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Abstract

In this article , we prove some new theorems related to ls-transform
defined in [1],[2],[3] .We also give an application for solution to Fox singu-
lar integral equations with trigonometric kernel and the non-homogeneous
systems of differential equations.
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1 Introduction

The Laplace-type integral transform called lo-transform where the [5-transform
is defined as

B{f sk = [ texa(=se)p(0) d (1.1)

If we make a change of variable in the right-hand side of the above integral
(1.1), we get,

L{f(0ssh =5 [ VA d (1.2)

2.Jo

we have the following relationship between the Laplace-transform and the
l5-transform

LS5} = S LSV 7) (13)

First, we calculate [>-transform of some special functions.
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Example 1.1 — show that

1.
1 5242
I{H(t —a);s} = 552¢ (1.4)
2.
L TE+
LAt"; s} = ﬁ (1.5)

Solution : see [1]

2 Complex Inversion Formula for /;-transform

Theorem 1 (Main Theorem). let F(\/s) is analytic function of s (assum-
ing that s = 0 is not a branch point) except at finite number of poles each of
which lies to the left of the vertical line Res = ¢ and if F\(\/s) — 0 as s — o0
through the left plane Res < ¢, suppose that

b{F0sh = [ texp(- )50 de = F(s)

c+ioo

Then 17 P} = £(0) =3 | 2F(Va)e
i [%e s{2F(\/s)e" '}, s = sk]

k=1
Proof. See [1] O

Example — By using complex inversion formula for [o-Transform, show
that

1 1
1 .
lQ |:252 €x p4 2:| - [O(t)

where [ is modified Bessel function of first kind and order zero.

1 1
Solution: Let, F(s) = exp (4 ) then, we have,
s

22

1 1

2_5 exp(4—s

2F(V's) = )
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Therefore, s = 0 is a singular point (essential singularity not branch point).
After using the above complex inversion formula, we obtain the original func-
tion as following,

1 1
f(t) = Res {— exp (4—) exp st?, at s = O} =b_q
s

S

1
where, b_; is the coefficient of the term ~ in the Laurent expansion of 2F'(/s) exp st>.

s
Therefore we get the following relation,

1 Co LI !
2F =211 )+t | [T+ —
(Vs)exps S l + (st7) + o1 T T (45)22! * (4s)33! *

from the above expansion we obtain,

12 4 16
H=0b_,=]1 .
J() = by { Ty ey Teey T ]
12 4 16
— 14 — o= Io(t
Tt T e e T e e o(?)

Theorem 2.1 (Generalized product Theorem). Let [r(f(t)) = F(s) and
assuming ®(s), q(s) be analytic and such that, ly(®(t, 7)) = B(s)re ™ T,
then one has,

w{ [T rmenarh = Faser

Proof. See [1] O

2.1 Solution to Fox - Singular Integral Equation with
trigonometric kernel, using [,-transform:

ﬂw:aw+xﬁwﬂﬂmuﬂm- (2.1)

Note: Let Io(f(t)) = F(s), la(g(t)) = G(s) and assuming ®(s), ¢(s) be analytic
and such that, lo(p(t, 7)) = ¢(s)7'e_72‘12(3), and using the above theorem, then
by taking lo-transform of integral equation (2.1), leads to the following relation,

F(s) = G(s) + AP(s).F(q(s)) (2.2)
In case of trigonometric kernel, for example, ¢(t, 7) = sin(7t), we have
t2

Iy [sin(7t)] = Zﬁ e 452 — F(s)=G(s)+ A@(S).F(i) (2.3)

g3 25
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1 1
It is clear that, ¢(s) = 55 oW in relation (2.2) we replace s by 5 Ve get
s s

Ly ey el Fs) (2.4)

F(—
2s 2s 2s

combination of (2.3) and (2.4) and calculation of F'(s) leads to the following,

G(s) + MB(5)G( )

1
1= X0 (s)P (-
S

F(s) = , (2.5)

relation (2.5) can be rewritten as (in terms of residue theorem for lo-transform)
follows,

1
ctico G(V3) +AD(Vs)G(5—=)
1 2\/5 st2
i ;
em1e0 1— A2 d(——
(Vo257
Example 2.1 — Solve the following homogeneous singular integral equa-
tion.

