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Abstract

Using the concept of w-distance, we prove some results on the exis-
tence of fixed points and common fixed points for multivalued Kannan
maps. Consequently, we improve and generalize the corresponding fixed
point results due to Latif and Beg, Suzuki, Kannan and many others.
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1 Introduction

The well known Banach contraction principle, which asserts that ”each single-
valued contraction self map on a complete metric space has a unique fixed
point” has been generalized in many different directions. Nadler [8] has used
the concept of Hausdorff metric and obtained a multivalued version of the
Banach contraction principle. Among others Husain and Latif [2], Feng and
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Liu [1] have generalized Nadler’s fixed point result without using the Hausdorft
metric. On the other hand, Kannan [4] has proved an interesting fixed point
result for single-valued maps in the setting of metric spaces which is not an
extension of the Banach contraction principle. While, Latif and Beg [6] have
obtained a multivalued version of the Kannan’s fixed point result.

In [3], Kada et al. have introduced a notion of w-distance on a metric
space and improved several results replacing the involved metric by a general-
ized distance. Using this generalized distance, Suzuki and Takahashi [11] have
introduced notions of single-valued and multivalued weakly contractive maps
and proved fixed point results for such maps. Consequently, they general-
ized the Banach Contraction principle and Nadler’s fixed point result. While,
Susuki [12] generalized Kannan’s fixed point result under w-distance. Recent
fixed point results concerning w-distance can be found in [5, 10, 12, 13, 15]

In this paper, using the concept of w-distance, we prove fixed point and
common fixed point results for multivalued maps in the setting of metric spaces.
Our results improve and generalize the corresponding results due to Latif and
Beg [6], Suzuki [12], Kannan [4] and many others.

2 Preliminaries

Throughout this paper, X is a metric space with metric d. Let 2% denote a col-
lection of all nonempty subsets of X, C1(X) a collection of all nonempty closed
subsets of X. Consider a single-valued map f : X — X and a multivalued
map T : X — 2%, (a) An element x € X is called a fized point of f if x = f(x),
and a fixed point of T if x € T'(x). (b) f is called Banach contraction if for a
fixed constant h € [0,1) and for each z,y € X, d(f(z), f(y)) < h d(z,y). (c)
f is called Kannan contraction if for a fixed constant r € [0,1/2) and for each
r,y € X, d(f(x), f(y) < r {d(z, f(z)) + d(y, f(y))}. Clearly, Kannan con-
traction (which may not be continuous) is not a generalization of the Banach
contraction. Kannan [4] has proved that each Kannan contraction self map on
a complete metrics has a unique fixed point.

A map ¢ : X — R is called lower semi-continuous if for any sequence
{z,} € X with z,, — x € X imply that ¢(z) < liminf,_.cp(zy,).

Recently, Kada et al. [3] introduced a concept of w-distance as follows:
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A function w : X x X — [0, 00) is called w-distance on X if it satisfies the
following for any x, y, z € X:
(w1) w(z,2) <w(@,y) +wly,2);
(wy) amap w(z,.): X — [0,00) is lower semicontinuous;
(ws3) for any € > 0, there exists 6 > 0 such that w(z,z) < d and w(z,y) <o
imply d(z,y) <e.

The metric d is a w-distance on X. Many other examples of w-distance are
given in [3, 11, 13, 14]. Note that, in general for z,y € X, w(x,y) # w(y, ).

We say a single-valued map f : X — X is w-Kannan [12] if there exist a w-
distance w on X and r € [0,1/2) such that for each x,y € X, w(f(z), f(y)) <
r{w(z, f(z)) + w(y, f(y))}. A multivalued map T : X — 2% is K,- map if
there exists a nonnegative number r € [0, %) and a w-distance function w
such that for any x € M, w € T(x) there exists v € T'(y) for all y € M such
that

w(u,v) < r{w(z,u) +w(y,v)}.

In particular, if we take w = d, then w-Kannan map is Kannan contraction
and K,-map is K-map [6, 7].

The following lemma concerning w-distance is fundamental.

