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Abstract

This paper deals with the fifth-order boundary value problems by
using the homotopy perturbation method. This method provides the
approximate solutions without discretization and the computation of
the Adomian polynomials and the coefficients of sixth-degree B-spline
functions. Numerical results show that this method is a promising and
powerful tool for solving the fifth-order boundary value problems.
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1 Introduction

Consider the general fifth-order boundary value problem

u(5)(x) + f(x, u(x), u
′
(x), u

′′
(x), u

′′′
(x), u(4)(x)) = 0, (1)

with the boundary conditions

u(a) = α0, u
′
(a) = α1, u

′′
(a) = α2, u(b) = β0, u

′
(b) = β1, (2)

where f is continuous function on [a, b], and the parameters αi, i = 0, 1, 2 and
βi, i = 0, 1 are real constants.

The fifth-order boundary value problems which arise in the mathematical
modeling of viscoelastic flows and other branches of mathematical, physical
and engineering sciences, have been widely studied by many authors [5, 6, 8].
The literature of numerical analysis contained little on the solution of the
fifth-order boundary value problems[3]. The conditions for the existence and
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uniqueness of solutions of such problems were thoroughly discussed by R.P.
Agarwal[2]. Two numerical algorithms namely spectral Galerkin methods and
spectral collocation methods, were applied to address the numerical issues re-
lated to this type of problems[5, 6], respectively. Moreover, the fifth-order
boundary value problems were investigated by M.S. Khan by using finite dif-
ference method [19], and considered by A.M. Wazwaz by means of Adomian
decomposition method [24]. Recently, M. A. Khan et.al presented a class of
methods based on non-polynomial sextic spline functions for the solution of a
special fifth-order boundary-value problems [18], M. El-Gamel employed the
Sinc-Galerkin method to solve the fifth-order boundary value problems [7]. We
should point out that these approaches which were provided to solve this type
of problems require a large amount of computational effort. In this paper,
the homotopy perturbation method will be proposed to solve the fifth-order
boundary value problems.

The homotopy perturbation method proposed by J.H. He [9, 10] is con-
stantly being developed and applied to solve various nonlinear problems [1, 4,
11, 12, 13, 14, 15, 16, 17, 21, 22, 23]. Unlike analytical perturbation methods,
the homotopy perturbation method does not depend on a small parameter
which is difficult to find. We focus on dealing with the fifth-order boundary
value problems by means of the homotopy perturbation method. Two numeri-
cal examples will be presented to verify the efficiency of the homotopy pertur-
bation method. Compared with the sixth-degree B-spline function method [3],
the Adomian decomposition method [24] and Sinc-Galerkin method [7], the ho-
motopy perturbation method provides a new approach to solve the fifth-order
boundary value problems without discretization, Sinc interpolation and the
computation of the Adomian polynomials. Therefore, this method is promis-
ing and readily implemented.

The rest of this paper is organized as follows. In section 2, we give the anal-
ysis of the homotopy perturbation method. In section 3, we present numerical
results to demonstrate the efficiency of the homotopy perturbation method
with the help of two examples.

2 Analysis of the homotopy perturbation method

To clarify the basic ideas of the homotopy perturbation method [13], we con-
sider the following nonlinear differential equation

A(u) − f(r) = 0, r ∈ Ω, (3)

with boundary conditions

B(u,
du

dn
) = 0, r ∈ Γ, (4)
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where A is a general differential operator, B is a boundary operator, u is a
known analytical function, and Γ is the boundary of the domain Ω.

The operator A can be divided into two parts L and N , where L is linear,
while N is nonlinear. Therefore (3) can be rewritten as follows

L(u) + N(u) − f(r) = 0. (5)

By the homotopy technique proposed by Liao [20], we can construct a
homotopy v(r, p) : Ω × [0, 1] → R which satisfies

H(v, p) = (1 − p)[L(v) − L(u0)] + p[A(v) − f(r)] = 0, (6)

or

H(v, p) = L(v) − L(u0) + pL(u0) + p[N(v) − f(r)] = 0, (7)

where r ∈ Γ and p ∈ [0, 1] is an embedding parameter, u0 is an initial approxi-
mation of (3), which satisfies the boundary conditions. By (6), it easily follows
that

H(v, 0) = L(v) − L(u0) = 0, (8)

H(v, 1) = A(v) − f(r) = 0, (9)

and the changing process of p from zero to unity is just that of H(v, p) from
L(v)−L(u0) to A(v)−f(r). In topology, this is called deformation, L(v)−L(u0)
and A(v) − f(r) are called homotopic.

