(a, 0))(0,y)
= 0,

then aF — Fa = 0 where a € A. For every x € X we have

(P(ZL‘),O) = F((Oax)) = (O,:L‘)f - f(ovl‘)

But £ € (I @ Y)* and hence there exists v € [* and F € Y* such that
¢ = (u, ). Then we have

(I'(x),0) =T'((0,2)) = (0,2).(u, F) — (u, F).(0,2) = (xF — Fz,aF — Fa).

Therefore xF — Fx = I'(x) for each x € X. For converse, if such an element
F' exists, then

I'((a,z)) = (I'(x),0) = (zF — Fx,aF — Fa) = (a,2).(0, F) — (0, F).(a, x),

where € € (I @ Y)* and then T is inner. |

Lemma 2.2. Let D : A — Y* be a continuous derivation. Then D :
(A® X) — (I ®Y)*, defined by D((a,z)) = (0, D(a)) is also a continuous
derivation. Also we have

1. if D is inner, then so is D;

2. if D is inner, then there exists a continuous derivation D : (A @ X) —

(I ®Y)* satisfying D((a,0)) =0 a € A and for which D — D is inner.

proof Clearly D is a continuous derivation. Let D is inner then for some
u € I* and F € Y* we have D((a,z)) = (a,z).(u, F) — (u, F).(a,x) but

(0,D(a)) = D((a,0)) =(a,0).(u, F) — (u, F').(a,0)
= (au,aF) — (ua, Fa) = (au — ua,aF — Fa),

and then D(a) = aF — Fa for F € Y* and D is inner. Now let D is inner.
We have, there exists F' € Y* such that D(a) = aF — Fa for a € A. Let
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T : X — I" be defined by T(z) = Fr —xF v € X (Fz and zF are well-
defined because IX,XI C V) and T : (A® X) — (I @ Y)" defined by
T((a,z)) = (T(x),0) (a,z) € (A® X). Then

(D—=T)((a,7)) = D((a,x)) —T((a,))
= (0, D(a)) = (T'(x),0)
= (xF — Fx,aF — Fa)

= (a,2).(0,F)— (0, F).(a, x).
Now let D = T, then we have D((a,0)) = T((a,0)) = (T(0),0) = 0, and D—D

is inner. B |
If D: A — I"is a continuous derivation, we define D : (A& X) —
(I@Y)" by D((a,2)) = (D(a),0). _
T :X — Y*is a continuous A-bimodule morphism, we define T :
(A® X) — (I&Y)" by T((a,2)) = (0, T(x)). )
If D: A— Y™ is a continuous derivation, we define D : (A& X) —
(1&Y)™ by D((a,2)) = (0, D(a)). )
If T': X — I"™ is a continuous A-bimodule morphism, we define T :
(A& X) — (1&Y)" by T((a,2)) = (T(x),0).

Lemma 2.3. The operators D and T defined above are continuous deriva-
tions. Furthermore, the derivation D is inner if and only if D is inner, and T’
is inner if and only if 7" = 0.

proof Let (a,z),(b,y) € (A® X), we have
D((a,z),(b,y)) = D((ab,ay + b))
(D(ab),0) = (D(a)b + aD(b),0)
= (D(a),0).(b,y) + (a,2).(D(b), 0)
= D((a,2))-(b,y) + (a,7).D((b,y))-

Then D is a (continuous) derivation, and similarly for 7. Now let
then there exists u € I* and F € Y* such that D((a,7)) =
(u, F').(a,x). In particular
(D(a),0) = D((a,0))
= (a,0).(u, F) — (u, F').(a,0)
= (au —ua,aF — Fa),

D bei inner,
(u,

(a,2).(u, F) -

then D(a) = au — ua for u € I* i.e D is inner. For converse, let D is inner,
then there exists u € I* such that D(a) = au — ua for a € A. We have

D((a,z)) = (D(a),0) = (au — ua,0)
= (a,2).(u,0) — (u,0).(a, ).
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By putting § = (u,0) € (I ®Y)*, D((a,z)) = (a,2).§ — &.(a,x) where £ €
(I®Y)*. Thus D is inner. Let T is inner, then there exists u € I* and F' € Y*
such that

D((a,x)) = (a,x).(u, F) — (u, F).(a, z).