Lemma 2.1 [3] Let X be a metric space with metric d and let wbe a w-distance
on X. Let {x,} and {y,} be sequences in X. Let {a,} and {3,} be sequences
in [0,00) converging to 0, and let x,y,z € X Then, the following hold:

(@) Ifw(zn,y) < a, and w(x,,2) < B, for any n € N, then y = z; in
particular, if w(z,y) =0 and w(z,z) =0, then y = z;

©) ifw(xn, yn) < a, andw(zy, 2) < B, for anyn € N, then {y,} converges
to z;

(©) ifw(zn, zm) < ay for anyn,m € N with m > n, then {x,} is a Cauchy
sequence;

(@) if w(y,x,) < ay for any n € N, then {x,} is a Cauchy sequence.

3 The Results

In this section, we consider X complete and M a nonempty closed subset of
X.
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Theorem 3.1 Let T : M — CI(M) be a multivalued K,,-map such that
inf{w(z,u) +w(z, T(x)):z € X} >0,
for every u € X with u ¢ T(u). Then T has a fized point.

Proof. Let u, be an arbitrary element of M and let u; € T'(u,) be fixed.
Since T'is K, -map, there exists uy € T'(u;) such that

w(ug, ug) < rw(te, ur) +1rwlug, ug),
where r € [0, 1) and consequently
,
w(uy, ug) < 1—_rw(uo,u1).

Thus, we get a sequence {u,} in M such that for every n € N, u, 1 € T(u,)

and
r

W (U, Unt1) < [ Jw(tn-1,un),

1—r
for some fixed r, 0 <7r < % Note that for any n € N, we have

r
. T]"w(uo, uy).
Put A = ;. Then 0 < A < 1. For m and n positive integers m > n, we have

w(um un+1> < [

W(Uny Um) < WUy, Unt1) + W(Upg1, Unya) + oo + W (U1, U,
< A W(Ug, up) + N W (Ugy uy) F o+ AT w0 (U, ur),
< A W (g, u1)

S T wlte w),

which implies that w(u,,u,) — 0 as n — oo and by Lemma 2.1, {u,} is a
Cauchy sequence. From the completeness of X, we get that {u,} converges
to some v, € X. M being closed we have v, € M. Let n € N be fixed. Since
{u,} converges to some v, and w(u,,.) is lower semicontinuous, we have

W(Un, Vo) < liminf w(uy, upy) < ﬁw(uo,ul),

m—0o0 —

So, as n — 00, we have w(uy,,v,) — 0. Assume that v, ¢ T'(v,). Then, by
hypothesis, we have

0 < inf{w(u,v,) +w(u,T'(u)):uve X}
inf{w(uy,, vo) + w(ty, T(uy,)) : n € N}
inf{w(uy, vo) + w(Up, Upt1) : 1 € N}

inf{

IN A

1—A

which is impossible and hence v, € T'(v,).

IN

Wty 1) + A'w(Up, uq) : m € N} =0,
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Theorem 3.2 FEach K,-map T : M — CIl(M) has a fized point, provided
that for any iterative sequence {u,} in M with u, — v, € M, the sequence of
real numbers {w(v,,u,)} converges to zero.

Proof. Following the proof of Theorem 3.1 , there exists a convergent
iterative sequence {u,} such that v, — v, € M with

)\7’1
W(Un, Vo) < liminf w(uy, upy) < W (o, U1),
m—oo -\
and
w(unuun—‘rl) S /\nw(uoyul)-
where A = = < 1. Note that w(u,,v,) — 0 as n — oo. Further, since

uy € T(up—1) and T is a K -map, there is v, € T'(v,) such that

w(uny Un) S r [w(un—ly un) + W(UO, Un)]
< rw(Up_1, Up) + 7wV, Up) + 7 W (U, V)
r
<

r
Tw(un—la un) + frw(voy un)

1 - 1

and thus w(un,v,) — 0, as n — oo Thus, by Lemma 2.1, we get that v, — v,

and since v, € T'(v,), which is closed, so v, € T'(v,).

Now, we prove some results on the existence of common fixed points.

Theorem 3.3 Let {T,} be a sequence of multivalued maps of M into CI1(M).

Suppose that there exists a constant 0 < r < % such that for any two maps

T;,T; € {T,.} and for any v € M, u € Ti(x), there exists v € T;(y) for all
y € M with
w(u,v) < r{w(z,u) +w(y,v)},

and for eachn > 1
inf{w(z,u) + w(z, T, (z)) :z € X} >0,
for any u ¢ T, (u). Then, {T,,} has a common fized point.

Proof. Let u, be an arbitrary element of M and let u; € T}(u,). Then, there
is an ug € Ty (uq) such that

r
1—17r

w(u, ug) < wW(Uo, Uy).
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So, there exists a sequence {u,} such that w,; € T,,41(u ) and for all n > 1,

r

W(Upy Ung1) < ["w (o, ur).

