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Università di Perugia

Via Vanvitelli, 1, 06123 Perugia, Italy
altan@unipg.it

Abstract
It is proved that every global real Nash set which is not pure dimen-
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1 Introduction

A real Nash set is a semialgebraic locally closed subset of R
m which locally is

the zero set of finitely many real Nash functions. Such a Nash set is said to
be global if it is the zero set of finitely many Nash functions on Rm.

It has been shown by G. Efroymson ([6]) that on a not pure dimensional
global real Nash set in R3, the classical Cartan umbrella, there exists a Nash
function that does not extend to any neighborhood of that set. It is also known
that in general an isomorphism of the category of real Nash sets does not map
a global Nash set onto a global Nash set (see e.g. [13]).

In this paper we prove that on every not pure dimensional global Nash set
X in Rm there exists a Nash function that does not extend to any neighborhood
of X in Rm; moreover, using such a Nash function, we can prove that X is
Nash isomorphic to a closed Nash set in some RN which is not global.

The main point of the proof is the construction of a real Nash function on
X that is induced by a meromorphic function having only one indeterminate
point on X. Because of the bad cohomological properties of Nash functions,
we are not able to do such a construction directly. The Artin-Mazur theo-
rem overcomes this difficulty and allows us to consider polynomial functions
in place of complex Nash functions; then the key ingredient of the proof is
the construction of a real Nash function on X that is induced, up to Nash
isomorphisms, by a complex rational function with a suitable indeterminate
point.
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2 Preliminary Notes

To fix our notations we first recall some well known properties of real and
complex Nash sets that we shall freely use in the following (see [1], [9], [12])
without further references.

Let k be either the field of real numbers R or the field of complex numbers
C.

By an algebraic variety we mean an affine algebraic subvariety of some
space km and we consider the strong topology on it.

By a semialgebraic subset of Cm we mean a semialgebraic subset of R2m.

We denote by Nkm the sheaf of Nash functions on km: it is a coherent
subsheaf of the sheaf Okm of analytic functions on km.

By a Nash set in km we mean a semialgebraic locally closed subset X of km

which locally is the zero set of finitely many Nash functions on semialgebraic
open subsets of km. A Nash function on X is locally restriction of Nash
functions defined on semialgebraic open subsets of km. Clearly Nash sets are
analytic sets and the Nash functions on them are analytic functions. For every
Nash (analytic) set X we denote by NX (OX) the sheaf of Nash (analytic)
functions on X.

A Nash map between Nash sets is defined by Nash functions; a Nash iso-
morphism of Nash sets is a Nash map whose inverse is also a Nash map.

We speak of real functions (sets) for k = R and of complex functions (sets)
for k = C.

By Artin’s Approximation Theorem, for every a ∈ kn an ideal u of Nkn,a

is prime if and only if the ideal uOkn,a is prime; as a consequence a germ of a
Nash set is irreducible if and only if it is irreducible as a germ of an analytic
set. Moreover, the irreducible analytic components of a germ of a Nash set are
Nash germs. We do not use the correspondent deep global results of M. Coste,
J.M. Ruiz and M. Shiota (see [2], [3], [5]); in this paper the irreducibility will
play only a local role for Nash sets and so by an irreducible Nash set we mean
that it is irreducible as an analytic set.

A point of a Nash set is regular in the Nash sense if and only if it is regular
in the analytic sense. A nonsingular point of an algebraic variety is regular in
the analytic sense, but the converse is true only for complex algebraic varieties.

The dimension of a Nash set (or of an algebraic variety) is equal to its
dimension as an analytic (resp. Nash) set. Moreover the dimension of a real
Nash set in Rm is equal to its dimension as a semialgebraic subset and hence
to the dimension of its Zariski closure in Rm.

A Nash submanifoldM is a Nash set which has only regular points. An ideal
sheaf I ⊂ NM is said to be finite (see [5]) if there exists a finite semialgebraic
open covering (Ui)i∈I of M such that I|Ui is generated by finitely many Nash
functions on Ui.
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For every real Nash submanifold M , the ring NM(M) is noetherian.
A Nash set X in a Nash submanifold M is a global Nash set if it is the

zero set of finitely many Nash functions on M . It is well known that a Nash
set may fail to be a global Nash set. The real algebraic varieties, and their
connected components, are global Nash sets.

