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Abstract

Stochastic integro partial differential equations of the form;

n 2
du(z,t) =Y % dt + F(u(z,t), 2, t)dt
=1 ?

+ /0 "Rt — Oyulz, 0)dbdt + [f (tyula, ) + ol ]AW (1),

are considered, where {W(¢) : ¢ > 0} is a standard one-dimensional
Wiener process and the kernel K decreases to zero non-exponentially.
The behavior of solutions and their convergence to zero are studied. It
is proved under suitable conditions that

u(x,t)

e K)o

almost surely.

The considered stochastic integro partial differential equations arise if
we consider the Black-Scholes market consists of a bank account or a
bond and a stock. These stochastic models can also applied to popula-
tion dynamics in biology.
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1. Introduction

In this paper, we consider the stochastic integro partial differential equations
of the form

du(z,t) = [Viu(z,t)+ F(u(z,t),z,t)]dt
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+ Kt O)ulx, 0)dbdt + [F(Hyu(z,t) + g(z, DAV (D),  (L1)

with the initial condition

u(w,0) = () (1.2
where ¢ is a bounded continuous function on the n-dimensional FEuclidean
space R",x € R",V*=Y", % and {W(t) : t > 0} is a standard Wiener pro-
cess on a complete filtered problability space {0, F\, F;, P}, where the filtration
is the natural one, viz. F;, = o{W(s) : 0 < s < t}. The almost sure events
considered in this paper are always P-almost sure, (a.s). The functions F, K,
f and g satisfy the following conditions:
Ay : F is continuous on R x R" x [0,00), R = (—00,00) and satisfies the
Lipschitz condition;

|F(U,$,t> _F(U7xat)| < L|U_U|7

for all (u, z,t), (v,z,t) € R x R" x [0,00) and for some positive constant L,
Ay 1 K, f are continuous on [0, 00) and g is continuous on R" x [0, 00).

In section 2, we shall give a suitable representation of the sample paths of the
considered problem. The existence and uniqueness of the solutions are treated
for more general equations, (see [1-6]). Here we are interested in the stability
of solutions. In section 3, we study the phenomenon of the non-exponential
stability, (see [7]).

Many special cases of equation (1.1) have several applications to population
dynamics in biology and also to Black - Scholes market, which consists of a
bank account or a bond and a stock.

2. Representation of solutions

Let C'(R™ x (0,T]) be the set of all continuous functions on
ou u
ot’ Ox?
1 =1,...,n, for almost all w € Q where u is a solution of the Cauchy problem
(1.1), (1.2), for almost all w € €2, then:

ule,t) = [ Z(x—y.0p(y)dy

t

R" x (0,7],T < oo. If u, e C(R" x (0,7),

+ Z(.I'—y,t—S)F(U(y,S),y,S)dy ds

n

Z(x—y,t—s)/s K(s—0)u(y,0)do dy ds
0

n

~+

Z(x —y,t —s)[f(s)uly,s) +g(y,s)] dy dW(s), (2.1

n

+
S— 5— 5~
S T
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where . |
Z(x,t) = ——— —— 2).
(z,?) (dnt)n/2 exp( 4t211‘z)

If u e C(R" x [0,T]) satisfies equation (2.1) for almost all w € €, then u is
called a mild solution of the Cauchy problem (1.1),(1.2).

If u; and uy are two solutions, a.s., of (1.1) , (1.2) then assumptions A;, Az
and the properties of the Wiener process W (t) lead to the following fact:

A(t) < LQT/Ot/n Z(y, s)A(s)dy ds
T /Ot/os/nZ(y, $)IC2(s — O)A(8)dy df ds
b [ 25PNy ds,

where:
A(t) = Suprern E[{u(z,t) — ug(z,t)}?]
and E(X) is the expectation of X. Since [z. Z(y, s)dy = 1, it follows that

At) < c/otA(s)ds,

for some positive constant c¢. This proves the uniqueness of the mild solutions.
Let us try to find the solution of the considered problem in the form

u(x’ t) = V(t)w(ﬂ% t)a

where {V(t) : t > 0} is the stochastic process described by the following
equation

dV () = —aV (t) + f(t) V(E)dW (), (2.2)
V(0) =1 (2.3)

where a € R.
The solution of (2.2), (2.3) is given by

V(t) = exp[/ot f(s)dW (s) — /t[%ﬁ(s) + alds.

