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Abstract
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problems for a class of higher order differential equations whose main
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10. Introduction

In the present paper, using the method in the paper [1] we study the existence
of holomorphic solution of the operator-differential equations

P

(
d

dz

)
u(z) ≡

(
− d2

dz2
+ A2

)m

u(z) +
2m−1∑
j=1

Aju
(2m−j)(z), z ∈ S(α,β),

(1)

with initial-boundary conditions

u(Sν)(0) = 0, ν = 0, m − 1, (2)

where A is a positive-definite selfadjoint operator, Aj (j = 0, m − 1) are lin-
ear operators in an abstract separable space H, u(z) and f(z) are H−valued
holomorphic functions in the domain

S(α,β) = {z/ − β < arg z < α} , 0 ≤ α <
π

2
, 0 ≤ β <

π

2
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and the integers sν (ν = 0, m − 1) satisfy the conditions

0 < s0 < s1 < . . . < sm−1 ≤ m − 1.

Let H be α separable Hilbert space, A be a positive definite selfadjoint
operator in H , and Hγ be a scale of Hilbert spaces generated by the operator
A, i.e. Hγ = D(Aγ), ‖x‖γ = ‖Aγx‖ , x ∈ D(Aγ), γ ≥ 0. Denote by L2(R+ : H)
Hilbert space of vector-functions f(t) with values from H, defined in R+ =
(0, +∞), measurable, and for which

‖f‖L2(R+:H) =

⎛
⎝ ∞∫

0

‖f(t)‖2 dt

⎞
⎠

1
2

< ∞.

Then, denote by H2(α, β : H) a set of vector-functions f(z) with values
from H, that are holomorphic in the sector S(α,β) = {z/ − β < arg z < α}
and for any ϕ ∈ [−β, α] of the function f(ξeiϕ) ∈ L2(R+ : H). Note that
for the vector-function f(z) there exist boundary values f−β(ξ) = f(ξe−iβ)
and fα(ξ) = f(ξeiα) from the space L2(R+ : H) and we can reestablish the
vector-function f(z) with their help by Cauchy formula

f(z) =
1

2πi

∞∫
0

f−β(ξ)

ξe−iβ − z
e−iβdξ − 1

2πi

∞∫
0

fα(ξ)

ξeiα − z
eiαdξ.

The linear set H2(α, β : H) becomes a Hilbert space with respect to the
norm [1]

‖f‖(α,β) =
1√
2

(
‖f−β‖2

L2(R+:H) + ‖fα‖2
L2(R+:H)

) 1
2

.

Now, define the space W 2m
2 (α, β : H)

W 2m
2 (α, β : H) =

{
u/ A2mu ∈ H2(α, β : H), u(2m) ∈ H2(α, β : H),

}
with norm

‖|u|‖(α,β) =
(∥∥ A2mu

∥∥2

(α,β)
+

∥∥u(2m)
∥∥2

(α,β)

) 1
2

.

Here and in the sequel, the derivatives are understood in the sense of complex
analisys in abstract spaces ([2]).

Definition 1. The vector-function u(z) ∈ W 2m
2 (α, β : H) is said to be a regu-

lar solution of problem (1),(2), if u(z) satisfies equation (1) in S(α,β) identically
and boundary conditions are fulfilled in the sense

lim
z→0−β<arg z<α

∥∥u(sj)(z)
∥∥

2m−sj− 1
2

= 0, j = 0, m − 1.
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Definition 2. Problem (1),(2) is said to be φ-solvable, if for any f(z) ∈ H1 ⊂
H2(α, β : H) there exists u(z) ∈ W1 ⊂ W 2m

2 (α, β : H), which is a regular
solution of boundary value problem (1),(2) and satisfies the inequality

‖|u|‖(α,β) ≤ const ‖f‖(α,β) ,

moreover, the spaces H1 and W1 have finite-dimensional orthogonal comple-
ments in the spaces H2(α, β : H) and W 2m

2 (α, β : H), respectively.

In the present paper we study the φ-solvability of problem (1), (2). The
similar problem was investigated in general form in [1], when the principal
part doesn’t contain a multiple characterics. In the author’s paper [3] for
α = β = π/4 the one valued and correct solvability conditions of problem (1),
(2) are found in the case when the principal part of equation (1) is biharmonic.
For simplicity we consider equation (1) with boundary conditions

u(j)(0) = 0, j = 0, m − 1. (3)

The general case is considered similarly.

20. Some auxiliary facts

First, let’s prove some lemmas.

Lemma 1. The boundary-value problem

P0

(
d

dz

)
u(z) ≡

(
− d2

dz2
+ A2

)m

u(z) = v(z), z ∈ S(α,β) (4)

u(j)(0) = 0, j = 0, m − 1 (5)

is regularly solvable.

