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Abstract

Let V be a variety of groups. Baer-invariant VM (—) is a functor from
the category of all groups, Group, to the category of all abelian groups,
Ab. In this paper, we show some functional properties of the polynilpo-
tent multiplier of a group G of class row (c1,...,¢), Ny, oo M(G). In
fact, by using some results of the author and others, we try to concen-
trate on the commutativity of the above functor with the two famous

functors Ext and Tor.
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1. Introduction
Let G be a group with a free presentation
l—R—F —G—1,

where F'is a free group and R a normal subgroup of F' such that the above

sequence is exact. Then the Baer-invariant of G, after R. Baer [1], with respect
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to the variety V, denoted by VM (G), is defined to be

V) = )

where V(F) is the verbal subgroup of F' with respect to V, as
{o(fi,--,-, f) |veEV, ;e F,1<i<s},

and

V(RaF) =< U(fl?"‘ufi—lufir7f’i+17"'ufn)v(fh”‘7fi7"'f7’b)_1 | TER’
1<i<nveV fie FFneN>.

It can be proved that the Baer-invariant of a group G is independent of the
choice of the presentation of G and it is always an abelian group (See [7]).

In particular, if V is the variety of abelian groups, A, then the Baer-
invariant of G will be (RN F')/[R, F|, which, following Hopf [5], is isomorphic
to the second cohomology group of G, Hs(G,C*), in finite case, and also is
isomorphic to the well-known notion the Schur multiplier of GG, denoted by
M(G)(see [14, 15].

If V is the variety of nilpotent groups of class at most ¢ > 1, N, then the

Baer-invariant of the group G will be

RO yeqr (F
NoM(G) = Fpe)
where .11 (F) is the (c+1)st term of the lower central series of F' and [R,; F| =
[R,F] , [R,. F] = [[R,c—1 F], F], inductively. The above notion is also called
the c-nilpotent multiplier of G and denoted by M) (G) (see [7]).
IfV =N,
then

e, the variety of polynilpotent groups of class row (cy, ..., ¢),

.....

RN Yer+1© -+ O 701+1(F)

W M(G) =
( ) [Raq F702 PYC1+1(F)7 "o Ve 419000 O PYC1+1(F)]

?

.....

where 7¢,41 0+ 0 Yo 41(F) = Yers1 (Vo1 (- (Ve 41(F)) - - ) are the terms
of iterated lower central series of F. See [4, corollary 6.14] for the following

equality

NCl ----- Ct(R7 F) = [R’m F762 ’761+1(F)7 < ser Yep14109 ... 0 701+1(F)]‘
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We shall also call N, ., M(G), the (ci, ..., c¢)-polynilpotent multiplier of G.

Definition 1.1 [2]

The notion of basic commutators on letters x1,xo,...,2,,..., are defined
as follows:
(1) The letters xq, o, ..., Ty, ... are basic commutators of weight one, ordered

by setting x; < z; if i < j.
(i7) If basic commutators ¢; of weight wt(c;) < k are defined and ordered, then
define basic commutators of weight k by the following rules:
[c;, ¢;] is a basic commutator of weight & if
1. wt(e;) + wt(c;) =k
2. ¢ >¢j,
3. if ¢; = [¢s, 1), then ¢; > ¢ .
Then continue the order by setting ¢ > ¢; whenever wt(c) > wt(c¢;) and fixing

any order amongst those of weight k£ and finally numbering them in order.

Theorem 1.2 (P.Hall |2, 3])

Let F =< x1,x9,...,24 > be a free group, then
n(F

Yu(F) C1<i<n
Ynti(F)

is the free abelian group freely generated by the basic commutators of weights

n,n+1,...,n+1—1 on the letters {zy,...,24}.

Theorem 1.3 (Witt Formula [3])
The number of basic commutators of weight n on d generators is given by

the following formula:

Xald) = = 3 )/

mln

where p(m) is the Mobious function, and defined to be

1 if m =1,
u(im) =14 0 if m=p"...p* Ja; > 1,
(—=1)* if m=p;...ps,
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Our main results are as follows that they are the generalization of [9].

