
Int. J. Contemp. Math. Sciences, Vol. 2, 2007, no. 24, 1193 - 1199

Domination in Jahangir Graph J2,m

D. A. Mojdeh and A. N. Ghameshlou

Department of Mathematics
University of Mazandaran

P.O. Box 47416-1467, Babolsar, Iran
dmojdeh@umz.ac.ir

a.ghameshlou@umz.ac.ir

Abstract

Given graph G = (V,E), a dominating set S is a subset of vertex
set V such that any vertex not in S is adjacent to at least one vertex
in S. The domination number of a graph G is the minimum size of the
dominating sets of G. In this paper we study some results on domina-
tion number, connected, independent, total and restrained domination
number denoted by γ(G), γc(G) ,γi(G), γt(G) and γr(G) respectively in
Jahangir graphs J2,m.
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1 Introduction

Let G be a graph with vertex set V (G) and edge set E(G). A dominating set is
a set S of vertices such that every vertex outside S is dominated by some vertex
of S. The domination number of G, denoted by γ(G), is the minimum size
of dominating set of G. A dominating set S is called a connected dominating
set if G[S], induced subgraph by S, is connected. The connected domination
number of G is the minimum size of connected dominating set of G and is
denoted by γc(G).

A dominating set S is called an independent dominating set if S is an
independent set. The independent domination number of G denoted by γi(G)
is the minimum size of an independent dominating set of G. A dominating
set S is a total dominating set of G if G[S] has no isolated vertex, i.e. every
vertex in S has at least an adjacent in S.

The total domination number of G, denoted by γt(G) is the minimum size
of a total dominating set of G. The restrained dominating set of G is a subset
S of V that every v ∈ V − S is adjacent to at least one other vertex in
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V − S. Every graph has a restrained dominating set, since S = V is such a
set. Restrained domination number denoted by γr(G) is the minimum size of
the restrained dominating sets of G. Clearly γr(G) ≥ γ(G), (see [2,3,4,5]).

Definition 1 Jahangir graphs Jn,m for m ≥ 3 ,is a graph on nm + 1 vertices
i.e. , a graph consisting of a cycle Cnm with one additional vertex which is
adjacent to m vertices of Cnm at distance n to each other on Cnm, ( see[1]).

In this paper we study dominating number, connected, total, independent
and restrained dominating number for Jahangir graphs J2,m.

Example 2 Figure 1 shows Jahangir graph J2,8. The figure1, J2,8, appears on
Jahangir’s tomb in his mausoleum. It lies in 5 kilometer north-west of Lahore,
Pakistan across the River Ravi, (see [1]).

Example 3 γ(J2,3) = 2.
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The following theorems are useful:
Theorem A(see[5]): If G has no isolated vertices, then γ(G) ≤ |V (G)|

2
.

Theorem B(see[5]): (a) If a graph G has no isolated vertices, γt(G) ≤
n −Δ(G) + 1. (b) If a graph G is connected and Δ(G) < n − 1, then γt(G) ≤
n − Δ(G).

2 Domination Number, Connected and Total

Domination Number of J2,m

In this section we study domination number, connected and total domination
number of Jahangir graphs J2,m.

Remark 4 Let v2m+1 be the label of the center vertex and v1, v2, ..., v2m be the
label of the vertices that incident clockwise on cycle C2m so that deg(v1) = 3.

Theorem 5 For m ≥ 4 , γ(J2,m) = �m
2
� + 1.

Proof. Suppose that m = 2k, for some positive integer k. It is easy to verify
that the set of vertices

S0 = {v1, v5, . . . , v2m−3, v2m+1}
is a dominating set for J2,m. Therefore γ(J2,m) ≤ |S0| = m

2
+ 1. Let D ⊂

V (J2,m), |D| ≤ m
2

and D be a dominating set of J2,m.
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We consider three following cases:

Case 1. Let v2m+1 ∈ D and m
2
−1 remained vertices of D be incident odd in-

dex vertices of cycle C2m. According to the structure of labeling, it is clear that
vertex v2m+1 dominates all odd index vertices, i.e. v1, v3, . . . , v2m−1. Therefore
D − {v2m+1} must dominate m even index vertices, i.e. v2, v4, . . . , v2m. So, at
most m− 2 even index vertices are dominated by m

2
− 1 odd index vertices of

cycle C2m. Therefore, we have a contradiction since there is at least two even
index vertices on V (J2,m) that any vertices of D can not dominate them.

