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Abstract

Chen [1] establishes a relationship between sectional curvature and
the shape operator for submanifold in a real space form. A similar in-
equality for slant submanifolds in a complex space form is proved in [2].
As a natural generalization to the above two kinds of this result, an
inequality is established in [3]. In this paper, we find a similar inequal-
ity between the shape operator and sectional curvature for Riemannian
submanifolds in a Hessian manifolds of constant Hessian sectional cur-
vature.
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1. PRELIMINARIES: Let Mm be a flat affine manifold with flat affine
connection D. Among Riemannian metrics on Mm there exists an important
class of Riemannian metrics compatible with the flat affine connection D. A
Riemannian metric g on M is said to be Hessian metric if g is locally expressed
by g = D2u where u is a local smooth function.We call such a pair (D , g) a
Hessian structure on M and a triple (M , D , g) a Hessian manifold.Geometry
of Hessian manifold is deeply related to Kählerian geometry and affine differ-
ential geometry [4] .

We use the same notations and terminology as in [4] unless otherwise
stated.Let M m be a Hessian manifold with Hessian structure (D , g ).We ex-
press various geometric concepts for the Hessian structure (D , g) in terms of
affine coordinate system {x1 , . . . , xm} with respect to D , i.e D dxi = 0
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i ) The Hessian metric ;

gij =
∂2u

∂xi∂xj

ii ) Let γ be a tensor field of type (1, 2) defined by

γ (X, Y ) = �XY − DXY

where ∇ is the Riemannian connection for g . Then we have

γi
jk = Γi

jk =
1

2
gir ∂grj

∂xk
, γijk =

1

2

∂gij

∂xk
=

1

2

∂3u

∂xi∂xj∂xk
, γijk = γjik = γkji

where Γi
jk are the Christoffel ’ s symbols of ∇ .

iii )Define a tensor field S of type (1, 3) by

S = Dγ

and call it the Hessian curvature tensor for (D , g ) .Then we have

S i
jkl =

∂γi
jl

∂xk

Sijkl =
1

2

∂4u

∂xi∂xj∂xk∂xl
− 1

2
grs ∂3u

∂xi∂xk∂xr
− ∂3u

∂xj∂xl∂xs

Sijkl = Silkj = Skjil = Sjilk = Sklij.

iv ) The Riemannian curvature tensor for ∇ ;

Rijkl =
1

2
(Sjikl − Sijkl) . (1.1)

Definition 1. For a non-zero contravariant symmetric tensor ξx of degree
at x we set

h (ξx) =
〈ς (ξx) , ξx〉
〈ξx , ξx〉

and call it the Hessian sectional curvature in the direction ξx .
Theorem 1.1. Let (M , D , g ) be a Hessian manifold of dimension ≥

2. If the Hessian sectional curvature h (ξx) depends only x then (M , D , g )
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is of constant Hessian sectional curvature .(M , D , g ) is of constant Hessian
sectional curvature c if and only if

Sijkl =
c

2
(gijgkl + gilgkj) . (1.2)

Corollary 1.1. If a Hessian manifold (M , D , g ) is a space of constant
Hessian sectional curvature c , then the Riemannian manifold (M , g) is a
space of constant sectional curvature − c

4
.

2. SHAPE OPERATOR AND SECTIONAL CURVATURE

Theorem 2.1. Let x : Mn → Mm
(− c

4

)
be an isometric immersion of a

Riemannian n-manifold in to an m-dimensional Hessian manifold Mm
(− c

4

)
of

constant sectional curvature − c
4
. If there exist a point p ∈ Mn such that

c ≡ inf K 
= − c
4

at p, then the shape operator at the mean curvature
H satisfies

AH >
n − 1

n

(
c +

c

4

)
In at p (2.1)

where In is the identity map.

Proof: We assume that Mn is a submanifold in Mm
(− c

4

)
. Choose or-

thonormal basis e1, ..., en, en+1,...,em at p such that en+1 is parallel to the mean
curvature vector H and e1, ..., en diagonolize the shape operator An+1. Then
we have

An+1 =

⎛
⎜⎜⎜⎜⎜⎝

a1 0 0 · · · 0
0 a2 0 · · · 0
0 0 a3 · · · 0
...