We say that a global Nash set is globally irreducible if it is not union of
proper global Nash subsets; of course every irreducible global Nash set is glob-
ally irreducible, but the converse is not true.

Let X be a real Nash set in R
m, X̃ a complex Nash set in C

m such that
X ⊂ X̃ and x a point of X: the complex Nash germ X̃x is said to be the
complexification of the real Nash germ Xx if every complex Nash function on
an open neighborhood of x in Cm which vanishes on the germ Xx vanishes on
the germ X̃x too. The complex germ X̃x is uniquely determined, up to Nash
isomorphisms, by the real germ Xx. Moreover X̃x is the complexification of
Xx as a Nash germ if and only if it is its complexification as an analytic germ.
If X̃x is the complexification of Xx, the dimension of the complex germ X̃x

is the same as the dimension of the real germ Xx; moreover Xx is irreducible
(regular) if and only if X̃x is irreducible (regular).

Proposition 2.1 Let M be a Nash submanifold of Rm and let S be a closed
Nash set in M which is global in a semialgebraic open neighborhood U of S in
M . Then

i) S is global in M ;
ii) every Nash function on S that extends to a semialgebraic open neigh-

borhood of S in M extends to M .

Proof. i) There exists a coherent sheaf F of (NM |U)-modules such that
S = Supp(F), where F is a quotient of NM |U by an ideal generated by finitely
many Nash functions on U . There exist a coherent sheaf G of NM -modules
and a semialgebraic open neighborhood V of S in U such that F|V ∼= G|V
and G|M−S = 0. Let J be the annihilator of G: since F and G coincide on a
semialgebraic open neighborhood of S, the coherent ideal J is a finite ideal
of NM . By the results of [5], J is generated by finitely many Nash functions
f1, . . . , fp ∈ NM (M) and so S = {x ∈M |f1(x) = · · · = fp(x) = 0}.

The assertion ii) is a well known consequence of results of G. Efroymson
(see [1], 8.9.13).

Remark 2.2 Assertion ii) of proposition above is a necessary condition in
order that a closed Nash set S in M be global. Indeed, let us suppose that every
Nash function on S which extends to a semialgebraic open neighborhood of S in
M extends to M and let us consider, for each c ∈M−S, the Nash function f c

on M − {c} defined by x �−→‖ x− c ‖−2. Then there exists gc ∈ NM (M) such
that gc|S = f c|S and so we have S = ∩c �∈S{x ∈M |gc(x) ‖ x− c ‖2= 1}. Since
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NM(M) is a noetherian ring, the conclusion follows. As a trivial consequence,
if S is not global, then there exist Nash functions on it that do not extend.

Proposition 2.3 Let K be a connected semialgebraic polynomially convex
compact subset of Cm and let Ω be an open neighborhood of K in Cm. For every
closed complex Nash set X in Ω there exists a semialgebraic open neighborhood
A of K in Ω such that X ∩ A is global in A.

Proof. See [11]: by following the ideas in [2], the main tool of the proof is an
Artin type approximation theorem.

Proposition 2.4 Let X be a complex analytic set. For each point c ∈ X
the following statements are equivalent.

i) Every weakly holomorphic function on a neighborhood of c in X is con-
tinuous at c.

ii) The germ Xc is irreducible.

Proof. See [7], 71.9.

3 Main Theorem

We say that a real Nash set X of dimension s > 1 is not pure dimensional if
it contains an irreducible local component, not imbedded, which is not pure
dimensional, i.e. if there exist a point x0 ∈ X and a Nash set Y ⊂ X such that
Yx0 is an irreducible component of Xx0 of dimension s and there exist points
x ∈ Y , arbitrarily near to x0, such that Yx = Xx and the dimension of Yx is
strictly smaller than s.

Theorem 3.1 Let X be a not pure dimensional global real Nash set in Rm

of dimension s > 1. Then
i) there exists a Nash function γ ∈ NX(X) that does not extend to any

neighborhood of X in Rm;
ii) X is Nash isomorphic to a closed Nash set in some RN that is not a

global Nash set.

Proof. X is a finite union of global Nash sets which are globally irreducible
(see [1], 8.6.8) and then X has an irreducible component Z that is a global
Nash set of dimension s, not pure dimensional and globally irreducible. We
remark that Z is not necessarily an irreducible analytic set.