1—r

Put A = I%T Note that 0 < A < 1 and
W(Un,un+1) S /\nw(umul))

for allm > 1. Then, as n — oo, we get that {u, } is a Cauchy sequence in X. Let
p = lim w, in M. Now we show that p € N,>17,,(p). Let T,,, be an arbitrary

n—oo

member of {T,}. Since u,, € T,,(u,_1), by hypothesis there is s, € T,,(p) such
that

w(una Sn) S r {w(unfla un) + w(pa Sn)}
We proceed as in the proof of Theorem 3.1 and get

An
W(Up, p) < liminf w (g, uy,) < T

(UO, ul))

which is converges to 0 as n — oo. Now, assume that p ¢ T,,(p). Then, by
hypothesis, and for n > m and m > 1 we have

0 inf{w(u, p) + w(u, Trp(u)) : u e X}
inf{w(um,l,p) + w(umfla Tm(umfl)) tme N}
inf{w(tm_1,p) + w(Um_1, Up) : m € N}

)\m—l
inf
in {1_)\w

ININ A

IN

(o, u1) + X" MW (g, up) : m € N} = 0.

which is impossible and hence p € T,,,(p). But T,, is an arbitrary, hence p is a
common fixed point.

Theorem 3.4 Let {T,,} be a sequence of multivalued maps of M into CI1(M).
Suppose that there exists a constant r with 0 < r < % and such that For any
two maps T;,T; and for any v € M, u € T;(x) there exists v € T;(y) for all
y € M with

w(u,v) < r{w(x,u) +w(y,v)}.

Then {T,} has a common fized point, provided that, for any iterative sequence
{up} in M with u, — v, € M, the sequence of real numbers {w(ve, uy)}
converges to zero.

Proof. By a similar method as in the proof of Theorem 3.3, the result
follows.



Fixed point results 1135

References

1]

[12]

[13]

Y. Feng and S. Liu, Fixed point theorems for multivalued contractive
mappings and multivalued Caristi Type mappings, J. Math. Anal. Appl.,
317 (2006), 103-112.

T. Husain and A. Latif, Fixed points of multivalued nonexpansive maps,
Internat. J. Math. & Math. Sci., Vol., 14 (1991), 421-430.

0. Kada, T. Susuki and W. Takahashi, Nonconvex minimization theorems
and fixed point theorems in complete metric spaces, Math. Japon., 44
(1996), 381-391.

R. Kannan, Some results on fixed points, Bull. math. Calcutta, 6 (1968),
405-408.

T.H. Kim, K. Kim and J.S. Ume, Fixed point theorems on complete metric
spaces, Panamer. Math. J., 7 (1997), 41-51.

A. Latif and 1. Beg, Geometric Fixed Points For Single And Multivalued
Mappings, Demonstratio Mathematica, Vol. 30, No. 4 (1997), 791-800.

A. Latif, T. Husain and I. Beg, Fixed point of nonexpansive type and
K-multivalued maps, Internat. J. Math. & Math. Sci., 17(1994), 429-436.

S. B. Nadler, Multivalued contraction mappings, Pacific J. Math., 30
(1969), 475-488.

S. V. R. Naidu, Fixed points and coincidence points for multimaps with
not necessarily bounded images, Fixed Point Theory and Appl., 3 (2004),
221-242.

S. Park, On generalizations of the Ekland-type variational principles, Non-
linear Anal., 39 (2000), 881-889.

T. Suzuki and W. Takahashi, Fixed point Theorems and characterizations
of metric completeness, Topol. Methods Nonlinear Anal., 8 (1996), 371-
382.

T. Suzuki, Several fixed point theorems in complete metric spaces, Yoko-
hama Math. J., 44 (1997), 61-72.

W. Takahashi. Existence theorems in metric spaces and characterizations
of metric completeness, Josai Math. Monograph, 1 (1999), 67-85.



1136 A. Latif and W. A. Albar
[14] W. Takahashi, Nonlinear Functional Analysis: Fixed point theory and its
applications, Yokohama Publishers, 2000.

[15] J. S. Ume, B. S. Lee and S. J. Cho, Some results on fixed point theorems
for multivalued mappings in complete metric spaces, IJMMS, 30 (2002),
319-325.

Received: March 14, 2007



