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Abstract

Complex-valued harmonic meromorphic functions that are univalent
and orientation preserving outside the unit circle Ũ can be written in
the form f = h + g, where h and g are analytic in Ũ . We define and
investigate a subclass of harmonic meromorphic functions. We obtain
coefficient conditions, extreme points, distortion bounds, convolution
conditions and convex combinations for the above subclass of harmonic
meromorphic functions.
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1 Introduction

A continuous function f = u + iv is a complex valued harmonic function in a
complex domain D ⊆ C if both u and v are real harmonic in D. Hengartner and
Schober [1], among other things, investigated the family

∑
H of functions f =

h + g which are harmonic, meromorphic, orientation preserving and univalent
in Ũ = {z : |z| > 1} where

h(z) = z +
∞∑

n=1

anz
−n, g(z) =

∞∑
n=1

bnz
−n, an ≥ 0, bn ≥ 0, z ∈ Ũ . (1)
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Motivated by the results of [1], Jahangiri and Silverman [3] and Jahangiri [2]

studied the classes of functions in
∑

H which are starlike or convex in Ũ . Also
let
∑

H̄ consisting of functions f = h + g where h and g are of the form

h(z) = z +
∞∑

n=1

|an|z−n, g(z) = −
∞∑

n=1

|bn|z−n, z ∈ Ũ . (2)

Now, we consider the class of functions as follows:

Definition 1.1 Let f ∈ ∑
H. Then f ∈ ∑

H S�(λ, α), if and only if, for
0 ≤ λ ≤ 1 and 0 ≤ α < 1,

Re

{
zh′(z)− zg′(z)

λ(zh′(z)− zg′(z)) + (1 − λ)(h(z) + g(z))

}
≥ α. (3)

Also, we let
∑

H S�(λ, α) =
∑

H S�(λ, α) ∩∑H.

The following theorem proved by Jahangiri and Silverman in [3] will be used
throughout in this paper.

Theorem 1.1 ([3]) Let f = h + g with h and g of the form (1). If

∞∑
n=1

n|an| +
∞∑

n=1

n|bn| ≤ 1 (4)

then f is harmonic, orientation preserving, univalent in Ũ and f ∈∑H S�(λ, α).

2 Results

We begin the results with a sufficient coefficient condition for functions in∑
H S�(λ, α).

Theorem 2.1 Let f = h + g be of the form (1). If

∞∑
n=1

n + α − αλ(n + 1)

1 − α
|an| +

∞∑
n=1

n − α − αλ(n − 1)

1 − α
|bn| ≤ 1, (5)

then f is harmonic, orientation preserving, univalent in Ũ and f ∈∑H S�(λ, α).

Proof. Since n ≤ n+α−αλ(n+1)
1−α

and n ≤ n−α−αλ(n−1)
1−α

, it follows from Theorem

1.1 that f is harmonic, orientation preserving and univalent in Ũ . Now, we
only need to show that if (5) holds then

Re

{
zh′(z)− zg′(z)

λ(zh′(z)− zg′(z)) + (1 − λ)(h(z) + g(z))

}
= Re

A(z)

B(z)
≥ α.
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Using the fact that Re (w) ≥ α if and only if |1 − α + w| ≥ |1 + α − w|, it
sufficies to show that

|A(z) + (1 − α)B(z)| − |A(z)− (1 + α)B(z)| ≥ 0, (6)

where

A(z) = zh′(z)− zg′(z)

and

B(z) = λ(zh′(z) − zg′(z)) + (1 − λ)(h(z) + g(z)).

Substituting for A(z) and B(z) in (6), we obtain

|A(z) + (1 − α)B(z)| − |A(z)− (1 + α)B(z)|

=
∣∣∣(2 − α)z −

∞∑
n=1

[n + α − αλ(n + 1) + λn + λ − 1] an z−n

+
∞∑

n=1

[n − α − αλ(n − 1) + λn − λ + 1] bn z −n
∣∣∣

−
∣∣∣− αz −

∞∑
n=1

[n + α − αλ(n + 1) − λn − λ + 1] an z−n

+
∞∑

n=1

[n − α − αλ(n − 1) − λn + λ − 1] bn z −n
∣∣∣

≥ (2 − α)|z| −
∞∑

n=1

[n + α − αλ(n + 1) + λn + λ − 1] |an| |z|−n

−
∞∑

n=1

[n − α − αλ(n − 1) + λn − λ + 1] |bn| |z|−n − α|z|

−
∞∑

n=1

[n + α − αλ(n + 1) − λn − λ + 1] |an| |z|−n

−
∞∑

n=1

[n − α − αλ(n − 1) − λn + λ − 1] |bn| |z|−n

≥ 2(1 − α)|z|
{

1 −
∞∑

n=1

[n + α − αλ(n + 1)]

1 − α
|an| −

∞∑
n=1

[n − α − αλ(n − 1)]

1 − α
|bn|
}

≥ 0, by (5).