Since Z is not pure dimensional, there exist a Nash set Z ′ ⊂ Z, a point
u ∈ Z ′ and a connected semialgebraic open subset V ⊂ Z ′ such that u ∈ V ,
Z ′
u is an irreducible component of dimension s of Zu and, for every x ∈ V ,
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Z ′
x = Zx = Xx is a regular germ of dimension t < s. By the hypothesis we

may assume t ≥ 1.

Let f : Rm −→ Rp be a Nash map such that Z = {x ∈ Rm|f1(x) = · · · =
fp(x) = 0}; by Artin-Mazur Theorem ([1], 8.4.4) there exist a nonsingular
irreducible algebraic variety N ⊂ Rn, with n = m + p + q, a polynomial
map g : N −→ Rp and a Nash map σ : Rm −→ N such that gσ = f and
πσ = id�m, where π : N −→ Rm is induced by the canonical projection
Rm+p+q −→ Rm. Moreover, σ(Rm) is a connected component of N and the
induced map σ : Rm −→ σ(Rm) is a Nash isomorphism.

We have σ(Z) = {y ∈ σ(Rm) | g1(y) = · · · = gp(y) = 0} and so σ(Z)
is a connected component of the algebraic variety {y ∈ N | g1(y) = · · · =
gp(y) = 0}. It is straightforward to check that σ(Z) is global in N and globally
irreducible. Let R be the Zariski closure of σ(Z) in Rn: it is an irreducible
algebraic variety of dimension s, contained in N , and σ(Z) is a connected
component of R. It follows that R = σ(Z) ∪R′′, where R′′ is the union of the
connected components of R different from σ(Z).

Let Y = σ(Z ′) and a = σ(u). Then Y is a Nash set contained in σ(Z),
Ya is an irreducible component of dimension s of Ra and there exist points
y ∈ Y , arbitrarily near to a such that Ry = Yy and the dimension of Yy is t.
By restricting to a neighborhood of a (and hence of u), if necessary, we may
assume that Y is a global Nash set in a semialgebraic open neighborhood Δ
of a in Rn, such that Δ ∩ R ⊂ σ(Rm). Moreover, we may assume that there
exist an open polydisk Δ̃ of Cn of center a and a closed complex Nash set Ỹ
in Δ̃, invariant with respect to the conjugation of Cn, such that Δ = Δ̃ ∩ Rn

and Y = Ỹ ∩Δ. Finally we may assume that Ỹ is (analytically) irreducible of
dimension s and that Ỹa is the complexification of Ya.

Let Δ̃′ be an open polydisk of center a such that Δ̃′ ⊂ Δ̃ and let Δ′ =
Δ̃′ ∩ Rn. Since N�n(Δ) is a noetherian ring, there exists a smallest global
Nash set Y ′ in Δ′ such that Ya ⊂ Y ′

a . It follows that Y ′ ⊂ Y ∩ Δ′, and then
Ya = Y ′

a . Trivially Y ′ results a globally irreducible Nash set. There exists a
connected semialgebraic open subset M ⊂ σ(V )∩ Y ′ whose points are regular
of dimension t and such that a ∈ M and Y ′

y = Yy = Ry, for every y ∈ M .
Moreover we remark that, for every y ∈ M , the germs of X and Z at σ−1(y)
are equal.

Let T be the Zariski closure of M in Rn: T is an irreducible algebraic
variety of dimension t. Trivially, M ⊂ T ⊂ R, so that a ∈ T and Ty = Yy = Y ′

y

for every y ∈M . By the minimality of T , there exists an open set of points in
M which are nonsingular points of T ; then we can choose a point c ∈M such
that it is a regular point of T and the germs of X and Z at σ−1(c) are equal.

Let R̃ and T̃ be the Zariski closures of R and T in Cn respectively. Thus c
is a nonsingular point of T̃ and then T̃c is the complexification of Tc = Y ′

c = Yc.

We point out four steps of the remaining arguments of the proof.
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Step 1: there exists a rational function μ on Cn that is regular on a Zariski
open set D̃ such that D̃∩Rn = Rn−{c} and μ|�n−{c} is a real regular function
that vanishes on T − {c}.

Let G be the polynomial G(X1, . . . , Xn) =
∑n

j=1(Xj − cj)
2 and C̃ = {z ∈

Cn | G(z) = 0}. Then C̃ is an irreducible complex algebraic variety of dimen-
sion n− 1 such that C̃ ∩Rn = {c} and any irreducible component H̃ of C̃ ∩ R̃
has dimension s− 1.

