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Abstract

In this paper, we have studied the recurrent Riemannian space hav-
ing a semi-symmetric metric connection and the curvature tensor of
which is decomposed in the form Ri

jkl = viϕjkl and proved some the-
orems concerning such spaces.
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1 Introduction

Suppose a Riemannian manifold Vn of dimension n with metric gij admits a
metric semi-symmetric connection ∇ with connection coefficients Γh

ji given by
[4,1]

Γh
ji = T h

ji + δh
j pi − gjip

h , (1)

where T h
ji are Christoffel symbols of Vn, pi is a arbitrary gradient vector field

and ph = ghapa.
The components of the mixed curvature tensor and the Ricci tensor of Vn

are respectively

Rh
kji = ∂kΓ

h
ji − ∂jΓ

h
ki + Γh

kmΓm
ji − Γh

jmΓm
ki (2)

Rji = Rh
hji . (3)
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The curvature tensor of Vn satisfies the following relations [2]

Rh
kji +Rh

jki = 0 (4)

Rh
kji +Rh

jik +Rh
ikj = 0. (5)

If p is a arbitrary scalar function defined in Vn then the relation

∇l(e
−2pRh

kji) + ∇k(e
−2pRh

jli) + ∇j(e
−2pRh

lki) = 0 (6)

holds true. [2]

2 The Recurrent Riemannian Spaces Having

A Semi-Symmetric Metric Connection And

A Decomposable Curvature Tensor

If the curvature tensor Ri
jkl of Vn satisfies the condition

∇mR
h
kji = ψmR

h
kji, (7)

where ψm is a covariant vector field, then Vn is called recurrent. [3]
In this section we consider the recurrent Riemannian spaces denoted by

RVn the curvature tensor of which is decomposed in the form

Rh
kji = vhϕkji, (8)

where vh is a contravariant vector field and ϕkji is a covariant tensor field.
Using the relations (4) and (8) we get

ϕkji + ϕjki = 0. (9)

Taking into account the relations (6), (7) and (8) we obtain

(ψl − 2pl)ϕkji + (ψk − 2pk)ϕjli + (ψj − 2pj)ϕlki = 0. (10)

Multiplying both hand sides of (10) by vl and summing for l we have

ϕkji = α[(ψk − 2pk)φji − (ψj − 2pj)φki], (11)

where α is a scalar function which is defined by

α =
1

μ
(μ = (ψl − 2pl)v

l) (12)

and φki is a covariant tensor field which is defined by

φki = vlϕlki. (13)
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Using the relations (3), (8) and (13) we obtain

Rji = φji. (14)

Using (14) in (11) we get

ϕkji = α[(ψk − 2pk)Rji − (ψj − 2pj)Rki]. (15)

Multiplying the relation (9) by vkvj and summing for k and j and using the
relations (13) and (14) we obtain

Rjiv
j = 0 (16)

from which it follows that
det(Rji) = 0. (17)

Thus we obtain the

Theorem 2.1 If a space RVn has a decomposable curvature tensor in the
form Rh

kji = vhϕkji, then we have

ϕkji = α[(ψk − 2pk)Rji − (ψj − 2pj)Rki]

and
det(Rji) = 0.

Theorem 2.2 If a space RVn has a decomposable curvature tensor in the
form Rh

kji = vhϕkji, then the vector field vh and the tensor field ϕkji are recur-
rent.

Proof: By (3) and (7) we get

∇mRji = ψmRji. (18)

On the other hand, from (8) and (15) we can write the curvature tensor
Rh

kji of RVn in the form

Rh
kji = αvh[(ψk − 2pk)Rji − (ψj − 2pj)Rki]. (19)

Taking the covariant derivative both hand sides of (19) with respect to the
coordinate xm and using the relations (7) and (18) we obtain

Ra
kji∇mv

h = Rh
kji∇mv

a. (20)

If we use the relation (8) then the relation (20) reduces to

va∇mv
h = vh∇mv

a (21)
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from which it follows that

∇mv
h = λmv

h, (22)

where λm is a covariant vector field. From the relation (22) we have the vector
field vh is recurrent.

On the other hand taking the covariant derivative of (8) with respect to
the coordinate xm and using the relations (7) and (22) we get

∇mϕkji = (ψm − λm)ϕkji. (23)

From the relation (23) we have the tensor field ϕkji is recurrent.
Now we consider the RVn spaces having a decomposable curvature tensor

in the form

Rh
kji = vh(ψi − 2pi)ϕkj, ϕkji = (ψi − 2pi)ϕkj, (24)

where ϕkj is a covariant tensor field and concerning these spaces we prove the
following theorem:

Theorem 2.3 The tensor field ϕkji may be decomposed in the form ϕkji =
(ψi − 2pi)ϕkj if and only if the condition

∇m(ψi − 2pi) + (λm − α∇mμ)(ψi − 2pi) = 0

holds true.

Proof:We first prove the necessity of the condition. Suppose that the
tensor ϕkji is decomposed in the form (24). Under this condition the equation
(23) transforms into

(ψm − λm)(ψi − 2pi)ϕkj = ∇m(ψi − 2pi)ϕkj + (ψi − 2pi)(∇mϕkj). (25)

Taking the covariant derivative of the equation μ = (ψl − 2pl) with respect
to xm and using (22) we obtain

vi∇m(ψi − 2pi) = ∇mμ− λmμ. (26)

Multiplying both sides (25) by vi and summing for i and taking (26) into
account, we get

∇mϕkj = (ψm − α∇mμ)ϕkj. (27)

Taking the covariant derivative of both sides of the equation
Rh

kji = vh(ψi − 2pi)ϕkj with respect to xm and using (7), (22) and (27) we
obtain

ψmR
h
kji = ψmR

h
kji + [∇m(ψi − 2pi) + (λm − α∇mμ)(ψi − 2pi)]ϕkjv

h (28)
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from which it follows that

∇m(ψi − 2pi) + (λm − α∇mμ)(ψi − 2pi) = 0. (29)

Conversely, the condition (29) is sufficient. To see this, take the covariant
derivative of both sides of (29) with respect to xn we get

∇n∇m(ψi − 2pi) + ∇n[(λm − α∇mμ)(ψi − 2pi)] = 0. (30)

Interchanging the indices m and n in (30) and subtracting the equation so
obtained from (30) we obtain

ϕnmi = α[pm(λn − α∇nμ) − pn(λm − α∇mμ)

+∇m(λn − α∇nμ) −∇n(λm − α∇mμ)](ψi − 2pi), (31)

where we have used the relations (8), (29) and the Ricci identity.
From (31) it follows that the tensor ϕnmi may be written in the form

ϕnmi = (ψi − 2pi)ϕnm ,

where ϕnm is given by

ϕnm = α[pm(λn − α∇nμ) − pn(λm − α∇mμ)

+∇m(λn − α∇nμ) −∇n(λm − α∇mμ)]. (32)

The proof of the Theorem is completed.
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