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Abstract. Let Y C II := P™ x --- x P™ be a closed subscheme and F a
vector bundle on II. Here we give Castelnuovo-Mumford’s style results on the
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1. INTRODUCTION

Fix integers &k > 2, n; > 0, 1 < ¢ < k, and an infinite field K. Let Z C
IT:=P" x---xP" be a closed subscheme. Choose homogeneous coordinates
zij, 1 <4 <k, 0 <75 < n;of each factor of II. Let ¢;, 1 < i < k denote the
basic vector (0,...,1,...,0) of N*. Set deg(z;;) = e; for all 7, j. With these
degrees the polynomial ring R := K|[z1, ..., Zk,] is an N¥-graded ring which
will be called the multi-graded ring of II ([2]). For any a = (ay,...,a;) € NF
the K-vector space H°(Or(a)) is the set of all f € R with multi-degree a. For
any a = (ay,...,ax) € ZF and b = (by, ..., by) € ZF we will write a < b (resp.
a > b) if and only if a; < b; (resp. a; > b;) for all 1.

To extend some of the results of [2] we will first prove some general results
(see Theorem 1 and Proposition 1).

Theorem 1. LetY be an integral projective variety, Z C 'Y a zero-dimensional
subscheme, M, R spanned line bundles on'Y and F a coherent sheaf on'Y which
is locally free outside Z,eq. Let V. C H°(Y, M) (resp. W C H°(Y,R)) be a
linear subspace spanning M (resp. R). Let py : W @ H'(Y,F @ M) —
HY,FOM®R) and pn : VR H' Y, Iz Q FRR) W Q H' (Y, I; 9 F ®
M) — H°(Y,Z;, ® A® M ® R) denote the multiplication maps. Assume
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MY, I, F RO M*) =0, WY, I, @ F @ M ® R*) = 0 and that uy is
surjective. Then i is surjective.

Remark 1. Notice that in the statement of Theorem 1 we allow the case
M = R. Hence Theorem 1 and Proposition 1 below cover both [2], Theorem
3, and [2], Theorem 7, and extend them to the case in which Z is not reduced.

Then we will prove the following result on higher dimensional subvarieties
of 1I.

Theorem 2. LetT' C II be a pure c-dimensional subscheme, 0 < ¢ < Zle Ng.
Let F be a locally free sheaf on 11 and d such that h'(I1, F(u)) = hY(T, F(u)|T) =
0 for alli > 0 and all w > d. Let II' C II be the multi-projective space
spanned by T. Assume that for every projection o of II' onto one of its fac-
tors, say P*, dim(a(F)) = min{s, c} for all irreducible components E of Tyeq.
Fixz any a = (ay,...ax) > d such that hW'(II,Zr @ F(m)) = 0 for all pairs
(t,m = (mqy,...,my)) such that 1 <t <c+1anda;—t+1<m; < a; for
all 1 <i < k. Then the R-module ®y>4H(I1,Zy @ F(b)) is generated by its
components with multi-degree b = (by, ..., bg) such that b; < a; + c+ 1 for all
1<t < e+ 1.

2. PROOFS AND PROPOSITION 1.

Proposition 1. Fiz an integert > 0. Let Y be an integral projective variety,
Z CY a zero-dimensional subscheme, a spanned line bundle M on'Y and F
a coherent sheaf on'Y which is locally free at each point of Z,.q and h* (Y, F ®
M®*) =0 forall z > t+1. Set V := H(Y,M). Fiz a general D € |M|
and let W be the image of V in H°(D,M|D). For all integers x let p, :
VRH Y, I, A M®*) — H(Y,T,® A® M®@+D) denote the multiplication
map. Assume h'(Y,T; @ A®@ M®*) =0 for x = t,t+1 and that for all integers
x >t the multiplication maps o, : V@ HO (Y, A@ M®*) — HO(Y, Ag M®@+1)
and B, : W@ H®(D, A9 M®*|D) — H°(D, A@ M®@+1)|D) is surjective. Then
R (YI;@A®QM®®) =0 for allx > t+2 and p, is surjective for all x >t +1.

