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Abstract

In this paper, we shall study the approximate solutions of the Cauchy

problem,
n 82
D).ty =Y B pa b uga, ),

=1 ?

u(z,0) = (),

where 0 < o < 1, and f(z,t,u) is a continuous function of the three
variables x,t and u on the domain

Q={(x,t,u): x € R",0<t<h,lu—o| <pu>0}

Also, some properties of the solutions of the considered problem are
established.
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1. Introduction:

In this paper we consider the approximate solutions of the problem

(Dgru)(z,t) = i% + f(x, t,u(x, b)), (1.1)

i=1
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u(e,0) = p(a), (1.2)

with 0 < a < 1 over the interval [0,a], [1,2].
Suppose that f(x,t,u) is continuous on the domain Q.
Thus

max r,t,u)| = M < oo. 1.3
Jmax (b (13)

According to [3], the Cauchy problems (1.1), (1.2) are equivalent to the integral
equation

u(z,t) / / Ca(® £, 1°0)p(€)dg do
+0‘// / ) T O)G (=& (t—n)0) f(&,n, u(€,n))dEdOdn. (1.4)

where (,(0) is a probability density function defined on (0, 00) and

e_|x|2/4t

(Vart)»

G(z,t) = lz|? =2 + 22+ ... + x4, 5].

2. Approximate solutions:

To construct the approximate solutions of (1.4) let us choose u;(z,t) by[6]

(1) / / ¢ (8 £,1°0)p(€)ded

+“/ [ [ 00t =) GO  — € (6= ) 0) (€. (€))decbdy. (1)

1 rh
= —/ uy (z, t)dt. (1.6)
h Jo
From (1.5) and (1.6) we get

ha (x / / / ) £,1°0) () dbdt

v [T om0, () 0) 76 mon(©))deddn. (1.7

For the second approximation let us write

uat) = [7 [ G(0)G@— ¢ t0)p()agas

+O‘/ / / )* 1 a(0)G (=&, (t=n)0) f(&,n, w1+ az)dédbdn, (1.8)
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1 rh
as(x) = E/o do(x, t)dt, 09(x,t) = us(z,t) — uy(x,t). (1.9)
According to (1.5) and (1.8) we get
ety =a [ [ [ o —n) 06— & @ =o€ n w + az)

and so, according to formula (1.9) we have the following equation

pase) = [ [ [T [ 00— ea0)G @ — € =)0 (E s + )

—f(&n, ay)|dEdOdnddt. (1.11)

continuing this process m times, we get

(2, t) = / [ OG- ¢ 00 dgas

v [ 70— OG € (6= ) 0) 1€ s+ v B
(m=3,4,......), (1.12)
where
1 rh
am(x) = E/o O (z, )dt, 6 (2, 8) = Upy (2, 8) — Upp—1 (2, 1). (1.13)

and so from (1.13)

wwt)=a [ [ [ 6 -0 6O — €.t~ 0O (€ n.v0)

— [ (&, 1, vin—1]d€dbdn, (1.14)

where

U, = Um—1 + Q.

Then a,,(z) will be defined by the equation

hom(@) = [ [ [T [ 0~ O — & () O E . v)

—f(&, 1, vm—1]dEdBdndt. (1.15)
Suppose that f(x,t,u)) satisfies the Lipschitz condition with respect to u :

|f(x,t,u) — f(z,t,v)| < Llu—v|, L>0. (1.16)
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Theorem (1.1):
Suppose 0 < a < 1, f(z,t,u(z,t)) is continuous function on domain

Q=A{(r,t,u):x € R", 0 <t < h,Ju—¢| <p,p>0},

and suppose

Lh®
< 1, 1.17
a+1 (1.17)
2Mh
Mh®™ + 2\ < <A 1.18
F2A T S le(@) < (1.18)

Then equation (1.7) has a unique real root «;(z) satisfies the condition

aa(z) — ()] < p. (1.19)

In addition equation (1.15) has a unique real root a,,, m = 2,3, ... satisfies the
condition

2Mh~
o ()] < P (1.20)
and so
U1 (2, ) + () — o) < p
proof:

Let us choose the notations

0(c(x) / / / a(0) £,1°0)0(€)dEdBdt

= / / 0t — 1) 0)G Lo — &, (L — ) 0) (€., c)dgdodndL,
blela)) = ofa)
ST b 006 € (€ s + 0

_f(ga 1, Um—2 + @mfl)]dfdedndt

From (1.3) and (1.18), we get

M
O(—ntel@) < —pnte+it-
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This means that the equation #(c) = 0 has root a;(x) satisfies the condition
(1.19).We will see that on the interval [—pu+¢(x), p+¢@(x)] this root is unique.
Suppose that there is another root o} (), then

0=l =21 [ [ [T 8- m G~ € (¢~ o)l (€ nad

—f(& 0, a1)]dgdOdndt|
< Lh*

= o+ |041—041|

and so % > 1 which contradicts the inequality (1.17).
According to (1.5) and (1.3), |uy(z,t) — o(x)| < 2\ + Mh*
then
o(x) — 22 — Mh® < wuy(z,t) < p(x) + Mh™ + 2X (1.21)

From inequality (1.18)

Mha§u—2A_2Mh
a+1
From (1.21) and (1.22) we get
(z) — | 2 (z,t) < p(z) + _ 2Mh%
e\ H a+1_U1I7 < ez " a+1’
2M h*
ple) —n sl t) +12—71 < o)+
In addition rhe e
val a+1 )= a+1
[0 h rt proo o1 . oM R
A A R e O VYT

