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Abstract

The purpose of this paper is to show that a classical approach of the
definition of curvature associated to a regular point of a surface, leads
to give in a natural way a new fundamental form, the so called the third
form.
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1 Introduction

Inspired by the definition of a curvature of a curve at point M, given by

K = ———— where 0 is the angle between the two tangent lines at M, and
Mo M| § ’

M ( M is infinitely close to My ), we give the same approach for a regular

0
surface (5), by considering the ratio ———=— where, in this case, 6 represents
1Mo M|

the angle between the two tangent plans at M, and M.

2 Parametrical surfaces

We consider a surface S embeded in the euclidean spaceR?®. we suppose that
there exists a regular card f of an open set S of R? provided with the or-
thonormal system (o, u,v) with values in R | where R? is provided by the
orthonormal system (o, z, y, z) such that S = f(S) .
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We consider a curvilinear coordinates system on S, m € S and M €
S with

0
For each point M € S, we a;(m) = a—f(u,v) and ay(m) = a—(u,v)
u v
The vectors a;(m ), as(m ) are supposed to be linearly independent for
any point M € S. They generate the tangent plan at M, denoted T);(S ). For
each point M € S, we define the normal given by

N = aj(m) A as(m)

2.1 Theorem

Let My = f(mg) be a point and let M = f(m) be any point of the surface,
infinitely close to M, and 6 the angle between the two tangent plans at M, and

M.
0

The ratio

1Mo M|
Proof
We denote by a1 = aj(myg),as = as(mg ) and ./\TS =ai(mo) N az(mo).
We have :

have a limit when M tends to M,.

Ao AN i
~ tgh = and M, = m) — f(myo

Now we develop a;(m ), as(m) and N

o0 f 0 f
al(m)— &1+WU + auavv +
0% f 0% f
ax(M) = a> + duov " * duz "’ *
o*f 0*f 0*f 0 f
N=ahat@ngar—aohgmut@ngs —ahgaot:



A new curvature of surface 1397

Then we form the vector product;

2 2
-Vo A ﬁ = {( ai, ag, %)al — (a1, as, a—uf)az} U+

9? 9?
[(&17 az, a—vé)&l — (ay, ag, ng)@} (20

By using the classical notations

E=lla’, i F=aa, G=llaal®
1 0 f ] o f . of
L=y ongoz) M= pgglene gm0, N = g 53)
We obtainQ:
[ 7]
——mvﬂf——:(XLU—AI@2+EXNhkﬂVWQ—2FUWLU1+UWQ+LAUUU+
0
MNv?) + ...

and | MoM|? = Eu® + Fuv + Go* + - - -
We have the fisrt fundamental form

1, = Eu? 4+ Fuv + Gv?

Which gives the equivalence

()

_ G(Lu— Mv)*+ E(Mu— Nv)* —2F(MLu?® + (M? + LN)uv + M Nv?)
- (EG — F?)(Eu? + Fuv 4+ Guv?)

2.2 Definition 1

We say a new fundamental form, the expression given by

G(Lu — Mv)* + E(Mu — Nv)? — 2F (M Lu? + (M? + LN)uv + M Nv?)

| —
3 EG — F?2
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2.3 Definition 2

We say the curvature in a regular point of a surface the expression K =

2
lim i = &
= \ |35 ) T

G(Lu — Mv)* + E(Mu — Nv)? — 2F (M Lu? + (M? + LN)uv + M Nv?)
EG — F?

3 Cartesian surfaces

When surface is defined by its cartesian equation z = g(x,y), the Monge
notations are the following

Jdg _Jg 0%g 0%g 0%g

P=%z - q_ﬁy’ "7 Ga S_axay’ COy?

a; = (1707 p) Ao = (07 ]-) q) N = (_pa —q, 1)

92 f 02 f 02 f
W - (0707T) dudv - (0707 S) w - (0707t)
[ —_ " Me__ 5 N — t

/1+p2+q2 /1+p2+q2 /1+p2+q2

Thus, we deduct

(1+¢*)(re —sy)* + (1 +p*)(sz — ty)? — 2pq(rsz® + (s* + rs)zy + y?)

K =
(142 + ¢ (1 + p? + ¢*)2® + pgzy + (1 + ¢?)y?)

3.1 Particular Case:

When surface S is defined by its canonical expression
1
z = 5(7“952 + 253y + ty*) + - - -

The first quadratic form is
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H1:x2+y2

The new quadratic form is

Iy = (r* + s%) 2% + 2s(r +t) 2y + (s* + t2)y?

I3

1
Then, we have the expression of a new curvature

Then, the curvature is the ratio: K =

K = (r* 4+ s*) a® + 2s(r + s) ab + (s* + t*)b?

With a? 4+ 0% =1, K is a quadratic form, the associated matrix is the as
follows

M= r?2+s* s(r+1)
S\ s(r+t) s+t

The equation of the extrema is given by

p2—(r2+232+t2) p—l—(rt—52)2:0

The new Gauss curvature is the product of both extrema

Kg = (Tt — 52)2
The average curvature (arithmetic mean)

_r2+252+t2

Ky 5
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