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Abstract. The approximate solvability of a generalized system for strongly
accretive nonlinear variational inequalities in q−uniformly smooth Banach
spaces is studied, based on the convergence of sunny nonexpansive retrac-
tion projection methods. The results presented in this paper extend and im-
prove the main results of R.U.Verma[General convergence analysis for two-step
projection methods and applications to variational problems, Appl.Math.Lett.
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1. Introduction

Projection methods have played a significant role in the numerical resolution
of variational inequalities in Hilbert spaces. And Verma[1] introduces the
general two-step model for projection methods, which reduces to the two-step
model applied in [2] and then applies it to the approximation solvability of a
two-step strongly monotonic nonlinear variational inequality in a Hilbert space
setting.

It is the aim of this paper to improve the results of Verma[1,2] in q−uniformly
smooth Banach spaces. In order to overcome the difficulties caused by the lack

1This work is partially supported by the National Science Foundation of China, Grant
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of projections, we will restrict our investigation in smooth Banach space be-
cause in such a space, the fixed point set of a nonexpansive mapping is a sunny
nonexpansive retract(see definition in Section 2). Since a sunny nonexpansive
retraction in terms of a duality mapping enjoys some of the nice properties
that a projection in a Hilbert space has, we are able to establish the main
results in a smooth Banach space setting.

Let X be a real smooth Banach space with dual X∗, we denote by J the
normalized duality mapping from X to 2X∗

. It is well known that if X is
smooth, the J is single-valued. In the sequel, we shall denote the single-valued
normalized duality by j. Let K be a nonempty closed convex subset of X
and Let A : K → K be any mapping on K. We consider a system of two
nonlinear variational inequality (abbreviated as SNVI ) problems as follows:
to find elements x∗, y∗ ∈ K such that

〈ρA(y∗) + x∗ − y∗, j(x − x∗)〉 ≥ 0, ∀ x ∈ K and for ρ > 0 (1.1)

〈ηA(x∗) + y∗ − x∗, j(x − y∗)〉 ≥ 0, ∀ x ∈ K and for η > 0 (1.2)

The SNVI problem (1.1) and (1.2) is equivalent to the following sunny nonex-
pansive retraction projection formulas

x∗ = PK [y∗ − ρA(y∗)] for ρ > 0

y∗ = PK [x∗ − ηA(x∗)] for η > 0

where PK is the sunny nonexpansive retraction projection from X onto K.
Next we consider two special cases of SNVI problem (1.1) and (1.2)

(1) If η = 0, then the SNVI problem (1.1) and (1.2) reduces to the following
nonlinear variational inequality (NVI) problem: to find an x∗ ∈ K such that

〈A(x∗), j(x − x∗)〉 ≥ 0, ∀x ∈ K (1.3)

(2) If K is a closed convex cone of X, then the SNVI problem (1.1) and
(1.2) is equivalent to the following system of nonlinear complementarity (SNC)
problems: to find x∗, y∗ ∈ K such that A(x∗) ∈ K∗, A(y∗) ∈ K∗ and

〈ρA(y∗) + x∗ − y∗, j(x∗)〉 = 0, for ρ > 0 (1.4)

〈ηA(x∗) + y∗ − x∗, j(y∗)〉 = 0, for η > 0 (1.5)

where K∗ is the polar cone to K defined by

K∗ = {f ∈ X : 〈f, j(x)〉 ≥ 0, ∀ x ∈ K}
.

2. Preliminaries

Throughout this paper, we always let X be a real Banach space with the
dual space X∗. The generalized duality mappings Jq(x) : X → 2X∗

is defined
by

Jq(x) = {f ∈ X∗, 〈x, f〉 = ‖x‖q , ‖f‖ = ‖x‖q−1}, ∀x ∈ X
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where q > 1 is a constant. In particular, J2 = J is the usual normalized
duality mapping. It is known that Jq = ‖x‖q−2 J for all x ∈ X, and Jq(x) is
single-valued if X∗ is strictly convex. In the sequel, unless otherwise specified,
we always suppose that X is a real Banach space such that Jq is single-valued.
We denote the single-valued generalized duality by jq. If X is a Hilbert space,
then J becomes the identity mapping of X.

The modulus of smoothness of X is the function ρX : [0, +∞) → [0, +∞)
defined by

ρX(t) = sup{1

2
(‖x + y‖+‖x − y‖)−1 : ‖x‖ = 1, ‖y‖ = t, x ∈ X, y ∈ X}, t > 0.

If there exists constant c > 0 and a real number 1 < q < ∞, such that
ρX(t) ≤ ctq, then X is said to be q−uniformly smooth. A Banach space X is
called uniformly smooth if limt→0ρX(t)/t = 0

In the sequel, we will give some definitions.

