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Abstract

Sufficient conditions are found for ¢-solvability of boundary value
problems for a class of higher order differential equations whose main
part contains a multi charachteristics.
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19, Introduction

In the present paper, using the method in the paper [1] we study the existence
of holomorphic solution of the operator-differential equations

2m—1

P (d%’) u(z) = (—j—; + AQ)mu(z) + Zl AuPm=9(2), 2 € S(a,8),
J 0
with initial-boundary conditions
uS(0)=0, v=0,m—1, (2)
where A is a positive-definite selfadjoint operator, 4; (j = 0,m — 1) are lin-

ear operators in an abstract separable space H, u(z) and f(z) are H—valued
holomorphic functions in the domain

S ={2/ — B <argz<a}, 0§a<g, 0§ﬁ<g
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and the integers s, (v =0, m — 1) satisfy the conditions
0<sg<s1<...<Sp1<m-—1.

Let H be « separable Hilbert space, A be a positive definite selfadjoint
operator in H, and H., be a scale of Hilbert spaces generated by the operator
A e Hy=D(A"), [|z|, = |A7z|, € D(A"), v > 0. Denote by Ly(R; : H)
Hilbert space of vector-functions f(¢) with values from H, defined in R, =
(0, +00), measurable, and for which

oo 2
1 iy = / IF0Pd| < oo
0

Then, denote by Hs(a, 3 : H) a set of vector-functions f(z) with values
from H, that are holomorphic in the sector S5 = {2/ — 0 <argz < a}
and for any ¢ € [—3,a] of the function f(£e*?) € Lo(R, : H). Note that
for the vector-function f(z) there exist boundary values f_5(¢) = f(ée™%)
and f, (&) = f(£e') from the space Ly(R; : H) and we can reestablish the
vector-function f(z) with their help by Cauchy formula

o0

L] O ey L[ RO
/(z) = 2mi ) e — P g 270 / Eelr — P dt.
0 0

The linear set Ho(a, 3 : H) becomes a Hilbert space with respect to the
norm [1]

1
2

1 2 2
1oy = 75 (Mol Loy + el )

Now, define the space W™ (a, 3 : H)
W™ (e, B: H) = {u/ A™u € Hy(a,3: H), u®™ € Hy(a, 3 H),}

with norm

- w2\
Holllws = (Il A7 ll} )+ @5 )

Here and in the sequel, the derivatives are understood in the sense of complex
analisys in abstract spaces ([2]).

Definition 1. The vector-function u(z) € Wi™(a, 3 : H) is said to be a requ-
lar solution of problem (1),(2), if u(z) satisfies equation (1) in S, p) identically
and boundary conditions are fulfilled in the sense

L R
—f<arg z<«
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Definition 2. Problem (1),(2) is said to be ¢-solvable, if for any f(z) € Hy C
Hy(a, B3 : H) there exists u(z) € Wy C Wi™(«, 8 : H), which is a regular
solution of boundary value problem (1),(2) and satisfies the inequality

el a0 < const [ £ as -

moreover, the spaces Hy and Wi have finite-dimensional orthogonal comple-
ments in the spaces Hy(o, 3 : H) and Wi™(«, 3 : H), respectively.

In the present paper we study the ¢-solvability of problem (1), (2). The
similar problem was investigated in general form in [1], when the principal
part doesn’t contain a multiple characterics. In the author’s paper [3] for
a = 3 = /4 the one valued and correct solvability conditions of problem (1),
(2) are found in the case when the principal part of equation (1) is biharmonic.
For simplicity we consider equation (1) with boundary conditions

u0)=0, j=0,m— 1 (3)

The general case is considered similarly.

20, Some auxiliary facts

First, let’s prove some lemmas.

Lemma 1. The boundary-value problem

P(E)ue= (-4 4) =) s€Sen @

u(0)=0, j=0,m—1 (5)
18 reqularly solvable.

Proof. It is easily seen that ([1]) the vector function

)
_ / Pl yeMd\ (6)

271

satisfies equation (4) identically in S, g where ¥()\) is a Laplace transform of
the vector-function v(z) :

(e 9]

v(z) = /v(t)e)‘tdt,

0
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that is an analytic vector-function in the domain
g(a,g) = {)\/ —g—oz<arg)\< g—i-ﬁ}

and for \ € g(a,g)
[ =0, [Al = o0, ([4])

in formula (6) the integration contour I' = I';Ul'y, where I'y = {\/ arg A = £ + (3},
Iy ={\ argA=—-2 —a}. Thus,
un(2) = —= / POV EMdN — —— [ PELVBO)e N, e S
0 27T/[/ 0 271-/[/ 0 ) (Oé,ﬁ)‘
I T2

On the other hand, it is easy to check that on the rays I'y and I'y it holds the
estimate

[ A2 Py (V) || + || 4% Pyt () || < const.