The embedding parameter p is introduced much more naturally, unaffected
by artificial factors. Furthermore, it can be considered as a small parameter
for 0 < p ≤ 1. So it is very natural to assume that the solution of (6) can be
expressed as

v = v0 + pv1 + p2v2 + · · · . (10)

Therefore, the approximate solution of (3) can be readily obtained as follows:

u = lim
p→1

v = v0 + v1 + v2 + · · · . (11)

3 Numerical examples

In this section, two numerical examples will be presented to assess the efficiency
of the homotopy perturbation method. For the sake of comparison, We will
use the absolute error defined as

Errors = |analytical solution − approximate solution| (12)
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to verify the accuracy.
Example 1. Consider the following linear fifth-order boundary value problem

u(5)(x) = u − x(cos x + sin x) + 5 cosx, (13)

with the boundary conditions

u(0) = 0, u
′
(0) = 1, u

′′
(0) = 0, u(

π

2
) = 0, u

′
(
π

2
) = −π

2
. (14)

The analytical solution of (13) is given by uanal.(x) = x cosx.
According to the homotopy perturbation method, we can construct the

homotopy Ω × [0, 1] → R which satisfies

u(5)(x) − u(x) − y
(5)
0 (x) + py

(5)
0 (x) + p(x(cos x + sin x) − 5 cosx) = 0, (15)

with the initial approximation y0(x) = x − 1
2
x3 + 1

24
x5 + Ax6 + Bx7, where A

and B are unknown constants to be further determined.
Suppose the solution of (13) has the form:

u = u0 + pu1 + · · · . (16)

Substituting (16) into (15), and equating the terms of the same power of
p, we have

p0 : u
(5)
0 (x) − u0(x) − y

(5)
0 (x) = 0, (17)

y0(x) = x − 1

2
x3 +

1

24
x5 + Ax6 + Bx7,

p1 : u
(5)
1 (x) − u1(x) + x(cosx + sinx) − 5 cosx + y

(5)
0 (x) = 0.

By solving the above formulae results in the approximation u(x). Then by
the form of the solution (16) and the assumption p = 1, we can obtain

u(x) = 5 − 3

2
x2 +

1

24
x4 +

1

720
x6 − 1

13440
x8 +

1

725760
x10 (18)

+
1

55440
Ax11 +

1

95040
Bx12 + (x − 5) cos(x) − x sin(x).

Taking the Taylor series of cos(x) and sin(x), it follows that

u(x) = x − 1

2
x3 +

1

24
x5 − 1

720
x7 +

1

40320
x9 +

1

479001600
x13 (19)

+(
1

55440
A − 1

3628800
)x11 + (

1

68428800
+

1

95040
B)x12 + O(x13).
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Using the boundary condition at x = 0 and x = 1 yields that

A = 0.000011418114, B = −0.001405532237. (20)

Substituting (20) into (19), it follows that the approximate solution is given
by

u(x) = x − 1

2
x3 +

1

24
x5 − 1

720
x7 +

1

40320
x9 +

1

479001600
x13 (21)

−2.7536723780 × 10−7x11 − 1.7511940353 × 10−10x12 + O(x13).

Table 1 exhibits the analytical solutions, the approximate solutions ob-
tained by the homotopy perturbation method, and the absolute errors. Ob-
viously, the homotopy perturbation method provides high accuracy compared
with the analytical solutions. In addition, reviewing sixth-degree B-spline
function method [3] and the Adomian decomposition method [24] for solving
this type of problems, the homotopy perturbation method gives the approxi-
mate solutions without discretization and the computation of the coefficients
of sixth-degree B-spline functions and the Adomian polynomials. It’s impor-
tant to note that we get the high accuracy only by two components of the
solution (16), and the accuracy can be further improved by considering more
components of the solution (16).
Example 2. Consider the following nonlinear fifth-order boundary value prob-
lem [7]

u(5)(x) + u(4)(x) + e−2xu2(x) = 2ex + 1, (22)

with the boundary conditions

u(0) = 1, u
′
(0) = 1, u

′′
(0) = 1, u(1) = u

′
(1) = e. (23)

The analytical solution of (22) is given by uanal.(x) = ex.
Similarly, we can construct the homotopy Ω × [0, 1] → R which satisfies

u(5)(x) − y
(5)
0 (x) + py

(5)
0 (x) + p(u(4)(x) + e−2xu2(x) − 2ex − 1) = 0, (24)

with the initial approximation y0(x) = 1 + x + 1
2
x2 + 1

6
Ax3 + 1

24
Bx4, where A

and B are unknown constants to be further determined.
Consider the solution of (22) as

u = u0 + pu1 + · · · . (25)