Proof. It is easily seen that ([1]) the vector function

u0(z) =
1

2πi

∫
Γ

P−1
0 (λ)v̂(λ)eλzdλ (6)

satisfies equation (4) identically in S(α,β) where v̂(λ) is a Laplace transform of
the vector-function v(z) :

v̂(z) =

∞∫
0

v(t)e−λtdt,
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that is an analytic vector-function in the domain

S̃(α,β) =
{

λ/ − π

2
− α < arg λ <

π

2
+ β

}
and for λ ∈ S̃(α,β)

‖v̂(λ)‖ → 0, |λ| → ∞, ([4])

in formula (6) the integration contour Γ = Γ1∪Γ2, where Γ1 =
{
λ/ arg λ = π

2
+ β

}
,

Γ2 =
{
λ/ arg λ = −π

2
− α

}
. Thus,

u0(z) =
1

2πi

∫
Γ1

P−1
0 (λ)v̂(λ)eλzdλ − 1

2πi

∫
Γ2

P−1
0 (λ)v̂(λ)eλzdλ, z ∈ S(α,β).

On the other hand, it is easy to check that on the rays Γ1 and Γ2 it holds the
estimate ∥∥λ2mP−1

0 (λ)
∥∥ +

∥∥A2mP−1
0 (λ)

∥∥ ≤ const.

Then using the analogies of Plancherel formula for a Laplace transform we get
u0(z) ∈ W 2m

2 (α, β : H). Further, a general regular solution of the equation we
seek in the form

u(z) = u0(z) +
m−1∑
p=0

(zA)p e−zACp, (7)

where Cp ∈ H2m− 1
2
, and e−zA is a holomorphic in S(α,β) group of bounded

operators generated by the operator (−A). Now, let’s define the vectors Cp

(p = 0, m − 1) from condition (5). Then, obviously, for the vectors Cp (p =
0, m − 1) we get the following system of equations:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

c0 = −u0(0),
−c0 + c1 = −A−1u′(0),
c0 − 2c1 + 2c2 = −A−2u′′(0),
· · · · · · · · · · · · · · · · · · · · ·
(−1)m−1c0 + (−1)m−2

(
1

m − 1

)
c1 + · · ·+ cm−1 = −A−m+1u(m−1)(0).

It is evident that the main matrix differs from zero, since it is triangle.
Therefore, we can define all the vectors Cp (p = 0, m − 1) by a unique way.

On the other hand, u
(j)
0 (z) ∈ H2m−j− 1

2
, since u

(j)
0 (z) ∈ W 2m

2 (α, β : H), therefore
the vectors Cp ∈ H2m−j− 1

2
.
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Thus,

u(z) = u0(z) +
m−1∑
p=0

(zA)pe−zA

p∑
q=0

αpqA
−qu

(q)
0 (0). (8)

The form u(z) and the trace theorem implies that the inequality

‖u‖W 2m
2 (α,β:H) ≤ const ‖v‖H2(α,β:H)

holds. The lemma is proved.
For the further study we transform the form of the vector function u0(z).

From formula (6) after simple transformations we get

u0(z) =

∞∫
0

⎛
⎝ 1

2πi

i∞∫
0

P−1
0 (λeiβ)eλ(zeiβ−ξ)dλ

⎞
⎠ v−β(ξ)dξ −

−
∞∫

0

⎛
⎝ 1

2πi

−i∞∫
0

P−1
0 (λe−iα)eλ(ze−iα−ξ)dλ

⎞
⎠ vα(ξ)dξ =

=

∞∫
0

G1(ze
iβ − ξ)v−β(ξ)dξ −

∞∫
0

G2(ze
−iα − ξ)vα(ξ)dξ, (9)

where

vα(t) = v(teiα), vβ(t) = v(te−iβ)

and

G1(s) = 1
2πi

i∞∫
0

P−1
0 (λeiβ)eλsdλ

G1(s) = 1
2πi

−i∞∫
0

P−1
0 (λe−iα)eλsdλ

⎫⎪⎪⎬
⎪⎪⎭ . (10)

Now, let’s prove the main result of the paper.

30. The main results

Theorem 1. Let A be a positive selfadjoint operator with completely continu-
ous inverse A−1. The resolvent P−1(λ) exist on the rays Γ1 =

{
λ/ arg λ = π

2
+ β

}
,

Γ2 =
{
λ/ arg λ = −π

2
− α

}
and be iniformly bounded, the operators Bj =

Aj×A−j (j = 1, 2m − 1) be completely continuous in H. Then, problem (1),(3)
is φ-solvable.
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Proof. Write P (d/dz) in the form

P (d/dz)u(z) = P0(d/dz)u(z) + P1(d/dz)u(z),

where

P0(d/dz)u(z) =

(
− d2

dz2
+ A2

)m

u(z),

P1(d/dz)u(z) =
2m−1∑
j=1

Aju
(2m−j)(z).

