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Abstract

By means of spectral collocation method the solution of the Korteweg-
de Vries Burgers (KdVB) equation is obtained, numerically. To reduce
roundoff error we use central, left and right Darvishi’s precondition-
ings. Numerical results which obtained by this method, are very good.
Because the absolute errors are very small.
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1 Introduction

Consider the following partial differential equation with known initial and
boundary conditions

ut + εuux − νuxx + μ uxxx = 0 (1)

where ε, ν and μ are positive parameters.
This equation known as the Korteweg-de Vries Burgers equation which is de-
fined by Su and Gardner [12]. We can see that
1) if ν = 0, then equation (1) becomes

ut + εuux + μ uxxx = 0
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which is the Korteweg-de Vries equation.
2) If μ = 0, then equation (1) changes into

ut + εuux = νuxx

which is the Burgers’ equation and it has solved by different schemes in [1, 8].
Some authors have worked on equation (1) to find its solution. Zaki [15]

used the collocation method with quintic B-spline finite element scheme to
solve the KdVB equation. Kaya [12] implemented the Adomian decomposition
method to solve it. Soliman [16] using variational iteration method obtained
the solution of the KdVB equation.
The aim of this paper is to obtain the numerical solution of the KdVB equation
using spectral collocation method. To enhance the accuracy we use Darvishi’s
preconditionings.

2 Spectral collocation method

We can approximate the arbitrary function f(x) by polynomials in x. However,
it is well known that the Lagrange interpolation polynomial based on equally
spaced points does not give a satisfactory approximation to general smooth
f . In fact, it converges for analytic functions with poles far enough from the
interval of interpolation. This poor behavior of polynomial interpolation can
be avoided for smoothly differentiable functions by removing the restriction
to equally spaced collocation points. Good results are obtained by relating
the collocation points to the structure of classical orthogonal polynomials, like
Chebyshev and Legendre polynomials. In the most common spectral colloca-
tion Chebyshev method, the interpolation points in the interval [−1, 1] are the
Chebyshev-Gauss-Lobatto collocation points

xj = cos(
jπ

N
), j = 0, · · · , N,

which are the extrema of the Nth order Chebyshev polynomials TN(x) =
cos(N arccos(x)). In order to construct the interpolant of f(x) at the point x
the following polynomials are defined:

gj(x) =
(−1)j+1(1 − x2)T ′

N(x)

cjN2(x − xj)
, j = 0, · · · , N,

where cj = 1, j = 1, 2, . . . , N − 1, and c0 = cN = 2. The interpolation
polynomial, PN(x), to f(x) is given by

PN(x) =
N∑

j=0

f(xj)gj(x). (2)
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Then to obtain a spectral collocation approximation we have to express the
derivatives of PN(x) in terms of f(x) at collocation points xj . This can be
done by differentiating (2), that is

drPN(x)

dxr
=

N∑
j=0

f(xj)g
(r)
j (x), (3)

so that
drPN(xk)

dxr
=

N∑
j=0

f(xj)d
(r)
kj ,

where

d
(r)
kj = g

(r)
j (xk),

are the elements of differentiation matrix Dr = Dr. The elements of Dr can
be obtained analytically. For example if r = 1 and j, k = 0, · · · , N elements of
D are [11] ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dkj = ck

cj

(−1)j+k

(xk−xj)
, k �= j,

dkk = −1
2

xk

(1−x2
k
)
, k �= 0, N,

d00 = 2N2+1
6

,

dNN = −2N2+1
6

.

One of the basic steps in spectral collocation methods involves finding an
approximation for the differential operator in terms of the grid point values of
uN . The derivative of u(x) at collocation points xj can be computed using the
matrix-vector multiplication method.