0
Let us assume that
{i(2,1) : (2,1) € R" x [0,00)}
is the stochastic process described by the following equation:

dip(z,t) = V*(x, t)dt + A(z, t)dt + B(x,t)dW (t), (2.4)
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¥(x,0) = p(x), (2.5)
where A and B are chosen such that u(z,t) = V() ¢(x,t) satisfies equation
(1.1).

We have:

du(z,t) = V(t)dy(z,t)+p(x,t)dV(¢)

+ fOV()B(x,t)dt
Using (2.2) , (2.3), (2.4) and (2.5), we find that it is suitable to choose A and
B as follows:

where
n(x,t) = Gu(x,t),z,t) + /Ot K(t —0)u(z,0)dd — f(t)g(z,t), (2.6)

G(u,z,t) = F(u,z,t) + au.
Using (2.4), (2.5) and (2.6), one gets the following representation of u;
uwt) = V) [ Z (@ =y 0(u)dy
t
w [ 2=yt = ) H(s, Only, s)dy ds
0 n
t
+ [ Zla—yt—s)H(s Ogly.s)dy AW (), (2)
where H(s,t) =V (t)V"1(s).
now we prove that the stochastic process {n(z,t) : (x,t) € R"x[0,00)} satisfies
a nonlinear Riemann integral equation with random kernels.

Lemma 2.1. If the stochastic process {n(z,t) : (z,t) € R" x [0,00)} is given
by (2.6), then

n(z,t) = /OtS(Q,t)n*(x,Q,t)dQ
4 /OtK(t—9)h(m,6)d9+G(u(x,t),x,t)—f(t)g(x,t), (2.8)
where
7@.0.t) = [ Z@—y.t—0m(y.0)dy.
ha,t) = vw/‘zu—%>mw@

* // (2,y,t — s)H(s,t)g(y, s)dy W (s),
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s, = [ Kt —7)H (0, 7)dr (2.9)

Proof: Substituting from (2.7) into (2.6) and using Fubini’s theorem, we get
the required result.

3. The non-exponential stability

Let us consider the stochastic integro partial differential equation:
du(z,t) = [Vu(z,t)+ F(u(z,t),z,t)]dt
t
+ / K(t — O)u(w, 0)dodt + f(t)u(z, t)dW (¢), (3.1)
0

with the initial condition
u(x,0) = o(a). (3.2)
In this case we have the following representation of u:

uwt) = V() [ 2=y ey

+ /Ot/n Z(x —y,t—s)H(s,t)n(y, s)dy ds (3.3)

where 7) is given by:
t

0z t) = / S8, )" (x, 0, 1)d6
0

4 /Ot K(t=0)V(0) [ 2=y 00p()dy d0+ Glu(z,1),2.0), (3.4

where u is given by (3.3).

Theorem 3.1. Equation (3.4) has a unique solution 1 with continuous sample
paths on R™ x [0, T] for almost all w € .

Proof. We notice that (0,t) — S(0,t)(w) and (0,t) — H(0,t)(w) are jointly
continuous in both variables for almost all w € €. Thus equation (3.4) rep-
resents a linear Volterra equation with continuous random kernels, a.s., now
according to assumption A; and Ay, we can solve equation (3.4) by the method
of successive approximations. Set:

t
Mon(at) = [ SO0 (.0.1)80

b [Ka—0VO) [ 20— 5,006y 40+ Glun(e,t). 2,10,
where

wnlw,t) = V@) [ Z(e -y ey

* /ot/n Z(x —y,t—s)H(s,t)nn(y, s)dy ds
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no(x,t) is the zero approximation.

It is easy to see that 7y, ..., 7, ... have continuous sample paths on R™ x [0, 00)
and for almost all w € €.

Suppressing w dependence for ease expression, it can be seen for almost all
w e

sup |77m+1(x’t) - nm(x’t)| < (Ct)| )

reR" m:
for some constant ¢ > 0 and 0 < ¢t < 7. Thus the sequence {n,,} uniformly
converges on R™ x [0,T] to n for almost all w € Q. It is easy to prove the
uniqueness of 1. Hence we get the required result.
We need the following further assumptions.
Asz: The kernel K is strictly positive on [0, 00) and has continuous derivative
on [0,00).
It is supposed also that [; K (t)dt exists and

lim K'(t)
= K

—0, (3.5)

Ay () > a > 0 for all z € R" and G(u,z,t) > 0 for all (u,z,t) €
R x R" x [0, 00),

As: lim L Js F2(6)df = ~? exists,

Lemma 3.1. If 7 is defined by (3.4), then n(x,t) > 0 for all (z,t) € R" X
(0, 00).