Theorem A. Let NV, .,
(c1,¢o,...,¢;) and G be a finitely generated abelian group. Then for all n > 0

¢, be the polynilpotent variety of class row

-----

-----

If G is finite,
Ncm:z ----- CtM(Ext%(G, Zm)) = EItTZL(NCL(Q ----- aM(G), Zm)‘

Theorem B. If G is a finite abelian group and N, .,.. ., be the polynilpo-

tent variety of class row (cy, ¢, ..., ¢), then for all n > 0

,,,,,

(i) N01,02 ----- CtM(TOTT%(G7 Zn)) = TOTS ('/\/:317C2 ----- aM(G), Zp).
2. Elementary Results

The following theorem permits us to look at the notion of the Baer-invariant

as a functor.

Theorem 2.1
Let V be an arbitrary variety of groups. Then, using the notion of the Baer-
invariant, we can consider the following covariant functor from the category of

all groups, Group, to the category of all abelian groups, Ab
VM(—=) : Group — Ab ,

which assigns to any group G the abelian group VM(G).
Proof. See [7]. O
In [8] have been shown that the Baer-invariant functor is not additive nor

right and left exact even if we restrict ourself to abelian groups.

In 1952, C. Miller [13] proved that the Schur multiplier of a free prod-
uct is isomorphic to the direct sum of the Schur multipliers of the free fac-

tors. In other words, he proved that the Schur multiplier functor M(—) is
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coproduct-preserving. But the second nilpotent multiplier functor, NoM(—),
is mot coproduct preserving, in general [8]. Also, in 1980 M.R.R. Moghaddam
[12] proved that in general, the Baer-invariant functor commutes with direct

limit of a directed system of groups.

Theorem 2.2 (M.R.R. Moghaddam [12])
Let {Gy;al, I} be a direct system of groups and V an arbitrary variety of
groups. Then
VM (G 2 VM(G) .
In the rest, we need an explicit formula for the polynilpotent multiplier of
a finitely generated abelian groups which is recently proved by B. Mashayekhy

and M. Parvizi as follows.

Theorem 2.3 (B. Mashayekhy and M. Parvizi [11])

Let NV, ¢,...c, be the polynilpotent variety of class row (ci,co,...,¢) and
G~z™ ®Z,, ®...BZ,, beafinitely generated abelian group, where n;1 | n;
for all 1 <1< k—1. Then an explicit structure of the polynilpotent multiplier

of G is as follows
NCLCQ,...,CtM(G) o~ Z(fn) @ Zg’bfl‘nJrl_fn) @ . @ Z%];n—&-k_fn-}—k—l)

where f; = Xey11(Xep121(- o (Xeyr1(2)) .. .)) foralln < i <n+ k.
In Theorem 2.3 consider t = 1 and n = 0, then we immediately conclude

the following theorem which it is obtained in 1997 as follows.

Theorem 2.4 (B. Mashayekhy and M.R.R. Moghaddam [10])

Let G =22y, ®Zy, & ... 7Z,,, be a finite abelian group, where n;1|n; for
all 1 <i<k—1and k > 2. Then, for all ¢ > 1, the c-nilpotent multiplier of
G is

/\fCM(G) ~ Z%cﬁl(?)) o Z51>§CI+1(3)—XC1+1(2)) O...® Z%cﬁl(k)—xcﬁl(k—l))'

By using Theorem 2.4, one can see that the c-nilpotent multiplier functors

can preserve every elementary abelian p-group.
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3. Main Results

In this section, we will see the behaviour of the functor Nci, ..., ¢;) M (—) with
the functors Ext} (A, —), Extg(—, A) and Tor%(A, —). We know for all n > 2,
Tor%(A,B) = 0 and Ext}(A, B) = 0 (see [16]). So, we concentrate ourselves

on n =0, 1. First, we need the following lemmas.

Lemma 3.1

For any abelian groups A and B, we have
(i) Exty(Z/mZ,B) = B/mB.
(17) If A and B are finite abelian groups, then

Exty(A, B) 2 Exty(B, A).