Having applied the operator P (d/dz) to both sides of equality (8) we get

v(z) = P0(d/dz)u0(z) + P1(d/dz)

m−1∑
p=0

(zA)pe−zA

p∑
q=0

αpqA
−qu

(q)
0 (0). (11)

Passing in equality (11) to the limit as z → teiα and z → te−iβ (t ∈ R+ =

= (0,∞)) and using for u
(q)
0 (0) the expressions found from equality (9) allowing

for (10) we get the following system of integral equations in the space L2(R+ :
H)

vα(t) +
∞∫
0

(K2(t − ξ) + K4(te
iα, ξ)) vα(ξ)dξ+

+
∞∫
0

(
K1(te

i(α+β) − ξ) + K3(te
iα, ξ)

)
v−β(ξ)dξ = fα(t)

v−β(t) +
∞∫
0

(
K1(t − ξ) + K3(te

−iβ , ξ)
)
v−β(ξ)dξ+

+
∞∫
0

(
K2(te

−i(α+β) − ξ) + K4(te
−iβ − ξ)

)
vα(ξ)dξ = f−β(t)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(12)

where

K1(te
iβ − ξ) = P1(e

iβd/dt)G1(te
iβ − ξ);

K2(te
−iα − ξ) = P1(e

−iα d

dt
)G2(te

−iα − ξ);

K3(t, ξ) = −P1(e
iβd/dt)

m−1∑
p=0

(te−iβA)pe−te−iβA

p∑
q=0

αpqA
−qG

(q)
1 (−ξ),

K4(t, ξ) = P1(e
−iαd/dt)

m−1∑
p=0

(te−iβA)pe−teiαA

p∑
q=0

αpqA
−qG

(q)
2 (−ξ).
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Since the operator P0(d/dz) maps isomorphically the domain
0

W
2m

2 (α, β :

H) onto H2(α, β : H) where
0

W
2m

2 (α, β : H) = {u(z)/ u(z) ∈ W 2m
2 (α, β : H),

u(j)(0) = 0, j = 0, m − 1
}

, then the φ-solvability of problem (1), (3) is equiv-
alent to the φ-solvability of a system of integral equations (12) in L2(R+ : H).
Therefore, we study the φ-solvability of the system of integral equations (12)
in L2(R+ : H). Since P−1(λ) exists on the rays Γ1 and Γ2, then each equation

ṽ(t) +

+∞∫
−∞

Kj(t − ξ)ṽ(ξ)dξ = f̃(ξ), j = 1, 2

is correctly and uniquely solvable in the space

L2(R : H) = L2(R : H) ⊕ L2(R : H)

where f̃(t) ∈ L2(R : H), ṽ(t) ∈ L2(R : H). Therefore, for φ-solvability of the
system of integral equations,

vα(t) +
+∞∫
0

K2(t − ξ)vα(ξ)dξ = fα(ξ)

v−β(t) +
+∞∫
0

K1(t − ξ)v−β(ξ)dξ = f−β(ξ)

⎫⎪⎪⎬
⎪⎪⎭

in the space L2(R+ : H) it suffices to prove that the kernels K1(t + ξ) and
K2(t + ξ) generate completely continuous operators in L2(R : H). Then, to
prove the φ-solvability of the system of integral equations (12) in the space
L2(R+ : H), we have to prove that the kernels K1(te

i(α+β)−ξ), K2(te
−i(α+β)−ξ),

K3(te
iα, ξ), K4(te

iα, ξ), K3(te
−iβ, ξ), K4(te

−iβ, ξ) also generate completely con-
tinuous operators in L2(R+ : H). The proof of complete continuity of these
operators is similar. Therefore, following [1] we shall prove the complete con-
tinuity of the operator generated by the kernel K1(t + ξ). Since

K1(t + ξ) =

2m−1∑
j=1

A2m−je
ijβ dj

dtj

⎛
⎝ 1

2πi

i∞∫
0

(−λ2e2iβE + A2)−meλ(t+ξ)dλ

⎞
⎠ ,

and taking into account that for λ ∈ (0, i∞) and for sufficiently small sector
adherent to the axis i∞ it holds the estimation∥∥(−λ2e2iβE + A2)−m

∥∥ ≤ const(1 + |λ|)−2m,

we can represent K1(t + ξ) in the form

K1(t + ξ) =
2m−1∑
j=1

A2m−je
ijβ dj

dtj

⎛
⎝ 1

2πi

(i−ξ)∞∫
0

(−λ2e2iβE + A2)−meλ(t+ξ)

⎞
⎠ dλ =
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=
2m−1∑
j=1

B2m−j

2πi

(i−ξ)∞∫
0

λ2m−jAj(−λ2e2iβE + A2)−meλ(t+ξ)dλ

≡ 1

2πi

2m−1∑
j=1

B2m−jK1,j(t + ξ),

where ε > 0 is sufficiently small number, and

K1,j(t + ξ) =

(i−ξ)∞∫
t,ε>0

λ2m−jAj(−λ2e2iβE + A2)−meλ(t+ξ)dλ.