Then using the analogies of Plancherel formula for a Laplace transform we get
ug(z) € Wim™(«, 3 : H). Further, a general regular solution of the equation we
seek in the form

u(z) = ug(2) + ) (2A)"e7*C,, (7)

where €, € H,,, 1, and e~*4 is a holomorphic in S, 5 group of bounded
operators generated by the operator (—A). Now, let’s define the vectors C,
(p = 0,m — 1) from condition (5). Then, obviously, for the vectors C, (p =
0,m — 1) we get the following system of equations:

( Co = —UO(O),

—Coptc1 = —Ailul(O),
co — 2¢1 + 2co = —A72"(0),
(=1 + (—1ym2 1

0 m—1

) c14 -t ey = —ATHm(0).

It is evident that the main matrix differs from zero, since it is triangle.
Therefore, we can define all the vectors C, (p = 0,m — 1) by a unique way.
On the other hand, u(()j)(z) € Hy,, ;_1,since u(()j)(z) € Wi™(«, 3 : H), therefore
the vectors C), € H, 1 ’

m—j—3°
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Thus,

u(z) = uo(2) + 3 (AP S g Al (0). ®)

q=0

3
I
o

The form u(z) and the trace theorem implies that the inequality

HUHWQQm(a,B:H) < const HUHHg(a,B:H)

holds. The lemma is proved.
For the further study we transform the form of the vector function wug(2).
From formula (6) after simple transformations we get
up(2) = / — | Bt 0aN | v (€)de —

271
0 0

—100

7 1 - —ia
— / — / Pt Xe™ @)t 00N | v, (€)dE =
0

2T
0

=[G~ o-ate)it — [ Gatee — uate)ie )
where
v (t) = v(te'), vg(t) = v(te )
and

Gi(s) = 5= [ Py '(AeP)ersdA
ide (10)

Gi(s) = 5 bfPO*l()\e_w)e’\sd)\

2mi

Now, let’s prove the main result of the paper.

3%, The main results

Theorem 1. Let A be a positive selfadjoint operator with completely continu-
ous inverse A™'. The resolvent P~*(\) exist on the rays Ty = {\/ argA\ =% + 3},
Iy, = {)\/ arg A = —35 — a} and be iniformly bounded, the operators B; =

A;x A1 (j =1,2m — 1) be completely continuous in H. Then, problem (1),(3)

18 ¢-solvable.
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Proof. Write P(d/dz) in the form

P(d/dz)u(z) = Py(d/dz)u(z) + Py(d/dz)u(z),
where

Po(d/dz)u(z) = (—j—; + A?) "2,

2m—1

Pi(d/dz)u Z AjuPm=9)

Having applied the operator P(d/dz) to both sides of equality (8) we get

3

v(z) = Py(d/dz)ug(z )+P1(d/dz) ZAZaqu w(@(0). (1)

3
I
o

Passing in equality (11) to the limit as z — te® and z — te™™ (t € R, =
= (0, 00)) and using for u(()q) (0) the expressions found from equality (9) allowing

for (10) we get the following system of integral equations in the space Lo(R; :
H)

) + [ (Kalt =€) + Kilte®.€) vn(€)ds+

] (e ) 4 Kyt €)) v-p(€)de = fult)
_5(t) +f (Ki(t — &) + K3(te™,€)) v_p(&)de+

(ot @) — €) + Ka(te™ — €)) va(€)dE = f_5(t)

(12)

Q

+

where
Ki(te'® — &) = Pi(ed/dt) Gy (te” — €);
d

—)Gy(te™™ = £);

Ky(te™ —&) = Pi(e™™ o7

-1

3

K3(t, &) = —Pi(ePd/dt) Y (te P AyPe ™ ZBAZ pgA” 1GW(—g),

q=0

SNgh

3

Ky(t,§) = Py(e”*d/dt) (te’w A)Pe ’temAZOéqu G (=¢).

q=0

i
o)
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0 2m
Since the operator Py(d/dz) maps isomorphically the domain W, («a,f :
0 2m

H) onto Hy(a, B : H) where VV2 (a,B8: H) ={u(z)/ u(z) € Wi™(a, 5 : H),
u?(0) =0, j =0,m — 1}, then the ¢-solvability of problem (1), (3) is equiv-
alent to the ¢-solvability of a system of integral equations (12) in Ly(Ry : H).
Therefore, we study the ¢-solvability of the system of integral equations (12)
in Ly(Ry : H). Since P7!()) exists on the rays I'; and I'y, then each equation

/Kt— &) = f€), j=1.2

is correctly and uniquely solvable in the space
Ly(R:H)=Ly(R: H)® Ly(R: H)

where f(t) € Ly(R : H), U(t) € Ly(R : H). Therefore, for ¢-solvability of the
system of integral equations,