Proof. By induction on ¢ it is sufficient to do the case x = t+2 of the vanishing
statement and the surjectivity of p;11. Since M is spanned, D is general and
Z is zero-dimensional, D N Z,.q = (. Hence for all integers y there is an exact
sequence

(1) 0T, QFM®V™Y LT, F® M® — (F® M®)|D — 0

From (1) and induction on x we get the vanishing statement. Now we will
prove that p,; is surjective. Let f € H°(Y, M) be an equation of D. Fix
u€ H' (Y, Iy ® F ® M®**+?) and consider u|D. Since 3, is surjective, there
are w; € W and u; € H(D, A ® M®*+Y|D) such that u|D = > wu;. Since
W is the image of V and h'(Y,Z; ® A ® M®+1)) = 0, there are v; € V and
a; € H (Y, Iy ® A ® M®*?) such that v;|D = w; and a;|D = u;. Hence
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(u— > v;a;)|D = 0. Since h'(YV,Z, @ F @ M®") =0, (1) for y =t + 1 gives
the existence of v € H(Y, T, ® FF @ M®®1)) such that v — > v;a; = fv. O

Proof of Theorem 1. Fix a general f € V and let D := {f = 0} denote
the associated effective Cartier divisor of Y. Since Z,.q is finite, V spans M
and f is general in V', DN Z = (). Hence for all integers «, 3 we have an exact
sequence

(2)
0-I;, 3 FoM* ' @R’ - T, Fe M*® R® — (F® M*® R*)|D — 0

Let Wp C H°(D,R|D) denote the image of W. Fix u € HY(Y,Z; ® F ®
M ® R). Since h'(Y, F @ M) = 0, the restriction map H*(Y,F @ M ® R) —
H(D,(F|D) ® (M|D) ® (R|D)) is surjective. Thus the surjectivity of uy
gives the surjectivity of the multiplication map pw.p : Wp ® H(D, (F|D) @
(M|D)) — HYD,(F|D) ® (M|D) ® (R|D)). Thus there are finitely many
A; € Wp and B; € H(D, (F|D) ® (M|D) such that u|D = >, A;B;. Take
Al € W such that A}|D = A;. Since h'(Y,Z; ® F @ M ® R*) = 0, there is
Bl e HY(Y,I; ® F ® M) such that B/|D = B;. Hence (u— >, A;B})|D = 0.
Since ' (YV,Z, @ F @ R® M*) = 0, there is G € H*(Y,Z; ® F ® R) such that
u—  AB = fG (use (2) with « =0 and § = 1). Hence u € Im(pu). O

Proof of Theorem 2. Without losing generality we may assume I1' = II.
We will use induction on ¢, the case ¢ = 0 being true by Theorem 1. First
assume ¢ = 1 and take ¢ € {1,...,k} such that dim(m;(E)) > 0 for all irre-
ducible components F of T,..4. Fix a general hyperplane H C P™ and set T} :=
T N7 (H). Bertini’s theorem ([1], Th. 6.3) gives that T} is zero-dimensional.
Since dim(7") = 1 and each Or(e;) is spanned, if h'(T, (F|T)(b)) = 0, then
YT, (F|T)(c)) = 0 for all ¢ > b. If b € N*¥ then h'(T,Oy(b)) = 0 if
and only if h?(IT,Zr(b)) = 0. Since dim(7}) = 0, if A (I, Z7(b)) = 0, then
b € N¥ and h'(I, Zr(c)) = 0 for all ¢ > b. Assume Ah'(IL, F(u)) = 0 for all
u>0:=(0,...,0). Since dim(7}) = 0, if K*(II,Zr ® F(b)) = 0 and b € N*,
then R'(I1, Zr(c)) = 0 for all ¢ > b. We have an exact sequence

(3) 0—=Ir®Fla—e) = Ir ® F(a) = Inn, ® (F]I)(a) — 0

From (3) we get that the following conditions are equivalent:

(a) W' (I, Zr® F(a)) = 0 and the map iy, : h*(I, Zr @ F(a—e;)) — W*(I, Zr®

F(a)) is injective;

(b) K*(I1,Zr @ F(a)) = 0 and h*(I, Zy, ® F(a)) = 0.
From now on we assume h'(II, F'(u)) = 0 for all uw > 0 := (0,...,0). Ifa >0
and h'(II,Zy, ® F(a)) = 0, then A'(I1,Zy, ® F(b)) = 0 for all b > a. Hence if
a > 0 and (b) is satisfied then 4y is injective for all b > a. Since (1,...,1) is
ample, we get that if (a) holds and a > 0, then h*(I[, Zr @ F(b—e;)) = 0 for all
b > a. Now assume a > 0 and that (a) is satisfied. Theorem 1 and Proposition
1 give that the R-module T} (F,a) := ®p>o H*(I1y, Iy, @ F (b)) is generated by
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its components in degree @ and a+¢;, 1 < j < k. Theorem 1 and Proposition
1 give that the R-module T'(F,a) := &>, H(II,Zr @ F(b)) is generated by its
components in degree a, a +e;, 1 < j <k, and a+e; +ey,, 1 <j<m <k,
proving the case dim(7") = 1. The inductive proof of the general case require
only notational modifications and hence it is omitted. O
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