Definition 2.1. Let A : X → X be a single-valued operation, then the
operator A is said to be
(1) accretive if

〈Ax − Ay, Jq(x − y)〉 ≥ 0, ∀x, y ∈ X;

(2) strictly accretive if

〈Ax − Ay, Jq(x − y)〉 ≥ 0, ∀x, y ∈ X,

and the equality holds if and only if y = x;
(3) strongly accretive if there exists a constant r > 0, such that

〈Ax − Ay, Jq(x − y)〉 ≥ r ‖x − y‖q , ∀x, y ∈ X;

(4) Lipschitz continuous if there exists a constant s > 0, such that

‖Ax − Ay‖ ≤ s ‖x − y‖ , ∀x, y ∈ X;

Definition 2.2. Let C and K be nonempty subsets of a Banach space X such
that C is nonempty closed convex and K ⊂ C, then a mapping PK : C → K
is called
(1) retraction from C onto K if

PKx = x, ∀x ∈ K.

(2) sunny if

PK(PKx + t(x − PKx)) = PKx, ∀x ∈ C

whenever PKx + t(x − PKx) ∈ C and t > 0.
(3) a sunny nonexpansive retraction if PK is sunny, nonexpansive and a re-
traction of C onto K.

The following lemma is well known (see reference [3,4]).
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Lemma 2.1. Let C be a nonempty convex subset of a smooth Banach space X,
K ⊂ C, J : X → X∗ the (normalized) duality mapping of X, and PK : C → K
a retraction. Then the following are equivalent:

(1)〈x − PKx, j(y − PKx)〉 ≤ 0 for all x ∈ C and y ∈ K;
(2)PK is both sunny and nonexpansive.

In order to prove our main results, we need the following lemmas.

Lemma 2.2. ([5]) Let {λn} be a sequence in [0,1) such that limn→∞λn = 0,
then ∞∑

n=1

λn = ∞ ⇔
∞∏

n=1

(1 − λn) = 0.

Lemma 2.3. ([6]) Let X be a real uniformly smooth Banach space. Then, X
is q−uniformly smooth if and only if there exists a constant c > 0, such that
for all x, y ∈ X

‖x + y‖q ≤ ‖x‖q + q〈y, jq(x)〉 + c ‖y‖q .

3. Algorithms

In this section, we deal with an introduction of general two-step models for
sunny nonexpansive retraction projection and its special forms that can be ap-
plied to the convergence analysis for sunny nonexpansive retraction projection
in the context of the approximation solvability of the SNVI problem (1.1) and
(1.2).
Algorithm 3.1 For arbitrarily chosen initial points x1, y1 ∈ K, computing the
sequences {xn}, {yn} such that

xn+1 = (1 − an)xn + anPK [yn − ρA(yn)]
yn = (1 − bn)xn + bnPK [xn − ηA(xn)]

where PK is the sunny nonexpansive retraction mapping of X onto K, ρ and
η > 0 are constants and {an}, {bn} are sequences in [0,1].

For {bn} = 1 in Algorithm 3.1, we get
Algorithm 3.2 For arbitrarily chosen initial points x1, y1 ∈ K, computing the
sequences {xn}, {yn} such that

xn+1 = (1 − an)xn + anPK [yn − ρA(yn)]
yn = PK [xn − ηA(xn)]

where PK is the sunny nonexpansive retraction mapping of X onto K, ρ and
η > 0 are constants and {an} is a sequence in [0,1].

For η = 0 and {bn} = 1 in Algorithm 3.1, we get
Algorithm 3.3 For an arbitrarily chosen initial point x1 ∈ K, computing the
sequence {xn} such that

xn+1 = (1 − an)xn + anPK [xn − ρA(xn)]
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where PK is the sunny nonexpansive retraction mapping of X onto K, ρ > 0
is a constant and {an} is a sequence in [0,1].

4. Main Results

We now present, based on Algorithm 3.1, the approximation-solvability of
the SNVI problem (1.1) and (1.2) involving a mapping A : K → X which
is strongly accretive and Lipschitz continuous with constants r and s, respec-
tively, in a q− uniformly smooth Banach space setting.

Theorem 4.1. Let X be a real q−uniformly smooth Banach, and K be a
nonempty closed convex subset of X and T : K → X be a strongly accre-
tive with a constant r and s−Lipschitz continuous mapping. PK : X → K
sunny nonexpansive retraction mapping. Suppose that x∗, y∗ ∈ K form a so-
lution to the SNVI problem (1.1) and (1.2), the sequences {xn}, {yn} are gen-
erated by Algorithm 3.1 and an, bn ∈ [0, 1],

∑∞
n=0 anbn = ∞. Then, sequences

{xn}, {yn}, respectively, converge to x∗ and y∗ for

0 < ρq−1 <
rq

csq
, 0 < ηq−1 <

rq

csq
.