—f(&,m, an)|dgdOdndt
—2Mh*  2Mh®
< <0

a+1 a+1 —

Similarly
2Mh*
val a+1

y(c) = 0 has aroot as(z) € R

) > 0 and so equation

satisfies the condition

2Mh“
()] <
a+1
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And so |uy(z,t) + ao(z) — p(z)| < M
In a similar manner, it is easy to see that on the interval [=

201 20
Sl aai ) the
root as(x) is unique

In general

[tm—2(x,t) + a1 (z) — p(z)| < M (m=3,4,....),

m-1(7,1) — < —
2 (,1) — ()] <

o

(z) < (2.1) |2Mh
—u+ (T Um—1(x,t) +
n+e S 1 1

| < p+o(x)

and so there exist a root a,,(z) € R of the equation v,,(c) = 0 which satisfies

the condition
lam(2)] < 2M h*
O (T)| > )
a—+1

and so

[Um—1(2,1) + am(z) — o(z)| < p.

Hence the required result.
Suppose on the interval [0,h]

lui(z,t) — p(z)] <6, (6 >0). (1.23)
_ Lh*(a+2)
=t —In (1.24)

Theorem 1.2:

Suppose 0 < a < 1, f(x,t,u(x,t)) satisfies the condition of theorem (1.1), the
inequalities (1.17) and (1.24) are satisfies, then the sequence {u,,(z,t)} which
constructed by the previous method uniformly converges on the interval [0,h]
to a function u(x,t) which is the solution of the equation (1.4).

proof:

From (1.11), (1.16) and (1.23) we get

|z ()]
al /h /t /oo Rng(t—n)aJCa(a)G(x—ﬁ, (t—1)20) s (2, t)+a(z) —an ()| dEdOdndt,

< atlostell /77 / =) CalO)G (&, (¢ —0)°0) de o dy

aL5/’/’/’ 0= ) Ga(O)G(w — & (¢ = n)*0)d€ do di dt,

_ Lh®aa(@)| | Loh* _ Lshe
- a+1 a+1  (a+1)— Lhe

EGl?
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Fhen Léh Lh
[e] e — [
< = = = .
el G e+ D) —Th  Txow O (1.25)

Thus from (1.10) and using (1.16), (1.23) and (1.25) we get

o] < Laju(et) + axle) — @) [ (¢ =0 dn
Lh®

< Lh® = Lh%6{1
< L+ foalo)l} = LHB{ +
Lh*0(a+1)
Og(x,t)| < =
| 2(‘%‘7 )l = (Od+ 1) — Lhe G27
and so
Lh*d(a+1) Lh*o Lh*§(a + 2)
[02(, )] + faa(x )|_( +1)— Lhe * (o +1)—Lh* (a+1)— Lhe c
(1.26)
From (1.15) at m = 3 and (1.16) we get
| (z / / ) 105 (2, 1) + as(z) — an(z)| dn dt
From the inequality (1.26), we get the estimation
Lh*§
< = .
las(z)| < (ot 1) — i e=Gie
Then from (1.14) at n = 3,
|03(, )|

t roo
<ol [ [T ] 0= GO)G@—¢ (t=n)0) us(a, ) +as —us —aslds db d

Lh%6e _ Lh%de(a+1)

< a =
S L0+ T T e T (et 1) = Lhe

= G2€
In general, if |a,,_i(z)| < Ge™ 3,
|5m—1(xat)| S G25m_37 then

|6m—1(x7t)| + ‘am—l(x)’ < 55m_27

and from (1.15), we get

o)) < S [ [ =) 11, 8) - (2) — s ()] i
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Then |a,(7)| < G1e™72, and so from formula (1.14) we get |6,,(x)] < Goe™ 2
Consequently, from the inequality (1.24), when m — 00, u,,(z,t) on the inter-
val [0,a]uniformly converges to u(x,t), which satisfy (1.4).

Theorem 1.3:

Suppose 0 < « < 1, f(x,t,u(x,t)) satisfies the conditions of theorem (1.2)
and also (1.17) is satisfied. Then w,,(z,t) which constructed by the previous
method is approximated by u(x,t) on the interval [0,a] and so the following
inequality is satisfied

on 2Lh”

. < . _,m—1 m
Lh~
= 1) —
1 (a+1) o+ 2

proof:
Using (1.4), (1.5) and the inequality (1.16), we get

lu—

- O‘/Ot /Ooo/n 0(t—n)"""Ca(0)G(z—E, (t=1)*0) | £ (&, n,u(&,n)—F (&, m, 1 (€))] d€ dO dn,

IN

t
@L/O(t—n)o"l{\u—ull 4y — an]} dt,
SLhe
S 1 _Ihe

3.
From (1.1), (1.8) and the inequality (1.16) we can deduce

|u — g

—o / | / h / 0(t—n)" Ea ()G (a—E. ()" O)| £ (€, (€. m)— F (21 un (€, m) -] dE Ol

0 JO R™

t
< aL/O (t —n)* {]u— ur| + || }dn.

and then from (1.25) and (1.27)

dLh~ 2Lh~
_ < e
lu —uy| < (G + G¢)Lh T L (1+ T Lhan)e,

Lh®  (a+1)— Lh®

n:g: a+ 2
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According to (1.1), formula (1.12) and the inequality (1.6) we can write

| — | < &L/ M U — U1 — | dn

< Lh*(Ju — tpm_1| + |am])-

From (1.20) and the inequality

U — Up—1] <

SLh® (. 2Lk .,
1+ Lhe 1—Lpel )%

we get

< SHC (2L
™= 14 Lhe 1 — Lhe
on 2Lh" 1
- 1- 1—nm ) | em .
s (1 TR =) e eel)

Hence the required result.
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