Next we show that the bound (5) is also necessary for functions in
∑

H S�(λ, α).
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Theorem 2.2 Let f = h + g with h and g of the form (2). Then f ∈∑
H S�(λ, α) if and only if

∞∑
n=1

n + α − αλ(n + 1)

1 − α
|an| +

∞∑
n=1

n − α − αλ(n − 1)

1 − α
|bn| ≤ 1. (7)

Proof. In view of Theorem 2.1, we only need to show that f is not in∑
H S�(λ, α) if condition (7) does not hold. We note that a necessary and

sufficient condition for f = h+ g given by (2) to be in
∑

H S�(λ, α) is that the
coefficient condition (3) to be satisfied. Equivalently, we must have

Re
{

zh′(z)−zg′(z)
λ(zh′(z)−zg′(z))+(1−λ)(h(z)+g(z))

− α
}

= Re
{

(1−α)z−�∞
n=1[n+α−αλ(n+1)] |an| z−n−�∞

n=1[n−α−αλ(n−1)] |bn| z −n

z+
�∞

n=1[1−λn−λ] |an| z−n−�∞
n=1[λn−λ+1] |bn| z −n

}
≥ 0.

This inequality must hold for all z ∈ Ũ . Letting z = r > 1, we need

Re
{

1−α−�∞
n=1[n+α−αλ(n+1)] |an| r−n−1−�∞

n=1[n−α−αλ(n−1)] |bn| r−n−1

1+
�∞

n=1[1−λn−λ] |an| r−n−1−�∞
n=1[λn−λ+1] |bn| r−n−1

}
= A(r)

B(r)
≥ 0.

If condition (7) does not hold then A(r) is negative for r sufficiently close to 1.

Thus there exists z0 = r0 > 1 for which the quotient A(r)
B(r)

is negative. This con-

tradicts the required condition that A(r)
B(r)

≥ 0 and so the proof is complete.

The growth result for functions in
∑

H S�(λ, α) is discussed in the following
theorem.

Theorem 2.3 If f ∈∑H S�(λ, α) then

|f(z)| ≤ r + (1 − α)r−1, |z| = r > 1

and
|f(z)| ≥ r − (1 − α)r−1, |z| = r > 1.

Proof. Let f ∈∑H S�(λ, α). Taking the absolute value of f we have

|f(z)| =

∣∣∣∣∣z +
∞∑

n=1

|an|z−n −
∞∑

n=1

|bn|z̄−n

∣∣∣∣∣
≤ r +

∞∑
n=1

(|an| + |bn|) r−n

≤ r +
∞∑

n=1

(|an| + |bn|) r−1
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≤ r +

∞∑
n=1

[(n + α − αλ(n + 1))|an| + (n − α − αλ(n − 1))|bn|] r−1

≤ r + (1 − α)r−1

and

|f(z)| =

∣∣∣∣∣z +

∞∑
n=1

|an|z−n −
∞∑

n=1

|bn|z̄−n

∣∣∣∣∣
≥ r −

∞∑
n=1

(|an| + |bn|) r−n

≥ r −
∞∑

n=1

(|an| + |bn|) r−1

≥ r −
∞∑

n=1

[(n + α − αλ(n + 1))|an| + (n − α − αλ(n − 1))|bn|] r−1

≥ r − (1 − α)r−1.

Next, we determine the extreme points of closed hulls of
∑

H S�(λ, α) denoted
by clco

∑
H S�(λ, α).

Theorem 2.4 f ∈ clco
∑

H S�(λ, α) if and only if f(z) =
∑∞

n=0(Xnhn+Yngn)
where

h0(z) = z, hn(z) = z +
1 − α

n + α − αλ(n + 1)
z−n (n = 1, 2, 3, ...),

g0(z) = z, gn(z) = z − 1 − α

n − α − αλ(n − 1)
z̄ −n (n = 1, 2, 3, ...),∑∞

n=0(Xn + Yn) = 1, Xn ≥ 0 and Yn ≥ 0.

Proof. For hn and gn as given above, we may write

f(z) =
∞∑

n=0

(Xnhn + Yngn)

= X0h0 + Y0g0

+
∞∑

n=1

[
Xn

(
z +

1 − α

n + α − αλ(n + 1)
z−n

)
+ Yn

(
z − 1 − α

n − α − αλ(n − 1)
z̄−n

)]

=
∞∑

n=0

(Xn + Yn)z +
∞∑

n=1

1 − α

n + α − αλ(n + 1)
Xnz−n −

∞∑
n=1

1 − α

n − α − αλ(n − 1)
Ynz̄ −n.

Then ∞∑
n=1

(n + α − αλ(n + 1))

(
1 − α

n + α − αλ(n + 1)
Xn

)
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+

∞∑
n=1

(n − α − αλ(n − 1))

(
1 − α

n − α − αλ(n − 1)
Yn

)

= (1 − α)
∞∑

n=1

(Xn + Yn)

= (1 − α)[1 − (X0 + Y0)]

≤ 1 − α.

Therefore f ∈ clco
∑

H S�(λ, α).

Conversely, suppose that f ∈ clco
∑

H S�(λ, α). Then we write

f(z) = z +
∞∑

n=1

|an|z−n −
∞∑

n=1

|bn|z̄ −n

and ∞∑
n=1

[
n + α − αλ(n + 1)

1 − α
|an|+ n − α − αλ(n − 1)

1 − α
|bn|
]
≤ 1.