Then

‖K1,j(t + ξ)‖H→H =

∥∥∥∥∥∥
(i−ξ)∞∫

0

λ2m−jAj(−λ2e2iβE + A2)−meλ(t+ξ)dλ

∥∥∥∥∥∥ =

=

∥∥∥∥∥∥
∞∫

0

(i − ε)2m+1−jλ2m−jAj(−λ2(i − ε)2e2iβE + A2)−me−ελ(t+ξ)eiλ(t+ξ)dλ

∥∥∥∥∥∥ ≤

≤ |(i − ε)|
∞∫

0

∥∥((i − ε)λ)2m−jAj(−λ2(i − ε)2e2iβE + A2)−me−ελ(t+ξ)
∥∥ d(λε) ≤

≤ Cε

∞∫
0

e−ελ(t+ξ)d(λε) ≤ Cε

t + ε
.

Using Hilbert’s inequality [5] we get from the last inequality that K1,j(t +
ξ) generates a continuous operator in L2(R+ : H). To prove the complete
continuity of the operator generated by the operator B2m−jK1,j(t + ξ) we act
as follows. Let {en} be an orthonormal system of eigen vector of the operator
A responding to {μn} : Aen = μnen, 0 < μ1 < . . . < μn < . . . and let

Lm =
m∑

i=1

(·, ei)ei be an orthogonal projector on a sub-space generated by the
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first m vectors. Since B2m−j is a completely continuous operator, then as
m → ∞

‖Qm,j‖H→H = ‖Bj − BjLm‖H→H → 0.

On the other hand
‖BjLmK1,j(t + ξ)‖ =

=

∥∥∥∥∥∥∥
m∑

n=1

(i−ξ)λ∫
0

λ2m−j(i − ε)2m+1−jμj
n(−λ2(i − ε)2e2iβ + μ2

n)−m(·, en)Bjeneiλ(t+ξ)e−λε(t+ξ)dλ

∥∥∥∥∥∥∥ ≤

≤ Cε

m∑
n=1

∞∫
0

|(ελ)2n−j|μj
n

| − λ2(i − ε)2e2iβ + μ2
n|

e−ελ(t+ξ)d(λε) ≤ Cε(m)

∞∫
0

λ2m−j

1 + λ2m
e−λ(t+ξ)dλ.

Hence, it follows that the kernel B2m−jLmK1,j(t + ξ) generates a Hilbert-
Schmidt operator, since for j = 1, 2m − 1 the following inequality holds

∞∫
0

∞∫
0

‖BjLmK1,j(t + ξ)‖2 dξdt ≤

≤
∞∫

0

∞∫
0

⎛
⎝ ∞∫

0

λ2m−j

1 + λ2m
e−λ(t+ξ)

∞∫
0

s2m−j

1 + s2ml
e−s(t+ξ)ds

⎞
⎠ dtdξ =

= 2

∞∫
0

∞∫
0

λ2m−js2m−j

(1 + λ2m)(1 + s2m)(1 + s)2
dλds ≤ 2

∞∫
0

∞∫
0

λ2m−1−js2m−1−j

(1 + λ2m)(1 + s2m)
dλds =

= 2

∞∫
0

λ2m−1−j

1 + λ2m
dλ

∞∫
0

s2m−1−j

1 + s2m
ds < 0 (j = 1, 2m − 1).

On the other hand

B2m−jK1,j(t + ξ) = Qm,jK1,j(t + ξ) + B2m−jLmK1,j(t + ξ)

then the boundedness of the operator K̃1,j generated by the kernel implies

that the operator T̃1,j generated by the kernel B2n−jK1,j(t + ξ) is the limit of



1480 R. Z. Humbataliev

completely continuous operators T1,j,m generated by the kernels BjLmK1,j(t +
ξ). In fact the difference operators∥∥∥T̃1,j − T1,j,m

∥∥∥
L2(R+:H)→L2(R+:H)

≤ ‖Qm,j‖
∥∥∥K̃1,j

∥∥∥
L2(R+:H)→L2(R+:H)

→ 0 (m → ∞)

Thus, B2m−jK1,j(t + ξ) generates a completely continuous operator in
L2(R+ : H). Since K1(t + ξ) generates a completely continuous operator in
L2(R+ : H). The theorem is proved.
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