...
...

. . .
...

0 0 0 · · · an

⎞
⎟⎟⎟⎟⎟⎠ (2.2)

Ar =

n∑
i,j=1

(
hr

ij

)
,

n∑
i=1

(hr
ii) = 0 , r = n + 2, · · · , m

we put uij = uji = aiaj .From Gauss equation , we get

uij ≥ c +
c

4
+

m∑
r=n+2

(
hr

ij

)2 − n∑
r=n+2

(hr
ii)
(
hr

jj

)
1 ≤ i 
= j ≤ n. (2.3)

We need following lemmas.

Lemma 1. The following statements hold
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(1) For any fixed i ∈ {1, 2, ..., n} , we have

n∑
i�=j

uij ≥ (n − 1)
(
c +

c

4

)
.

(2) uij 
= 0 for i 
= j.
(3) For distinct i, j, k ∈ {1, 2, ..., n} it follows that a2

i = uijuik/ujk.
(4) For a fixed k, 1 ≤ k ≤ [n

2
], and each B ∈ Sk, we have

∑
,j∈B

∑
t∈B

ujt ≥ (n − k) k
(
c +

c

4

)
.

where B is the complement of B in {1, 2, ..., n} .
Proof: From (2.2) and (2.3), we get

∑
i�=j

uij ≥ (n − 1)
(
c +

c

4

)
+

m∑
r=n+2

(∑
i�=j

(
hr

ij

)2 − (hr
ii)
∑
i�=j

(
hr

jj

))

= (n − 1)
(
c +

c

4

)
+

m∑
r=n+2

∑
i�=j

(
hr

ij

)2

≥ (n − 1)
(
c +

c

4

)
which yields statement (1) . For statement (2) , let us assume uij = aiaj = 0 if

ai = 0 then uit = 0 for any t 
= i. Hence
∑
t�=i

uit = 0 which contradicts statement

(1) .
(3) We have uijuik/ujk = aiajaiak/ajak = a2

i

(4) Without loss of generality, we may assume B = {1, 2, ..., k} . From
(2.3) , we find

∑
j∈B

n∑
t∈B

ujt ≥ (n − k) k
(
c +

c

4

)
+

k∑
j=1

n∑
t=k+1

m∑
r=n+2

[
(
hr

jt

)2 − (hr
jj

)
(hr

tt)]

= (n − k) k
(
c +

c

4

)
+

m∑
r=n+2

[

k∑
j=1

n∑
t=k+1

(
hr

jt

)2
+

k∑
j=1

(
hr

jj

)2
]

which implies the statement.
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Lemma 2. For any 1 ≤ i 
= j ≤ n, we have uij > 0.
Proof. Assume u1n < 0, then by statement (3) of Lemma 1, we get

u1iuin < 0 for 1 < i < n. Without loss of generality we may assume

u12, ..., u1l, u(l+1)n, ..., u(n−1)n > 0

u1(l+1), ..., u1n, u2n, ..., uln < 0 (2.4)

For some [n+1
2

] ≤ l ≤ n−1.If l = n−1, then u1n +u2n + · · ·+u(n−1)n < 0 that
contradicts statement (1) of Lemma 1. Thus l < n − 1. For statement (3) of
Lemma 1., we get

a2
n =

uinutn

uit
> 0, (2.5)

where 2 ≤ i ≤ l and l + 1 ≤ t ≤ n − 1. Using (2.4) and (2.5) we obtain
uit < 0 which implies

l∑
i=1

n∑
t=l+1

uit =

l∑
i=2

n−1∑
uit

t=l+1

+

l∑
i=1

uin +

n∑
t=l+1

ult < 0.

This is a contradiction.
If we return to proof of Theorem 2.1, from Lemma 2., it follows that

a1, · · · , an

are of the same sign. Therefore the shape operator AH is positive definite.
From statement (1) Lemma 1, we get

nai |H| − a2
i = ai

∑
j �=i

aj ≥ (n − 1)
(
c +

c

4

)
.

This completes the proof.
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