In particular,

(0, T(x))=T((0,2)) = (0,2).(u, F') — (u, F).(0,2) = («F — Fz,0),

thus T' = 0. The converse is evident, and a similar proof gives the rest. W

Theorem 2.4. A @ X is ideally amenable if and only if for arbitrary ideal
I &Y of A® X the following conditions hold:

1. A is I-weakly amenable.

2. H'(A,Y*) = {0}.

3. For every continuous A-bimodule morphism I' : X — I*, there exists
F € Y* such that aFF — Fa=0fora € A and I'(z) = «F — Fx for z € X.

4. The only continuous A-bimodule morphism 7" : X — Y™ for which 27'(y)+
T(x)y=0(x,ye X)in I*isT =0.

proof Let I@®Y be an arbitrary ideal of A®X. Denote by A; the projection
from (I @ Y)* onto I* with kernel Y*. Let Ay be the projection id — A; :
{eY) — Y*and let i : A — (A @ X) be the inclusion mapping (i.e
71(a) = (a,0)). Then Ay, Ay are A-bimodule morphisms, and 7 is an algebra
homomorphism. We now prove the sufficiency. Suppose that conditions 1-4
hold. Suppose also that D : (A® X) — (I & Y)* is a continuous derivation.
Then Dory : A — (I @ Y)* is a continuous derivation. This implies that
AjoDory : A — I* and AsoDor; : A — Y™ are continuous derivations. By
conditions 1 and 2, they are inner. Therefore, Dot is inner. From Lemmas
2.2 and 2.3, the mapping

Doty = AjoDory + AyoDory - (A X) — (1Y),

is a continuous derivation, and there is a continuous derivation D: (AeX) —
(I ®Y)* satisfying D((a,0)) = 0 for a € A and such that Dor; — D is inner.
On the other hand,

(D — Dom)((a,0)) = D((a,0)) — Dor((a,0)) = Dory(a) — Dory(a) = 0.

Let D =D — Domy +Al~). Then D is a continuous derivation from A @ X into
(I ®Y)*, satistying D((a,0)) =0 for a € A. So,

A

D((0,az)) = ZA?((a,(?})(O,ﬂc))
= (a,0).D((0,z))
= a.D((0,2)) (a€A,zeX),
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and D((0,za)) = D((0,z)).a (a € A,z € X). Denote by 7 : X — Ad X
the inclusion mapping given by m(z) = (0,2) (z € X). Then Dor : X —
(I ®Y)* is a continuous .A-bimodule morphism. From condition 3 there exists
F € Y* for which AyoDory(z) = F — Fz and aF — Fa =0 for z € X,a € A.
Since

(0,0) = D((0,0)) = D((0,2).(0,9))
= D((0,2)).(0,y) + (0, ). D((0,y))
= ([Ax0Dory(x )]y—i—x[AgoDOTg( )],0),

we have (AyoDory(z))y + z(Ag0Dory(y)) = 0 for every 2,y € X. From 4,
AsoDory, = 0. Thus

D((a,z)) = D((0,z)) = 15072(5{)
(AlODOTQ( ), AgoDory(x))
= (zF — Fz,0)
(a,2).(0, F) — (0, F).(a,z).

We have that D is inner. Thus D = D + (Dot — D) is inner. This proves that
A @ X is ideally amenable. For the converse, let A ® X is ideally amenable
and let I @Y is an arbitrary ideal of A@® X. Then every continuous derivation
from A @& X into (/ @ Y)* is inner. Let D : A — I* be a continuous
derivation, then By lemmas 2.3, D : A®X — (I®Y)* defined by D((a,z)) =
(D(a),0) is inner, and condition 1 hold. Let T': X — Y™ be a continuous
A-bimodule morphism, then by lemma 2.3, T : A® X — (I ®Y)* defined
by T((a,z)) = (0,T(x)) is inner, and condition 2 hold. Now if I': X — [*
be an arbitrary continuous A-bimodule morphism, by Lemma 2.1, there exists
F € Y* such that aF' — Fa = 0a € A and I'(z) = «F — Fx x € X. This
gives condition 3. If T': X — Y™ is a continuous .A-bimodule morphism for
which 2T(y) + T(x)y = 0 z,y € X in I*, then by lemma 2.3, T = 0. This
gives condition 4 and the proof is complete. |
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