If u = {u(xi)} is the vector consisting of values of u(x) at the N + 1 collo-
cation points and u′ = {u′(xi)} consists of values of the derivative at the collo-
cation points, then the collocation derivative matrix D is the matrix mapping
u �→ u′. Two matrix multiplications yield u′′, where u′′ is the vector containing
the second derivatives evaluated at the collocation points. More efficiently, the
matrix D2 maps u �→ u′′, and so on. Collocation matrix methods are asymp-
totically less efficient than the Chebyshev transform method (see [13]), because
it needs O(N2) operations. Although matrix vector multiplication asymptoti-
cally slower than the recursion technique, for special sequences of collocation
points, e.g. Chebyshev nodes, this can be accomplished by using fast Fourier
transform and requires only O(N log N) operations [13]. Also, unlike transfor-
mation methods, matrix multiplication is amenable to vectorization and the
advent of parallel computation ensures its continued use. The matrix vector
products are often easily parallelized on shared-memory machines by splitting
the matrix into strips corresponding to the vector segments. Each processor
then computes the matrix vector product of one strip.
It can be shown that the Chebyshev derivative, when computing the derivative



1088 M. T. Darvishi, F. Khani and S. Kheybari

using the matrix vector multiplication method, is a rather ill-conditioned op-
erator, and inaccuracies in the function can be magnified by as much as O(N4)
where N is the number of collocation points. Hence attempts have been made
to improve the method. These studies have concentrated on the problem of
the roundoff error in Chebyshev collocation methods and various algorithms
have been suggested to reduce it. The best result for the matrix vector mul-
tiplication algorithm managed to reduce the roundoff error from O(N4ε) to
O(N3ε), where ε is the machine precision [9, 10].

Some researchers have studied the problem of reducing roundoff errors in
Chebyshev collocation derivative methods. Baltensperger and Trummer [3]
demonstrated that naive algorithms for computing these matrices suffer from
severe loss of accuracy due to roundoff errors. Breuer and Everson [5] intro-
duced a preconditioning to reduce roundoff error by making the value of the
function on the boundaries vanish. Tang and Trummer [14] used trigonometric
identities and a flipping trick to reduce roundoff errors. A different approach
was suggested in [2, 4].

Don and Solomonoff attempted to reduce the roundoff error using trigono-
metric identities for rewriting components of the derivative matrix as follows
[9]: ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dkj = −1
2

ck

cj

(−1)j+k

sin[ π
2N

(k+j)] sin[ π
2N

(k−j)]
, k �= j,

dkk = −1
2

xk

sin2(kπ
N

)
, k �= 0, N,

d00 = 2N2+1
6

,

dNN = −2N2+1
6

·

(4)

Formula (4), which avoids the differencing of nearly equal numbers, was in-
troduced to reduce this source of error from O(N4ε) to O(N3ε). Don and
Solomonoff show that, even with the utilization of (4), the error incurred in
the evaluation of Du near x = −1 is significantly larger than at x = 1, even
if u is symmetric (related to the accuracies achieved in evaluating sin(x) and
sin(π − x) for small x) [9]. In other words, if k and j are small, then dkj can
be computed accurately whilst if k and j are near N , then the evaluation of
dkj is less accurate. This can be utilized by evaluating dkj in the upper half
of the matrix and then ’flipping’ to take advantage of the following symmetry
property [9]

dkj = −dN−k,N−j.

2.1 Preconditioning

In this subsection we summarize Darvishi’s preconditionings.
1. Central Darvishi’s preconditioning (CDP). From (4) for k �= j we have

|dkj| =
ck

2cj

1

| sin((k + j) π
2N

) sin((k − j) π
2N

)| (5)
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since the value of sin((k − j) π
2N

) is near zero when k is near j, and this causes
|dkj| to become large for k near j. This means that the entries of derivative
matrix D with large absolute values are on a band near the main diagonal.
That is, large values of |dkj| correspond to values of k near j. Therefore, the
matrix vector multiplication method causes large roundoff errors. In [7], to
reduce roundoff error in the kth node, the authors defined hk(x) as follows:

hk(x) = u(x) − u(xk),

where xk = cos(kπ
N

). We can interpolate hk(x) as

hk(x) =
N∑

j=0

gj(x)hk(xj)

hence from (3) the derivative of hk at x = xk is as follows

h′
k(xk) =

N∑
j=0

dkjhk(xj)

or

u′(xk) =
N∑

j=0
j �=k

dkj(u(xj) − u(xk)).