Proof. It is easy to see that

ez [ " 500, )" (0, )d6 + S(0, 1).

Following Appleby and Reynolds [7], we get the required result, (comp. [8]-
11)).

Theorem 3.2. If the unique strong a.s. continuous solution of equation (3.3)
satisfies

lim u(z,t) =0,for all z € R",a.s.,

t—o0

then:

I) a+3iv*>0,

(IT) tlim infig[z’tt)) > £, a.s., where £ is an almost surely
positive random variable,

(I11) Jim - sup Y(t) = oo,

where
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(IV) Jim “I(;zf)) = 00, a.8.,
furthermore:

lim sup u(z,t)e = o00,a.s.,

t—o0

for every € > 0 and all x € R".
Proof. Notice that

lim E[{% /Otf(Q)dW(H)}Q] — lim — [ f2(6)d6 = 0.

Let n® <t < (n+1)3, we get
1
P[-

t Jo n n2’

for some constant ¢ > 0. Since > >7, # converges, it follows by applying the
Borel - Cantelli lemma [12] that

P[% /Otf(e)dW(Q) > %,i.o.] — 0.

Thus we can deduce that there is a subset 2 of Q such that P(Q*) = 1,
and for each w € Q* and for each € > 0, there exists T'(w) > 0, such that

Ji " F0)aW (6) > —et, (3.6)

for all ¢ > T'(w).
Using As, the inequality (3.6) and lemma 3.1, we get

u(z,t) > aV(t) > aexp[—et — (%72 + a)t].

Now if %72 +a < 0, we find

lim u(z,t) = oo, for all x € R"

t—o00

Consequently (I) is proved.
To prove (II), let

1
B=€e+a+ 572.
Thus V() > e P, 3> 0, for all t > T'(w).
According to [7], one gets

lim inf 5(0,7) = le_’gT(“’).

=K T
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To prove (III), we consider the stochastic process {Yi(t) : t > 0}, for which
Y1(0) =1 and

(0 = [1 = (0 S ] e+ FOVOAV ()
Thus
Vi) = Vil + [ Vi 0)as) (3.7
where
Vilt) = exol [ FOQW®) - [ (GF0)+ g +a)d
_K(0)
Clearl
' K(O)V(#)
i) = Yo+ S0

Using (3.6), one gets

[ 10w ) = [176) - 2)aw ) + 4w (1)

> — et +W(t), as., (3.8)

for sufficiently large t.
Let {Y5(t) : t > 0} be a stochastic process defined by

AYa(t) = [1 = (a -+ )Va(B)]dt + AYVa(E)dW (2),

Y5(0) = 1.
Clearly

where .
Va(t) = explyW () = (37" + a+€)t].
From (3.7) and (3.8), it is easy to get
Yi(t) > Y(t) (39)

Since a + %72 > 0, it follows that

1 1
Jim 7 InV>'t)=a+ 572,(1.5. (3.10)
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so using (3.10) together with the assumption Aj, one gets

Jim VK (t) = o0, a.s. (3.11)
Using (3.11) gives
. . K (0O
Jim sup Y (1) = Jim suplYi(1) ~ V(0

= tlim sup Yi(t) > tlim sup Ya(t).

Let
T, = inf{t > 0: Ys(t) = b},
_ s(x) —s(9)
B ST = o) =)

where s is the scale function of Y5(¢). It is well known that this function is
given by

s(z) = o2/ /x y24/72 e2/7%y dy,
1
r>1, cp=a + e

Since 2¢; + 72 > 0, it follows that

s(a) > el / Yy dy,
1
so lim s(x) = oo.
Thus lim sup Ys(t) = oo.
To prove (IV), we notice that n(z,t) > aS(0,1), a.s., for all (z,t) € R™ %0, 00),

and this leads to the required result, (comp. [8-11]). I would like to thank
Professor Dr. Emil Minchev for his suggestions, and valuable remarks.
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