Case 2. Let v2m+1 ∈ D and m
2
− 1 remained vertices of D be incident

even index vertices of cycle C2m. According to the structure of labeling it is
clear that vertex v2m+1 dominates all odd index vertices. In this case D must
dominate m even index vertices with m

2
−1 even index vertices. It is impossible.

Because there is not any even index vertices in J2,m that dominates other even
index vertices. So, m

2
+ 1 even index vertices are not dominated by D and it

is a contradiction.

Case 3. Let v2m+1 /∈ D and m
2

of the incident vertices of cycle C2m be
in D. Without loss of generality, suppose that v1 ∈ D. Then v1 dominates
itself and the vertices v2m+1, v2m and v2, and m

2
− 1 remained vertices of D

dominate at most m − 2 vertices that are not dominated yet. So, we have a
contradiction. Since at least m

2
of vertices in V (J2,m) are not dominated by

vertices in D. Hence, γ(J2,m) ≥ m
2

+ 1. This implies that γ(J2,m) = m
2

+ 1.

Now suppose that for some positive integer k, m = 2k + 1.

It is easy to verify that the set of vertices S1 = {v1, v5, v9, ..., v2m−1, v2m+1}
is a dominating set for J2,m. Therefore γ(J2,m) ≤ |S1| = �m

2
� + 1. So, it is

sufficient to show that γ(J2,m) ≥ �m
2
� + 1. Let D ⊂ V (J2,m), |D| ≤ �m

2
� and

D be a dominating set of J2,m.
We consider three following cases:

Case 1. Let v2m+1 ∈ D and m−1
2

odd index vertices of cycle C2m be in D.
According to structure of labeling it is clear that vertex v2m+1 dominates all
odd index vertices. Therefore D must dominate m even index vertices with
m−1

2
odd index vertices of cycle C2m. So, at most m − 1 even index vertices

are dominated by m−1
2

odd index vertices of cycle C2m. Hence, we have a
contradiction since there is at least one even index vertex on V (J2,m) that any
vertices of D cannot dominate it.

Case 2. Let v2m+1 ∈ D and m−1
2

even index vertices of cycle C2m be in
D. In this case D must dominate m even index vertices with m−1

2
even index

vertices. It is impossible. Because there are not any even index vertices in
J2,m that dominate other even index vertices. So, m+1

2
even index vertices are

not dominated by D and it is a contradiction.

Case 3. Let v2m+1 /∈ D and �m
2
� incidence vertices of the cycle C2m be in

D. Without loss of generality, suppose that v1 ∈ D. Then v1 dominates itself
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and the vertices v2m+1, v2m and v2, and m−1
2

remained vertices of D dominate
at most m−1 vertices that are not dominated yet. So, we have a contradiction.
Since at least m−3

2
of vertices in V (J2,m) are not dominated by vertices in D.

Therefore γ(J2,m) ≥ �m
2
� + 1. This implies that γ(J2,m) = �m

2
� + 1.

Corollary 6 γc(J2,m) = γ(J2,m) = �m
2
� + 1.

Proof. Obviusely γc(J2,m) ≥ γ(J2,m). In theorem 5, we showed that the sets
S0 and S1 are optimal dominating sets of J2,m. Induced subgraphs by the sets
S0 and S1, G[S0] and G[S1] respectively, are a Star, i.e. K1,�m

2
�. Clearly G[S0]

and G[S1] are connected and S0 and S1 are optimal connected dominating sets
of J2,m. Hence, γc(J2,m) = �m

2
� + 1.

