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Abstract

A module M is called lifting if every submodule N of M, contains a
direct summand K of M such that N/K < M/K. We call a module M
cf-lifting if every coessentialy a finitely generated submodule of M lies
above a direct summand. In this paper we study about cf-lifting modules
and give some conditions for a cf-lifting module to be a lifting module.
At the end of this paper we obtain some properties of decomposition of
cf-lifting modules.
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1 Introduction

Ezxtending modules are generalization of injective modules and, dually, lifting
modules generalize projective supplemented modules. In this paper we gener-
alize the lifting modules as cf-lifting modules.

2 Preliminary Notes

Throughout this paper, R is always an associative ring with unit and Mod — R
denotes the category of unital right R-modules. Let M be a module and
S < M. Siscalled small in M ( notation S < M ) if M # S+T for any proper
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submodule T" of M. A module M is called hollow if every proper submodule
of M is small in M. A non-empty family {N,} ea of proper submodules
of a module M is called coindependent if for every A\ € A and any finite
subset F' C A\ {\}, Ny + NMerpN; = M. A module M is called to have finite
hollow dimension if M does not contain an infinite coindependent family of
submodules. Let N and L be submoduls of M, N is called a supplement of
L if it is minimal with the property M = N + L, equivalently M = N + L
and NNL <K N. M is amply supplemented if for any two submodules A and
B of M with M = A + B there exist a supplement P of A such that P < B.
For A C B C M, A is called a coessential submodule of B in M ( denoted
by A < B)if B/A < M/A. A submodul A of M is called coclosed in M
(denoted by A <° M) if A has no proper coessential submodule.

M is called lifting, if for any submodule N of M, there exist a direct summand
K of M such that K < N and N/K < M/K, equivalently M is lifting if and
only if M is amply supplemented and every supplement submodule of M is a
direct summand of M. We say N lies above K in M it N/JK < M/K. An
R -module M is called hollow - lifting if M is amply supplemented and every
hollow submodule of M lies above a direct summand of M. An internal direct
sum @; A; of submodule of a module M is called a local direct summand of
M if, given any finite subset F' of the index set I, the direct sum @,;cr A; is a
direct summand of M. The family {M;|i € I}, is called relatively projective if
M; is M;- projective for each ¢ # j;i,j € I.

A moduleM is called to has (5, provided for any two direct summands M; and
My of M if My N My =0, then M; & M, is a direct summand of M. Finally
we recall that a ring R is a right V-ring if and only if every simple module is
injective, if and only if Rad(M) = 0 for all R-modules.

Definition 2.1 Let N < M, N s called coessentialy finitely generated if
it is contained coessentialy in a finitely generated submodule of M (i.e. there
exists a finitely generated submodule H of M such that, N <° H in M ).

Definition 2.2 A module M is called finitely lifting, or f-lifting for short,
if every finitely generated submodule of M lies above a direct summand.

Definition 2.3 An R-module M s called cf-lifting if every submodule of
M which contained coessentialy in a finitely generated submodule lies a bove a
direct summand.

It is clear that every lifting module is cf-lifting.

Definition 2.4 M is called amply supplemented with respect to coessentialy
finitely generated submodules (or c.f.g. amply supplemented for short) in case
for each coessentialy finitely generated submodules X and 'Y such that M =
X +Y,Y contains a supplement of X.
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Definition 2.5 Let My and My be modules. The module My is smally M-
projective if every homomorphism f : My — My /A where A is a submodule of
My and Imf < Ms/A, can be lifted to a homomorphism p : My — M.

3 Main Results

Lemma 3.1 If M is c.f.g. amply supplemented then every submodule of M
which contained coessentialy in a finitely generated submodule of M that is not
small in M lies above a supplement in M.

Proof. 1t is clear by [6, Proposition (2.2)].

Theorem 3.2 Let M be an R-module. Then the following statements are
equivalent:
1) M is cf-lifting.

2) For every coessentialy finitely generated submodule N of M, there is a de-
composition M = My @& My such that M7 C N, NN My < M.

3) Every coessentialy finitely generated submodule N of M can be written as
N = N; @& Ny with Ny s direct summand of M and Ny < M.

4) M is c.f.g amply supplemented and every coessentialy finitely generated
coclosed submodule of M is a direct summand of M.

Proof. 1t is clear By [6, Proposition (1.1)].
Theorem 3.3 If M is cf-lifting then M s f-lifting.

Proof. Let A be a finitely generated submodule of M then A <°° A in M hence
there exists a summand K of M such that K <° A in M then M is f-lifting.

Lemma 3.4 Let M be an R-module and K C L be submodules of M. Then
if K < M, then K <° L and the converse is true if L <° M.

Proof. By [3, Lemma 2.6]

Theorem 3.5 Any coclosed submodule (and hence any direct summand) of
a cf-lifting module 1is cf-lifting.