Setting

Xn =
n + α − αλ(n + 1)

1 − α
|an| , (n = 1, 2, 3, ...),

and

Yn =
n − α − αλ(n − 1)

1 − α
|bn| , (n = 1, 2, 3, ...),

where 0 ≤ X0 ≤ 1 and Y0 = 1 − X0 − ∑∞
n=1(Xn + Yn), we get f(z) =∑∞

n=0(Xnhn + Yngn) as required.

For harmonic functions f(z) = z +
∑∞

n=1 |an|z−n −∑∞
n=1 |bn|z̄ −n and F (z) =

z +
∑∞

n=1 |An|z−n −∑∞
n=1 |Bn|z̄ −n, we define the convolution of f and F as

(f � F )(z) = z +

∞∑
n=1

|anAn|z−n −
∞∑

n=1

|bnBn|z̄ −n. (8)

In the next theorem, we examine the convolution properties of the class∑
H S�(λ, α).

Theorem 2.5 For 0 ≤ β ≤ α < 1, let f ∈∑H S�(λ, α) and F ∈∑H S�(λ, α).
Then (f � F ) ∈∑H S�(λ, α) ⊂∑H S�(λ, α).

Proof. Write f(z) = z +
∑∞

n=1 |an|z−n − ∑∞
n=1 |bn|z̄ −n and F (z) = z +∑∞

n=1 |An|z−n −∑∞
n=1 |Bn|z̄ −n. Then the convolution of f and F is given by

(8).
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Note that |An| ≤ 1 and |Bn| ≤ 1 since F ∈∑H S�(λ, α). Then we have

∞∑
n=1

[[n + α − αλ(n + 1)]|an||An| + [n− α − αλ(n − 1)]|bn||Bn|]

≤
∞∑

n=1

[[n + α − αλ(n + 1)]|an| + [n − α − αλ(n − 1)]|bn|] .

Therefore, (f � F ) ∈∑H S�(λ, α) ⊂∑H S�(λ, α) since the right hand side of
the above inequality is bounded by 1 − α while 1 − α ≤ 1 − β.

Now, we determine the convex combination properties of the members of∑
H S�(λ, α).

Theorem 2.6 The class
∑

H S�(λ, α) is closed under convex combination.

Proof. For i = 1, 2, 3, ..., suppose that fi ∈
∑

H S�(λ, α) where fi is given by

fi(z) = z +
∞∑

n=1

|an,i|z−n −
∞∑

n=1

|bn,i|z̄ −n.

For
∑∞

i=1 ci = 1, 0 ≤ ci ≤ 1, the convex combinations of fi may be written as

∞∑
i=1

cifi(z) = c1z +
∞∑

n=1

c1|an,1|z−n −
∞∑

n=1

c1|bn,1|z̄ −n + c2z +
∞∑

n=1

c2|an,2|z−n −
∞∑

n=1

c2|bn,2|z̄ −n...

= z
∞∑

i=1

ci +
∞∑

n=1

( ∞∑
i=1

ci|an,i|
)

z−n −
∞∑

n=1

( ∞∑
i=1

ci|bn,i|
)

z̄ −n

= z +
∞∑

n=1

( ∞∑
i=1

ci|an,i|
)

z−n −
∞∑

n=1

( ∞∑
i=1

ci|bn,i|
)

z̄ −n.

Next, consider

∞∑
n=1

(
[n + α − αλ(n + 1)]

∣∣∣∣∣
∞∑
i=1

ci|an,i|
∣∣∣∣∣
)

+
∞∑

n=1

(
[n − α − αλ(n − 1)]

∣∣∣∣∣
∞∑
i=1

ci|bn,i|
∣∣∣∣∣
)

= c1

∞∑
n=1

[n + α − αλ(n + 1)]|an,1| + ... + cm

∞∑
n=1

[n + α − αλ(n + 1)]|an,m| + ...

+ c1

∞∑
n=1

[n − α − αλ(n − 1)]|bn,1| + ... + cm

∞∑
n=1

[n − α − αλ(n − 1)]|bn,m| + ...

=

∞∑
i=1

ci

{ ∞∑
n=1

[n + α − αλ(n + 1)]|an,i| +
∞∑

n=1

[n − α − αλ(n − 1)]|bn,i|
}

.
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Now, fi ∈
∑

H S�(λ, α), therefore from Theorem 2.2, we have

∞∑
n=1

[n + α − αλ(n + 1)]|an,i| +
∞∑

n=1

[n − α − αλ(n − 1)]|bn,i| ≤ 1 − α .

Hence∑∞
n=1 ([n + α − αλ(n + 1)] |∑∞

i=1 ci|an,i||)+
∑∞

n=1 ([n − α − αλ(n − 1)] |∑∞
i=1 ci|bn,i||)

≤ (1 − α)
∑∞

i=1 ci

= 1 − α.

By using Theorem 2.2 again, we have
∑∞

i=1 cifi ∈
∑

H S�(λ, α).
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