It is clear that T̃ can not be contained in any irreducible component of
C̃ ∩ R̃, since C̃ ∩ Rn = {c}. On the other hand T̃ does not contain any
irreducible component of C̃ ∩ R̃: in fact, when t < s − 1 this is trivial, while
when t = s− 1, we again would have T̃ ∩ Rn ⊂ {c}, which is impossible.

Since T̃ , R̃ and C̃ are invariant with respect to the conjugation of Cn, we
can choose a point zl on every irreducible component H̃ l (l = 1, . . . , r) of
C̃ ∩ R̃ such that zl �∈ H̃j if l �= j and zl, zl �∈ T̃ . There exists a polynomial
F ∈ C[X1, . . . , Xn] such that F |T̃ = 0 and F (zl) = F (zl) = 1 for every l ∈ N.

By replacing F (z) with 1
2
(F (z)+ (F (z)), we may suppose that the coefficients

of F are real.

Now, let us consider the rational function μ = F
G

on Cn, which is regular on

the Zariski open set D̃ = Cn − C̃ . By construction, μ|R̃ is a non-zero rational
function on R̃, which is regular on the Zariski open set R̃∩D̃ = R̃− C̃∩ R̃ and
vanishes on T̃ ∩ D̃. We observe that the same conclusion holds if G is replaced
by any power Gd, d ∈ N, and that μ|�n−{c} is a real regular function.

Step 2: for every semialgebraic open neighborhood Ω̃ of Δ′ in Δ̃, invariant
with respect to the conjugation of Cn, there exists only one irreducible com-
ponent Ỹ ′ of Ỹ ∩ Ω̃ such that Y ′ ⊂ Ỹ ′ and for every ξ ∈ C, there exists a
sequence of points (yi)i∈� in Ỹ ′ ∩ D̃ such that yi → c and μ(yi) → ξ.

Since Ỹa is irreducible, there exists only one irreducible analytic component
Ỹ ′ of Ỹ ∩ Ω̃ through a and then Ỹ ′

a = Ỹa. Moreover, Ỹ ′ is Nash at every point
and it is invariant with respect to the conjugation of Cn. Since every compact
set in R

n is polynomially convex in C
n, by 2.3 there exists a semialgebraic

open neighborhood Ã of Δ
′
in Δ̃ such that Ỹ ′ ∩ Ã is a global complex Nash

set in Ã. It follows that Ỹ ′ ∩ Δ′ is a global real Nash set in Δ′ and then, by
the minimality of Y ′, that Y ′ ⊂ Ỹ ′ ∩ Δ′.

We have Tc = Y ′
c ⊂ Ỹ ′

c and so T̃c ⊂ Ỹ ′
c . Since T̃c is irreducible there exists

an irreducible component of Ỹ ′
c that contains T̃c; therefore there exist an open

neighborhood Ũ of c in Ω̃ and an irreducible analytic component S̃ of Ỹ ′ ∩ Ũ
such that S̃ is irreducible, T̃ ∩ Ũ ⊂ S̃ and the germ S̃c is irreducible. As
remarked above for Ỹ , also S̃ is Nash at every point. Moreover we can find a
countable semialgebraic open neighborhood basis (Ũi)i∈� of c in Ũ such that

Ũi+1 ⊂ Ũi, S̃ ∩ Ũi is an irreducible complex Nash set and T̃ ∩ Ũi ⊂ S̃ ∩ Ũi, for
every i ∈ N.
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For every i ∈ N, C̃ ∩ S̃ ∩ Ũi is a proper Nash set in S̃ ∩ Ũi. Moreover
no irreducible component of C̃ ∩ S̃ ∩ Ũi contains any irreducible component
of T̃ ∩ Ũi and no irreducible component of T̃ ∩ Ũi contains any irreducible
component of C̃ ∩ S̃ ∩ Ũi. It follows that, for every i ∈ N, μ is a non-zero
meromorphic function on S̃ ∩ Ũi, which is Nash on S̃ ∩ Ũi ∩ D̃ and vanishes on
T̃ ∩ D̃ ∩ Ũi.