2 o0
—/ f(m)sin(tr)dr =1 (2.7)
T™Jo
Solution: l,-transform of the above integral equation, leads to the following
IRVZS 1
Flog i = a2 (28)

or,

P =Y~ =)~ =1

2.2 Applications of generalized product theorem.
o V2
Example 2.2 — Show that / sina? dr = Tﬂ (Fresnel’s Integral)
0

Solution: Let I(t) = / sin tz® dz, then by introducing a change of vari-
0

ables 22 = u we obtain,

I(t) = %/000 % sin tu du (2.9)
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taking lo-transform of the above relation and using generalized product theo-
rem, we get

r
LI(1)] = =5 (25)7 (5) (2.10)
after simplifying, one has
ﬁ) r @)
LI = (Y2 ) 4L 2.11
1) = (Y2) 24 .11
upon inversion the above relation, we have

e [(HE e

Proof. In (2.12) setting t = 1, we obtain [(1) = / sinz?® do = —— O
0

CBMT nwtde = gH(t —m)

Example 2.3 — Show that /
0 x

° cosmx
sinztdr , we calculate [>-transform of the

Solution: let I(t) = /

0
above relation by using main theorem and theorem 1, one has

LW = (Vaoe ™ YT o Pl = Tt o ap(yJE) = Mo

483 - @e

finally, I(t) = Re s[2F(,/5)e* , s = 0] = nr%(ge*m%esﬁ) - gH(t —m)

2.3 Some elementary properties of the /o-transform

In this section we will recall some elementary properties of the [y-transform
that will be used to solve systems of differential equations. First, we introduce
a differential operator 0 that we call the d-derivative and define as

1d
0 = —— 2.1
=T (2.13)
we note that
1 d? 1d
2 _ _

The d-derivate operator can be successively applied in a similar fashion for any
positive integer power.
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Theorem 2.2. If f,f',---,f" Y are all continuous functions with a piecewise
continuous derwate f™ on the interval t > 0, and if all functions are of
exponential order exp(c*t?) as t — oo for some constant c, then,

1.
o A{87 f(1); 8} = 2™ { f(1); 5} — 2" 18?7V £(07)
= 202D (G, f)(0F) — - = (5771 F)(01) (2.15)
forn=1,2,--
2.
0 {2 f(t); s} = (;i)n(sgeg {ft);s} for n=1,2,3--- (2.16)
Proof. See [2],[3] O

Lemma 2.1. If f is continuous function with a piecewise continuous derivate
f" on the interval t > 0, and if f,f" are of exponential exp(c*t?) as t — oo,
where ¢ 1s a constant, then

1.
lim f(¢) = lim 252 F(s) (2.17)

2.
lim f(t) = lim 25°F(s) (2.18)
Proof. See [1] O

3 An alternative technique for solving systems
of differential equations

In this section by some examples, we introduce a new technique for solving
non homogeneous systems of differential equations using lo-transform.

' — ) = t3
Example 3.1 : vy u
tr" — 1’ =ty
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(t) :{&w@@whﬁﬁﬂmﬂ

e — kol =y 52a(t) = y(t) £ {02(t); s} = o {y(1); 5}

{%zy” —wy = {5331(15)

{4545/(5) —25%(0) — (519) (0) = X(s) {4545/(3) = X(s)

45* X (s) — 252x(0) — (6;x)(0) = Y () 45*X (s) — 28 =Y (s)

252 52 52

16s°Y (s) —25° =Y (s) = Y (s) = - B
s7Y (s) 8 (s) (5) 16s® —1 4st*—1 4s*+1

1 1 11
y(t) = 3 cosh 5152 — 5 cos 5152
856 s2 52 1 1 1 1
X(s) = = t) = = cosh =t* + = cos ~t*
()= o —1 g1 Tamg 1 ) = geoshgtt 4 gcosg

Remark. We consider systems of non - homogeneous differential equations in
general form as follows

%)?’(t) — AX()+ B (3.1)

where, A and B are coefficient and constants matrices of type (n x n) and

N

(n x 1) respectively and X'(t), X (t) are column vectors. In order to solve the
above system,first, we take lo-transform of (3.1) we get,

—

b E)?’(t)} = A, [X(1)] + Bla[1]

2521, {)?(t)] ~X(0) = Al [)?(t)] +1p

252

if we simplify the above relation, we obtain

— —

(2521 — A)ls [X(t)] — X(0)+ —B

252

then,

—

Iy [)?(t)} = (22T — A)"1(X(0) + QLSQB)

finally, X)) =1" {(252[ - A)_l(;((O) + 2%823)}
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