0+ +0fooK2(t  Eua()dE = f(6)
0+ ;foKl (t — E)o_s(€)dE = f_5(E)

in the space Lyo(R, : H) it suffices to prove that the kernels K;(t + &) and
Ky (t + &) generate completely continuous operators in Lo(R : H). Then, to
prove the ¢-solvability of the system of integral equations (12) in the space
Ly(R, : H), we have to prove that the kernels K (te(®+%) —¢), Ky(te="@+8) —¢),
Ks(te' &), Ky(te'®, €), Ka(te ™, ¢), Ky(te™™, €) also generate completely con-
tinuous operators in Ly(Ry : H). The proof of complete continuity of these
operators is similar. Therefore, following [1] we shall prove the complete con-
tinuity of the operator generated by the kernel K (t + &). Since

2m—1 P00
1 .
z]ﬁ _\2,2i8 2\ —m  A(t+€)
Ki(t+¢) = ZAng T —27”,/( N2HOE 4 AZ)Tm AT g )
0

and taking into account that for A € (0,700) and for sufficiently small sector
adherent to the axis 00 it holds the estimation

[(=N?e*PE + A%)™™|| < const(1+ [A])?
we can represent K (t + ) in the form

(i—§)oo
2m—1 ;
a’ 1 A
i3 _\2,2i8 2\ —m  A(t+€) _
Ki(t+¢) = E Agpje prll e / (=A% e*"E 4 A%) e d\ =
0
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(Z §)oo

B2m—jK1,j (t + £)7

where ¢ > 0 is sufficiently small number, and

(i—§)oo
Kyt +€) = / AZm=I AT (—N22P B - AZ) MM g\
t,e>0
Then
(i—§)oo
| Kt + )|y = / NI AT (ZN2P R A2)—m€/\(t+§)d)\

0

/(Z _€>2m+1fj)\2mfjAj(_)\2(Z-_ )2 2zﬂE+A2) m fs)\(t+£) z)\(t+£)d)\ <
0

<|ii—2) / (GG — AP AT (N2 (i — 2P E 1 A?) e[ d(Ac) <

o0

S Cs/ At+€) d()\e’-:)

0

C.
t+¢e

Using Hilbert’s inequality [5] we get from the last inequality that K ;(t +
€) generates a continuous operator in Lo(Ry : H). To prove the complete
continuity of the operator generated by the operator By, ;K7 ;(t + &) we act
as follows. Let {e,} be an orthonormal system of eigen vector of the operator
A responding to {u,} : Ae, = ppen, 0 < g < ... < p, < ... and let

L., = > (-,e;)e; be an orthogonal projector on a sub-space generated by the
i=1
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first m vectors. Since Bs,,_; is a completely continuous operator, then as
m — 00

On the other hand

| Bj L K1 5(t + §)[| =
GO
=D A2 (= )2 g (< N2 (i — €)% 4 12) T (- en) Bjene T e AT gy || <
n=1 0
- N i
<C n A () < Co(m ACHO G,
- 82/|—A2<z’—e>2ew+u| ) L+ Az
n=Lly 0

Hence, it follows that the kernel Ba,,—; L, K1 j(t + £) generates a Hilbert-
Schmidt operator, since for j = 1,2m — 1 the following inequality holds

[ [ 1Btk + O deie <
0

0

o0

* 7 )\Qm J SQm—j
< (H&)/i =+ 15 | dtde =
_// /1+/\2m 1—1—527”1e § ¢

0 0

0

5 TR AQm jS2m 7 d)\d 5 TR AQm 1- jS2m 1—j d}\d
B // 14+ A2m) (14 s2m)(1 + s)? 5= // 1+ a2my(1 4 s2my T
0 0 0 O

7 \2m—1-j i g2m—1-j

=2 d\ d 0 =1,2m —1).

[t [framds<0 G=Tza-D
0 0

On the other hand
Bom—j K1 j(t + &) = Quj K1 j(t + &) + Bomj Lin K j(t + )

then the boundedness of the operator lf(\l/] generated by the kernel implies
that the operator T} ; generated by the kernel By,_; K7 ;(t + ) is the limit of
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completely continuous operators 7 ;,, generated by the kernels B;L,, K ;(t +
€). In fact the difference operators

T —Tjm

)

< 1@l || 1

—0 (m— o0)

Lo(R4+:H)—La(R4+:H) Lo(Ry:H)—Lo(Ry:H)

Thus, Bon,—; K ;(t + £) generates a completely continuous operator in
Ly(Ry @ H). Since Ki(t + &) generates a completely continuous operator in
Ly(Ry @ H). The theorem is proved.
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