Proof. Since x∗ and y∗ form a solution to the SNVI problem (1.1) and (1.2),
it follows that

x∗ = PK [y∗ − ρA(y∗)]
y∗ = PK [x∗ − ρA(x∗)]

Applying Algorithm 3.1, we have

‖xn+1 − x∗‖
= ‖(1 − an)xn + anPK [yn − ρA(yn)] − (1 − an)x∗ − anPK [y∗ − ρA(y∗)]‖
≤ (1 − an) ‖xn − x∗‖ + an ‖PK [yn − ρA(yn)] − PK [y∗ − ρA(y∗)]‖
≤ (1 − an) ‖xn − x∗‖ + an ‖yn − y∗ − ρ[A(yn) − A(y∗)]‖

(4.1)
Since A is strongly accretive and s−Lipschitz continuous, we have

‖yn − y∗ − ρ[A(yn) − A(y∗)]‖q

≤ ‖yn − y∗‖q − qρ〈A(yn) − A(y∗), jq(yn − y∗)〉 + cρq ‖A(yn) − A(y∗)‖q

≤ ‖yn − y∗‖q − qrρ ‖yn − y∗‖q + csqρq ‖yn − y∗‖q

= (1 − rqρ + cρqsq) ‖yn − y∗‖q

Thus,

‖yn − y∗ − ρ[A(yn) − A(y∗)]‖ ≤ (1 − rqρ + cρqsq)
1
q ‖yn − y∗‖ (4.2)

Substituting (4.2) into (4.1) and simplifying the result, we have

‖xn+1 − x∗‖ ≤ (1 − an) ‖xn − x∗‖ + anθ ‖yn − y∗‖
≤ (1 − an) ‖xn − x∗‖ + an ‖yn − y∗‖ (4.3)
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where 0 < θ = (1 − rqρ + cρqsq)
1
q < 1.

Similarly, we have

‖yn − y∗‖ = ‖(1 − bn)(xn − x∗) + bn(PK [xn − ηA(xn)] − PK [x∗ − ρA(x∗)])‖
≤ (1 − bn) ‖xn − x∗‖ + bn ‖xn − x∗ − η[A(xn) − A(x∗)]‖
≤ (1 − bn) ‖xn − x∗‖ + bn(1 − rqη + cρqsq)

1
q ‖xn − x∗‖

= (1 − bn) ‖xn − x∗‖ + bnσ ‖xn − x∗‖
(4.4)

where 0 < σ = (1 − rqη + cρqsq)
1
q < 1.

It follows from (4.3) and (4.4) that

‖xn+1 − x∗‖ ≤ (1 − an) ‖xn − x∗‖ + an ‖yn − y∗‖
≤ (1 − an) ‖xn − x∗‖ + an(1 − bn + bnσ) ‖xn − x∗‖
= [1 − (1 − σ)anbn) ‖xn − x∗‖
≤ ∏n

i=1[1 − (1 − σ)aibi] ‖x1 − x∗‖
(4.5)

where 0 < σ = (1 − rqη + cρqsq)
1
q < 1.

Since 0 < σ < 1 and
∑∞

n=1 anbn = ∞, thus by Lemma 2.3,

∞∏

i=1

[1 − (1 − σ)aibi] = 0

Hence, the sequence {xn} converges to x∗ by (4.5), and the sequence {yn}
converges to y∗ by (4.4).

Remark 4.1. Theorem 4.1 extends and improves the main results in Verma[1]
from Hilbert space to q−uniformly smooth Banach space.

The following theorems can be obtained from Theorem 4.1 immediately.

Theorem 4.2. Let X be a real q−uniformly smooth Banach, and K be a
nonempty closed convex subset of X and T : K → X be a strongly accre-
tive with a constant r and s−Lipschitz continuous mapping. PK : X → K
sunny nonexpansive retraction mapping. Suppose that x∗, y∗ ∈ K form a so-
lution to the SNVI problem (1.1) and (1.2), the sequences {xn}, {yn} are gen-
erated by Algorithm 3.2 and an, bn ∈ [0, 1],

∑∞
n=0 anbn = ∞. Then, sequences

{xn}, {yn}, respectively, converge to x∗ and y∗ for

0 < ρq−1 <
rq

csq
, 0 < ηq−1 <

rq

csq
.

Remark 4.2. Theorem 4.2 extends and improves Theorem 2.1 in Verma[2] from
Hilbert space to q−uniformly smooth Banach space.

Theorem 4.3. Let X be a real q−uniformly smooth Banach, and K be a
nonempty closed convex subset of X and T : K → X be a strongly accretive
with a constant r and s−Lipschitz continuous mapping. PK : X → K sunny
nonexpansive retraction mapping. Suppose that x∗, y∗ ∈ K form a solution to
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the SNVI problem (1.3), the sequences {xn} are generated by Algorithm 3.3
and an ∈ [0, 1],

∑∞
n=0 an = ∞. Then, sequences {xn} converge to x∗ for

0 < ρq−1 <
rq

csq
.
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