By Theorem B we know that γt(J2,m) ≤ m + 1. Now we optimized this
upper bound and show that γt(J2,m) = �m

2
� + 1.

Corollary 7 γt(J2,m) = γ(J2,m) = �m
2
� + 1.

Proof. Clearly, γ(G) ≤ γt(G) ≤ γc(G). It is trivial by Theorem 5 and
Corollary 6.

3 Independent and Restrained Domination Num-

ber of J2,m

In this section we study γi(J2,m) and γr(J2,m).

Theorem 8 For m ≥ 3, γi(J2,m) = �2m
3
�.

Proof. Suppose that m ≡ 0 (mod 3). It is easy to verify that the set of
vertices
S0 = {v1, v4, v7, . . . , v2m−5, v2m−2} is an independent dominating set of J2,m.
Let 2m ≡ 1 (mod 3). It is easy to see that S1 = {v1, v4, v7, . . . , v2m−3, v2m−1}
is an independent dominating set of J2,m. Finally if 2m ≡ 2 (mod 3), the set
of vertices S2 = {v1, v4, v7, . . . , v2m−4, v2m−1} is an independent dominating
set of J2,m. Hence, γi(J2,m) ≤ |S0| = |S1| = |S2| = �2m

3
�. Let D ⊂ V (J2,m),

|D| ≤ �2m
3
�− 1 and D be an independent dominating set of J2,m. We consider

two following cases:
Case 1. Let v2m+1 ∈ D.
According to the structure of labeling, it is clear that vertex v2m+1 dom-

inates itself and all odd index vertices. Since the set D is an independent
dominating set, any odd index vertices can not be in D. So, D must dominate
m even index vertices with �2m

3
� − 2 even index vertices. It is impossible. Be-

cause there are not any even index vertices in J2,m that dominate other even
index vertices. Therefore we have a contradiction and γi(J2,m) ≥ �2m

3
�.
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Case 2. Let v2m+1 /∈ D.
Without loss of generality, suppose that v1 ∈ D. The vertex v1 dominates

itself and the vertices v2m+1, v2m and v2, and �2m
3
� − 2 remained vertices of D

can dominate independently at most 2�2m
3
�−4 vertices that are not dominated

yet. So, there is at least one vertex that is not dominated by the independent
dominating set D. It is a contradiction and γi(J2,m) ≥ �2m

3
�.

These cases imply that γi(J2,m) = �2m
3
�.

Theorem 9 For m ≥ 4 and some positive integer k,

γr(J2,m) =

{ �m
2
� + 1 if m = 2k

�m
2
� + 2 otherwise

.

Proof. Clearly, γr(J2,m) ≥ γ(J2,m).
We consider two following cases:
Case 1. Let m = 2k.
In Theorem 5 we showed that if m = 2k, the set

S0 = {v1, v5, . . . , v2m−3, v2m+1} is a dominating set for J2,m. Obviously V −S0

= {vj |j = 2q}⋃{v3, v7, . . . v2m−5, v2m−1}. It is easy to see that every vertex
in V − S0 has at least an adjacent vertex in V − S0. So, the set S0 is a
restrained dominating set of J2,m. Therefore γr(J2,m) ≤ γ(J2,m). This implies
that γr(J2,m) = γ(J2,m) = �m

2
� + 1.

Case 2. Let m = 2k + 1.
In Theorem 5 we showed that if m = 2k + 1, the set of vertices S1 =

{v1, v5, v9, ..., v2m−1, v2m+1} is a dominating set for J2,m. Obviously V − S1 =
{vj |j = 2q}⋃{v3, v7, . . . v2m−7, v2m−3}. The set S1 dominates all vertices in
the V − S1 of J2,m restrainedly except the center vertex v2m. Since the center
vertex v2m in the set V −S1 has no adjacent vertex. Hence, S2 = S1

⋃{v2m} is
a restrained dominating set of J2,m and |S2| = �m

2
�+2 and proof is completed.
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