Therefore, using this preconditioning, we can reduce the influence of large
values of |dkj| in the matrix vector multiplication method.
2. Left and right Darvishi’s preconditionings (LDP and RDP). As stated before
for k �= j, as we have equation (5), the entries of the derivative matrix D with
large absolute value are on a band near the main diagonal. In fact, the values
of |dkj| in (5) can be very large when k is near j. In particular, if |k−j| = 1 the
value of |dkj| is very large. This means that the large elements of the derivative
matrix in absolute value, except for d00 and dNN are

|dk,k+1|, k = 0, . . . , N − 1,

|dk,k−1|, k = 1, . . . , N.

Therefore, if these elements are multiplied by zero, the influence of these large
elements in roundoff error will vanish. Darvishi [6] defined the following func-
tions to reduce the roundoff error in the kth node:

h−(x) = u(x) − u(xk−1), k = 1, . . . , N,
h+(x) = u(x) − u(xk+1), k = 0, . . . , N − 1,

where xk = cos kπ
N

. Note that u′(x) = h′
−(x) = h′

+(x). Similar to (2.1), from
these functions we have

h′
−(xk) =

∑N
j=0 dkjh−(xj), k = 1, . . . , N,
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h′
+(xk) =

∑N
j=0 dkjh+(xj), k = 0, . . . , N − 1,

or
u′(xk) =

∑N
j=0 dkj(u(xj) − u(xk−1)), k = 1, . . . , N, (6)

and
u′(xk) =

∑N
j=0 dkj(u(xj) − u(xk+1)), k = 0, . . . , N − 1. (7)

If we want to use (6) we need to compute u′(x0) separately. Similarly, if we
want to use (7) we need to compute u′(xN) separately. Therefore, the following
formulas are proposed:{

u′(xk) =
∑N

j=0 dkj(u(xj) − u(xk−1)), k = 1, . . . , N,
u′(x0) =

∑N
j=0 d0j(u(xj) − u(x0)),

(8)

and ⎧⎪⎨
⎪⎩

u′(xk) =
∑N

j=0 dkj(u(xj) − u(xk+1)), k = 0, . . . , N − 1,

u′(xN ) =
∑N

j=0 dNj(u(xj) − u(xN )).
(9)

We call the preconditioning in (8) as left preconditioning and that in (9) as
right preconditioning. The effect of these preconditionings are shown on some
test functions in [6].

3 Application

We consider the KdVB equation as follows

ut + εuux − νuxx + μ uxxx = 0, a ≤ x ≤ b, t ≥ 0, (10)

where a and b are real numbers. The initial condition of equation (10) is

u(x, 0) =
−6ν2

25μ
[1 + tanh(

νx

10μ
) − 1

2
sech2(

νx

10μ
)].

In this study we set a = 0 and b = 100, hence the boundary conditions of
equation (10) are

u(0, t) =
−6ν2

25μ
[1 + tanh(

3ν3t

125μ2
) − 1

2
sech2(

3ν3t

125μ2
)]

u(100, t) =
−6ν2

25μ
[1 + tanh(

ν

10μ
(100 +

6ν2

25μ
t)) − 1

2
sech2(

ν

10μ
(100 +

6ν2

25μ
t))].