Applying the homotopy perturbation method, and rearranging based on pow-
ers of p terms, we have

p0 : u
(5)
0 (x) − y

(5)
0 (x) = 0, y0(x) = 1 + x +

1

2
x2 +

1

6
Ax3 +

1

24
Bx4, (26)

p1 : u
(5)
1 (x) + u

(4)
0 (x) + e−2xu2

0(x) − 2ex − 1 + y
(5)
0 (x) = 0, (27)
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By choosing u0(x) = y0(x), and solving the above formulae results in the
approximation u(x). According to (25) and the assumption p = 1, we obtain

u(x) = −211

64
− 245

64
A − 525

256
A2 − 2345

512
B − 5775

1024
AB − 17325

4096
B2 (28)

+(
217

128
+

115

32
A +

105

64
A2 +

245

64
B +

525

128
AB +

5775

2048
B2)x

−(
249

128
+

185

128
A +

35

64
A2 +

345

256
B +

315

256
AB +

1575

2048
B2)x2

+(
23

192
+

15

32
A +

35

384
A2 +

185

768
B +

35

192
AB +

105

1024
B2)x3

−(
65

384
+

11

384
A +

5

768
A2 +

35

1536
B +

35

3072
AB +

35

6144
B2)x4

+(
1

120
− B

120
)x5 + 2ex +

1

184320
e−2x((423360 + 705600A

+378000A2 + 844200B + 1039500AB + 779625B2) + (349920

+748800A + 453600A2 + 982800B + 1323000AB + 1039500B2)x

+(119520 + 352800A + 252000A2 + 525600B + 793800AB

+661500B2)x2 + (20160 + 93120A + 84000A2 + 166800B

+294000AB + 264600B2)x3 + (1440 + 13920A + 18000A2

+33480B + 73500AB + 73500B2)x4 + (960A + 2400A2

+4080B + 12600AB + 14700B2)x5 + (160A2 + 240B

+1400AB + 2100B2)x6 + (80AB + 200B2)x7 + B2x8)).

If we expand ex and e−2x, the approximation of u(x) is reduced to

u(x) = 1 + x +
1

2
x2 +

1

6
Ax3 +

1

24
Bx4 + (

1

60
− 1

120
B)x5 +

1

360
x6 (29)

+
1

2520
x7 + (

1

10080
− 1

20160
A)x8 − (

1

90720
− 1

45360
A

+
1

181440
B)x9 + O(x9).

Similarly, imposing the boundary conditions at x = 0 and x = 1 on u(x) yields
the values of A and B, where

A = 1.031125908, B = 0.7959257688. (30)

Substituting (30) into (29) results in the approximate solution given by

u(x) = 1 + x +
1

2
x2 + 0.171854318x3 + 0.0331635737x4 (31)

+0.010033951927x5 +
1

360
x6 +

1

2520
x7

+0.000048059231x8 + 7.322408858025 × 10−6x9 + O(x9).
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The comparisons between the errors obtained by using the homotopy per-
turbation method and by using the Sinc-Galerkin method [7] are given in Table
2. The numerical results clearly show that the homotopy perturbation method
provides the approximate solutions obtained by two components of (25) in good
agreement with the analytical solutions. Note that we obtain the approximate
solutions without the Sinc interpolation which is inevitable when solving the
fifth-order boundary value problems by using the Sinc-Galerkin method [7].

4 Conclusions

The homotopy perturbation method has been applied for solving the fifth-order
boundary value problems. Compared with the sixth-degree B-spline function
method, the Adomian decomposition method and Sinc-Galerkin method, the
homotopy perturbation method provides a new approach to solve the fifth-
order boundary value problems without discretization, Sinc interpolation and
the computation of the Adomian polynomials and the coefficients of sixth-
degree B-spline functions. Numerical results are presented to show the effi-
ciency of the homotopy perturbation method. Therefore, this method can be
seen as a promising and powerful tool for solving the the fifth-order boundary
value problems.

Acknowledgement The author thank the anonymous referees for their
discussions and comments.
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Table 1. Comparisons of numerical errors
x Anal. solution u(x)[HPM] Errors[HPM]
0 0.0 0.0 0.0

0.1571 0.15516533773 0.15516533773 2.8E − 17
0.3142 0.29881800212 0.29881800212 4.4E − 16
0.4712 0.41985059496 0.41985059496 3.2E − 14
0.6283 0.50831222097 0.50831222097 5.9E − 13
0.7854 0.55536064596 0.55536064597 5.1E − 12
0.9425 0.55397066969 0.55397066972 2.6E − 11
1.0996 0.49916624385 0.49916624394 8.5E − 11
1.2566 0.38835504690 0.38835504708 1.8E − 10
1.4137 0.22117471311 0.22117471328 1.7E − 10

π
2

0.0 0.0 0.0
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Table 2. Comparisons of numerical errors
x Anal. solution Errors[HPM] Errors[Sinc-Garlerkin]

0.0 1.0 0.0 0.0
0.0100 1.010050167 1.2E − 9 0.0
0.1184 1.125694299 7.0E − 6 0.0
0.1517 1.163811041 1.4E − 5 1.0E − 4
0.2410 1.272521035 4.6E − 5 0.0
0.3604 1.433902861 1.0E − 4 1.0E − 4
0.4287 1.535260387 1.0E − 4 0.0
0.5000 1.648721271 1.9E − 4 2.0E − 4
0.6395 1.895532876 1.0E − 4 1.0E − 4
0.8482 2.335439276 9.8E − 5 2.0E − 4
0.9996 2.717194733 1.2E − 9 2.0E − 4

1.0 2.718281828 0.0 0.0
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