Proof. Let K be a coclosed submodule of M and M be a cf-lifting module. Let
N < K and N <° H in K such that H is a finitely generated submodule of
K. Now H/N <« K/N < M/N implies that H/N < M/N i.e. N <* H in
M. Since N < K and K <° M, then N <°“ M. So N is a direct summand
of M and hence a direct summand of K. It means K is a cf-lifting modules.
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Theorem 3.6 For noetherian R-module M, the following statements are
equivalent:
1)M is cf-lifting.
2)M s f-lifting.
3)M is lifting.

Proof. 1 = 2 By the above Proposition.
2 = 3 Since M is noetherian, every submodule of M is finitely generated so
M is lifting.
3 =1 It is trivial.

Lemma 3.7 Let M be an R-module with finite hollow dimension. Then M
18 hollow-lifting if and only if M is lifting.

Proof. By [6, Corollary (1.5)].

Lemma 3.8 Let M be an hollow-lifting module and K <° M with finite
hollow dimension. Then K is a direct summand of M.

Proof. By [6, Lemma (1.4)].

Theorem 3.9 Let M be an R-module with finite hollow dimension. If M
1s hollow-lifting module then M is cf-lifting.

Proof. 1t follows immediately from Lemma 1.11 and Lemma 1.12.

Lemma 3.10 Let M = M, ®...& M, be a finite direct sum of relatively pro-
jective modules M;. Then M is lifting if and only if M is amply supplemented
and M; 1s lifting for all 1 < i < n.

Proof. By [4, Corollary (2.9)].

Lemma 3.11 Let M = M,® M be a weakly supplemented module. Suppose
that for every coclosed submodule N of M such that M = N + M, or M =
N + Ms, N s a direct summand of M. Let K be a coclosed submodule of M
such that every submodule of M/K has an s-closure in M/K. Then K is a
direct summand of M.

Proof. By [4, Proposition (1.8)].

Theorem 3.12 Let M = M, ® M, be an amply supplemented module. Sup-
pose that every coclosed submodule K of M with M = K + M is a direct sum-
mand of M or every coclosed submodule K of M which is coessentialy finitely
generated such that M = K + Ms, is a direct summand of M. Then M is

cf-lifting.
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Proof. Tt follows from Lemma 2.1 and Lemma 2.2.

Theorem 3.13 Let M be an amply supplemented module and M = M, @

M, is a direct sum of relatively projective modules My and My such that M;
18 lifting and My is cf-lifting. Then M is cf-lifting.

Proof. Let N be a coclosed submodule of M such that M = N + M;. There
exists a submodule N* of N such that M = N’ + M,. Since M/N" is lifting and
N/N'"is coclosed in M/N', N/N' is direct summand of M/N". Therefore N is
direct summand of M. Hence it follows from Proposition 2.3 M is cf-lifting.
For the case M = N + M, it is clear by Proposition 2.3.

Theorem 3.14 Let M be a module such that every submodule of M has a
coclosure in M and M has Cs. If every local direct summand of M is a direct
summand , then M is cf-lifting if and only if it is lifting.

Let 0 # K < M. For 0 # = € K, zR has coclosure in M such as A.A is
coclosed in M and A is coessential in xR, so A is a direct summand of M
(AC 2R C K C M). By Zorn’s Lemma there exists a maximal local direct
summand N = @, A; where each A; C K. By hypothesis, NV is direct summand
of M ie. M = N @ N’ for some submodule N' of M, s0o K = N @ (KNN).
Assume that KNN' # 0. Suppose that for 0 # z € N'NK, zR has a coclosure
B in M.Hence B is a direct summand of M and BN N = 0so N & B is a
local direct summand of M, a contradiction with maximality of N. Hence
KNN =0so K =N a direct summand of M.

Theorem 3.15 A ring R is a V-ring if and only if for any R-module M,
every submodule of M is coclosed in M.

Proof. By [3, Lemma 2.1].

Lemma 3.16 LetR be a V-ring. An R-module M is lifting if and only if it
18 semisimple.

Proof. 1t is clear by above Proposition.

Corollary 3.17 Let R be a V-ring and M be a noetherian R-module then
M s cf-lifting if and only if it 1s semisimple.

Proof. By Proposition (2.6)and Lemma (2.7).

Lemma 3.18 Let My and My be modules and M = M@ M. The following
statements are equivalent:

1) My is smally My-projective.
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2) For every submodule N of M such that (N + M;/N) < M/N, there exists
a submodule N' of N such that M = N & M,.

Proof. By [4, Lemma (2.4)].

Lemma 3.19 Let M; be any module and My a lifting module and let M =
My & M. If My is smally Ms-projective, then every coclosed submodule N of
M such that (N + M;)/N < M/N is a direct summand.

Proof. By [4, Lemma (2.7)].

Theorem 3.20 Let M be a lifting module and My be a cf-lifting modules
and M = My, & My be an amply supplemented module. If one of the following
conditions holds, then M is cf-lifting.

1) My is smally Ms-projective and every coclosed submodule N of M such that
M = N + M s a direct summand.

2) My and My are relatively smally projective and every coclosed submodule N
of M such that M = N + M; = N + M, is a direct summand.

3) My is My-projective and M, is smally My-projective .

4) My is semisimple and smally My-projective.

Proof. 1t is clear by [4, Theorem 2.8].
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