In order to get the conclusion it is enough to prove that for every i ∈ N the
set μ(S̃ ∩ Ũi ∩ D̃) is a dense subset of C. By contradiction, let us suppose that
there exist ζ ∈ C and ρ ∈ R+ such that |μ(y)−ζ| > ρ for every y ∈ S̃∩ Ũi∩D̃.
Then the function ω = 1

μ−ζ is meromorphic on S̃∩Ũi and bounded holomorphic

on S̃ ∩ Ui ∩ D̃. It follows that ω is a weakly holomorphic function and then,
by 2.4, it is continuous at c. If ω(c) = 0, since T̃ ∩ D̃ is a dense open subset
of T̃ , we can choose a sequence of points yl ∈ T̃ ∩ D̃ ∩ Ũi converging to c, and
that implies liml→∞ |μ(yl)| = 0. If ω(c) �= 0, by replacing G with a suitable
power Gd (d ∈ N), if necessary, it is not difficult to find a sequence of points
yl ∈ S̃ ∩ Ũi ∩ D̃ converging to c such that F (yl) �= 0 for every l ∈ N and
liml→∞ |μ(yl)| = ∞. In both cases we get a contradiction since μ = 1

ω
+ ζ on

S̃ ∩ Ũi.
Step 3: the function λ : R −→ R defined by

λ(y) =

{
μ(y) if y �= c
0 if y = c

is a Nash function on R such that for every open neighborhood A of Δ ∩R in
Rn, the function λ|A∩R does not extend to any neighborhood of A ∩R in A.

It is trivial that λ is a Nash function: we want to prove that λ|A∩R does
not extend to any open neighborhood of A ∩ R in A. By contradiction, let
us suppose that λ|A∩R extends to an open neighborhood of A ∩ R in A; then
λ|Y extends to a semialgebraic open neighborhood of Y in Δ, hence, by 2.1
ii), λ|Y extends to a Nash function α ∈ N�n(Δ). It follows that there exist a
semialgebraic open subset Ω̃ ⊂ Δ̃, invariant with respect to the conjugation
of Cn, and a complex Nash function α̃ ∈ N�n (Ω̃) such that Δ = Ω̃ ∩ Rn and
α̃|Δ = α. Let Ỹ ′ be the irreducible component of Ỹ ∩ Ω̃ containing Y , as in
Step 2. We recall that μ is a complex Nash function on a neighborhood of a.
Since Ỹ ′

a = Ỹa is the complexification of Ya and μ is equal to α on Y − {c},
the function μ − α̃ vanishes on the germ Ỹ ′

a . By the irreducibility of Ỹ ′, this
contradicts Step 2.

Step 4: the graph of the Nash function λ is not a global Nash set in Rn+1.

Let φ : R −→ Rn+1 be the Nash map y �−→ (y, λ(y)). Then φ(R) is a
closed Nash set in Rn+1, which is Nash isomorphic to R.

Let P = {(y1, . . . , yn+1) ∈ R× R |G(y1, . . . , yn)yn+1 = F (y1, . . . , yn)} and
L = {(y1, . . . , yn+1) ∈ Rn+1 | y1 = c1, . . . , yn = cn}. Then P is an algebraic
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subvariety of R × R and it is easy to check that P = φ(R) ∪ L and that
φ(R) ∩ L = {(c, 0)}.

Let β ∈ N�n+1(Rn+1) be a Nash function such that β|φ(R) = 0. We shall
prove that φ(R) is not global by showing that β vanishes on L as well.

There exist an open neighborhood W̃ of Rn+1 in Cn+1, invariant with
respect to the conjugation of Cn+1, and a complex analytic function β̃ ∈
O�n+1 (W̃ ) such that β̃|�n+1 = β Obviously, β̃ is a complex Nash function
on every connected semialgebraic open subset of W̃ . Let τ̃ : Cn+1 −→ Cn

be the canonical projection; clearly R − {c} ⊂ τ̃ (W̃ ) ∩ D̃ and there exists
a semialgebraic open neighborhood Ω̃ of Δ′ in τ̃(W̃ ) ∩ Δ̃, which is invariant
with respect to the conjugation of Cn. Let Ỹ ′ be the irreducible component
of Ω̃ ∩ Ỹ , as in Step 2. For every (c, ξ) ∈ L there exists a sequence of points
(yi)i∈� in Ỹ ′ ∩ D̃ such that yi → c and μ(yi) → ξ. If ξ is near enough to 0, we
may suppose that (yi, μ(yi)) belongs to W̃ , for every i ∈ N. Since the func-
tion β vanishes on a neighborhood of the point (a, λ(a)) = (a, μ(a)) in φ(Y ),
then the function y �→ β(y, μ(y)) vanishes on Ya. It is clear that the function
z �→ β̃(z, μ̃(z)) vanishes on Ỹ ′