The exact solution of equation (10) is [16],

u(x, t) =
−6ν2

25μ
[1 + tanh(

ν

10μ
(x +

6ν2

25μ
t)) − 1

2
sech2(

ν

10μ
(x +

6ν2

25μ
t))].
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To solve equation (10) by spectral collocation method we discretize the equa-
tion in space

ut = −εuDu + νD2u − μD3u (11)

where D is the differentiation matrix and Dr is the matrix mapping u �→ u(r).
From equation (11) in the kth collocation point we have

∂u(xk,t)
∂t

=

−εu(xk, t)
∑N

j=0 dkju(xj , t) + ν
∑N

j=0 d
(2)
kj u(xj, t) − μ

∑N
j=0 d

(3)
kj u(xj, t),

k = 1, . . . , N − 1
(12)

where d
(2)
kj is the typical element of matrix D2. For simplicity we set u(xk, t) =

Vk(t), k = 0, . . . , N. The ith row of the preconditioned system of equation
(12) by CDP is as follows

d
dt

Vi(t) =

−εVi(t)
∑N−1

j=1 dij(Vj(t) − Vi(t)) + ν
∑N−1

j=1 d
(2)
ij (Vj(t) − Vi(t))

−μ
∑N−1

j=1 d
(3)
ij (Vj(t) − Vi(t)) − εVi(t){di0(g1(t) − Vi(t)) + diN(g2(t) − Vi(t))}

+ν{d(2)
i0 (g1(t) − Vi(t)) + d

(2)
iN (g2(t) − Vi(t))} − μ{d(3)

i0 (g1(t) − Vi(t))

+d
(3)
iN (g2(t) − Vi(t))}, i = 1, · · ·N − 1.

(13)
There are similar relations for the kth row of equation (11) by LDP and RDP.
In the following section we solve the KdVB equation by spectral collocation
method using CDP, LDP and RDP for some parameter values. Note that
system (13) is a system of ordinary differential equations (ODEs). Hence we
can use any ODE solver to solve it. In this paper we use the standard fourth-
order Runge-Kutta method.

4 Numerical results

We compared our numerical results with the exact results for different values
of time and number of collocation points. To demonstrate the efficiency of our
methods we report the absolute errors in some arbitrary points in Tables 1-3.
To obtain the numerical results we used MATLAB 7.0 software. We solved
the equation for Δt = 0.05, ν = 0.001, μ = 0.001, ε = 1 and N = 16. As
Chebyshev-Gauss-Lobatto collocation points are in interval [−1, 1], therefore
we have to map interval [0, 100] to [−1, 1] by a linear mapping. As seen in
Tables 1-3 the reported errors are small.
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Table 1. Comparison of the exact and the numerical solutions by central Darvishi’s preconditioning for the

KdV-Burgers equation with Δt = 0.05, ν = 0.001, μ = 0.001, ε = 1 and N = 16.
t x Exact solution Numerical solution Abs. error

200 8.4265 −3.426249131933,−4 −3.396846224513,−4 2.94029,−6
40.2455 −4.796964587963,−4 −4.796853292781,−4 1.11295,−8
77.7785 −4.799998331423,−4 −4.799993284605,−4 5.04682,−10
99.0393 −4.799999976250,−4 −4.799979669315,−4 2.03069,−9

400 8.4265 −3.436428130084,−4 −3.377895744290,−4 5.85324,−6
40.2455 −4.796993574869,−4 −4.796788088288,−4 2.05487,−8
77.7785 −4.799998347364,−4 −4.799998806404,−4 4.59040,−11
99.0393 −4.799999976477,−4 −4.800010833393,−4 1.08569,−9

600 8.4265 −3.446554656038,−4 −3.359150718451,−4 8.74039,−6
40.2455 −4.797022285090,−4 −4.796736061572,−4 2.86224,−8
77.7785 −4.799998363154,−4 −4.800012988711,−4 1.46256,−9
99.0393 −4.799999976701,−4 −4.800061286331,−4 6.13096,−9

800 8.4265 −3.456628618845,−4 −3.340596687793,−4 1.16032,−5
40.2455 −4.797050721267,−4 −4.796693824584,−4 3.56897,−8
77.7785 −4.799998378792,−4 −4.800033985943,−4 3.56072,−9
99.0393 −4.799999976924,−4 −4.800112723808,−4 1.12747,−8