a , since μ is regular on a neighbourhood of a in
Cn and Ỹ ′

a is the complexification of Ya. By the irreducibility of Ỹ ′, it follows
that β̃(yi, μ̃(yi)) = 0, for every i ∈ N, and then that β(c, ξ) = 0. Therefore, by
the choice of ξ, we can conclude that β vanishes on L.

In order to conclude the proof of the theorem, let us consider the Nash
function λσ ∈ NZ(Z). This function is zero on a neighborhood of σ−1(c)
in X and it is induced by the Nash function μσ ∈ N�m(Rm − {σ−1(c)}) on
Z − {σ−1(c)}. It follows that the function γ : X −→ R defined by

γ(x) =

{
μσ(x) if x �= σ−1(c)
0 if x = σ−1(c)

is a Nash function on X such that γ|Z = λσ|Z .
We want to prove that γ does not extend to any neighborhood of X in

R
m. On the contrary, let us suppose that γ extends to a neighborhood of

X in Rm: the function γ|Z extends to an open neighborhood B of Z in Rm

and then the function λ|σ(Z) extends to the open neighborhood σ(B) of σ(Z)
in σ(Rm). There exists a semialgebraic open neighborhood A of Δ ∩ R such
that A ∩ σ(Rm) ⊂ σ(B). It follows that λ|A∩R extends to A ∩ σ(Rm). Since
A∩ σ(Rm) is a closed Nash submanifold of A, by results of M.Shiota (see [10],
II.5.4), every Nash function on A ∩ σ(Rm) extends to A; it follows that λ|A∩R
extends to A, which contradicts Step 3. Thus i) is proved.

Let ψ : X −→ Rn+1 be the Nash map defined by x �−→ (σ(x), γ(x)) and
let us consider its image in Rn+1. The set ψ(X) is the graph of the Nash
function γσ−1 on σ(X) and so it is a closed Nash set in σ(Rm) × R, which is
Nash isomorphic to X. Since σ(Rm) is a connected component of the algebraic
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variety N , we can conclude that ψ(X) is closed in Rn+1. In order to prove
ii) we wish to prove that ψ(X) is not global. We first remark that φ(R′′) is a
global Nash set in Rn+1. Indeed, clearly R′′ is a global Nash set in Rn, as union
of connected components of the algebraic variety R, and c does not belong to
R′′. It follows that φ(R′′) is the graph of the Nash function μ on Rn − {c}
and then it is a global Nash set in (Rn − {c}) × R. Since φ(R′′) is closed in
Rn+1, by 2.1, i), we can conclude that φ(R′′) is a global Nash set in Rn+1 and
then we may suppose that there exists a Nash function δ on Rn+1 such that
φ(R′′) = {w ∈ R

n+1|δ(w) = 0}.
Let β be a Nash function on Rn+1 that is zero on ψ(X); clearly β|ψ(Z) = 0.

Since φ(R) = ψ(Z)∪φ(R′′) the product βδ is zero on φ(R); by Step 4 it follows
that βδ is zero on L. Being L∩ψ(X) = L∩φ(R) = {(c, 0)} and (c, 0) �∈ φ(R′′)
we can conclude that β is zero on L and then that ψ(X) is not global.

Remark 3.2 The condition s > 1 in the theorem above can not be avoided
since one dimensional Nash sets are global and Nash functions on them extend.
Indeed, let S be a closed one dimensional Nash set S in some Rn and let I
be the ideal sheaf of Nash functions vanishing on it. Since I is coherent if
and only if the sheaf of analytic functions vanishing on S is coherent (see e.g.
[12]) and it is well-known that one dimensional analytic sets are coherent, the
sheaf I is coherent. On the other hand, the set of regular points of S can be
covered by finitely many semialgebraic open subsets U such that the canonical
projections of Rn induce Nash isomorphisms from each U onto its image ([1],
9.3.10). Since S has finitely many singular points, is is easy to see that I is
finite and then, by the results of [5], it follows that S is global in Rn and every
Nash function on S extends to Rn.
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