Table 2. Comparison of the exact and the numerical solutions by left Darvishi’s preconditioning for the

KdV-Burgers equation with Δt = 0.05, ν = 0.001, μ = 0.001, ε = 1 and N = 16.
t x Exact solution Numerical solution Abs. error

200 8.4265 −3.426249131933,−4 −3.396846224513,−4 2.94029,−6
40.2455 −4.796964587963,−4 −4.796853292781,−4 1.11295,−8
77.7785 −4.799998331423,−4 −4.799993284605,−4 5.04682,−10
99.0393 −4.799999976250,−4 −4.799979669315,−4 2.03069,−9

400 8.4265 −3.436428130084,−4 −3.377895744290,−4 5.85324,−6
40.2455 −4.796993574869,−4 −4.796788088288,−4 2.05487,−8
77.7785 −4.799998347364,−4 −4.799998806404,−4 4.59040,−11
99.0393 −4.799999976477,−4 −4.800010833393,−4 1.08569,−9

600 8.4265 −3.446554656038,−4 −3.359150718451,−4 8.74039,−6
40.2455 −4.797022285090,−4 −4.796736061572,−4 2.86224,−8
77.7785 −4.799998363154,−4 −4.800012988711,−4 1.46256,−9
99.0393 −4.799999976701,−4 −4.800061286331,−4 6.13096,−9

800 8.4265 −3.456628618845,−4 −3.340596687793,−4 1.16032,−5
40.2455 −4.797050721267,−4 −4.796693824584,−4 3.56897,−8
77.7785 −4.799998378792,−4 −4.800033985943,−4 3.56072,−9
99.0393 −4.799999976924,−4 −4.800112723808,−4 1.12747,−8
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Table 3. Comparison of the exact and the numerical solutions by right Darvishi’s preconditioning for the

KdV-Burgers equation with Δt = 0.05, ν = 0.001, μ = 0.001, ε = 1 and N = 16.
t x Exact solution Numerical solution Abs. error

200 8.4265 −3.426249131933,−4 −3.396846224513,−4 2.94029,−6
40.2455 −4.796964587963,−4 −4.796853292781,−4 1.11295,−8
77.7785 −4.799998331423,−4 −4.799993284605,−4 5.04682,−10
99.0393 −4.799999976250,−4 −4.799979669315,−4 2.03069,−9

400 8.4265 −3.436428130084,−4 −3.377895744290,−4 5.85324,−6
40.2455 −4.796993574869,−4 −4.796788088288,−4 2.05487,−8
77.7785 −4.799998347364,−4 −4.799998806404,−4 4.59040,−11
99.0393 −4.799999976477,−4 −4.800010833393,−4 1.08569,−9

600 8.4265 −3.446554656038,−4 −3.359150718451,−4 8.74039,−6
40.2455 −4.797022285090,−4 −4.796736061572,−4 2.86224,−8
77.7785 −4.799998363154,−4 −4.800012988711,−4 1.46256,−9
99.0393 −4.799999976701,−4 −4.800061286331,−4 6.13096,−9

800 8.4265 −3.456628618845,−4 −3.340596687793,−4 1.16032,−5
40.2455 −4.797050721267,−4 −4.796693824584,−4 3.56897,−8
77.7785 −4.799998378792,−4 −4.800033985943,−4 3.56072,−9
99.0393 −4.799999976924,−4 −4.800112723808,−4 1.12747,−8

5 Conclusion

In this paper we have presented an efficient way to solve the KdVB equation
by spectral collocation method with small errors. As can be seen from Tables
1-3 the errors are very small. As we can see from the reported errors, three
preconditioning schemes for final t greater than or equal 200, are identical. It
means that the effect of central, left and right preconditionings as t increases,
are the same. But all of errors are good and acceptable.
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