(iii) Tor%(Z/mZ, B) = B[m], where Blm] = {b € B : mb = 0}.
(iv) Tor%(A, B) = Tor%(B, A).
Proof. See [16, Chapters 7, 8|. O

Lemma 3.2

Let A and {By}rer be abelian groups. Then for all n > 0 the following
isomorphism hold.
(1) Baty (A, [Tres Br) = [res Exty (A, Br), Exty (e B, A) = e Extz (B, A).
(i4) Tor(A, T ey Bi) = [es TorZ(A, By), Tor? (U ye; Bro A) = [Lpe; TorZ(Bi, A).
Proof. See [16]. O
Ext}(Z,,,—), and Tor%(Z,,,—) for all n > 2, by lemma 3.2. Now we are
going to pay our attention to the functors of Ext}(Z,,, —), Exty(—,Z,,) and
Tor?(Z,,, —).

Theorem 3.3
Let G 2 ZM @ Zy, ©Zy,®...®Z,,, be a finitely generated abelian group,
where n > 0, n;1q1|n; for all 1 < i < k — 1. Then, for all (¢, ¢o,...,¢), the

following isomorphisms hold.
(1) Nevorowed M(Bty (2, @) = 2 & (@ 0, 200 7).

(mvni)
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(@Z 1an-m Frti- 1))

(myny)

i) Bty (Zm, Ng, ¢

-----

( ) =

() Ny o MG Z,)) = @zz Qngn{Z V.
(iv) Extz(/\/cm ..... W M(G), Z) 2 @ Y 2SI,

(0) Nevezyonee M(TorE(Zn, G)) = & 01, 20 1.

(V1) TOrZ (Zun, Noy e M(G)) 2 @ Y0 ZTmi i),

Proof. (i) By Lemma 3.3(i), E:z:tZ(Z/mZ,Z) = Z/mZ = Z,,. Now by

(m n;
using Lemmas 3.3(i) and 3.2(i), we have

@

-----

k
Exty(Zn, G) = (Exty(Zm, 2))™ & (0> Eaty(Zm, Zn,))

=1

~ 7" @ @Zz mZy,) =70 @ ( @szm
Now, by Theorem 2.2 and noting that (m, n;1)|(m, nz)|m we have
Ner o M(Ety(Zn, G))

o~ Z7(7}:2*f1) D Z%s*fz) D...P Z(fn fn-1) @ 7, (fnt1=fn) ®...D 7tk = fnti-1)

(m,n1) (m,ng)

~7 @szn-m Frti- 1)

(myny)

(77) By Theorem 3.1 and Lemmas 3.3(1) and 3.2(i), we have

Exty(Z, Ne, e,

-----

k
>~ (Exty(Zm, Z))(fn) P (@ Z(Eﬂﬂflz(zm, Zni))(fn-!—i_fn-!—i—l))

~7 (@ i 7 (fnti—fntiza

(myny)

(77i) and (iv) By similar methods of (2) and (7).
(v) By Lemmas 3.3(ii) and 3.2(ii) we have

z z
Tor?(Z, G) = (Tor? (Zm, )™ & (0 Torf(Zum, Zn,)) = @Y _ Zy,[m].
i=1 i=1
Note that Tor%(Z,,,Z) = 1 and Z,[m] = Z,, ). So we have Tor%(Z,,, G) =

® Zle Z (1 n,)- Now by Theorem 2.2 the result holds.
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(vi) Again by using Theorem 3.1 and Lemmas 3.3(ii) and 3.2(ii), we have

k
Tor%(Zun, Noy i M(G)) 2 (T0rE(Zy, 2)) (@Y Tor? (L, B2

=1

fn+z fn+z 1) D

mnl

||2
i M =

This theorem means that the polynilpotent multiplier functors of class row
C1,Cay -y Cty Ney oy M (=) do not commute with Tor?(Z,,, —) and Exty(—, Z,,)

in infinite case.
Now you can find the proof of main results of the paper.

Proof A. (i) It is clear by parts (i), (i7) of the previous theorem.

(#7) The parts (iii) and (iv) of the previous theorem conclude the result. O

Proof B. Since G is infinite, so n > 1. Hence the result holds by the

previous theorem parts (v) and (vi). The second part is similar to first one. O

We know that Hom(Z,,,Z) = 1 and Hom(Z,Z,,) = Z,,. So by simi-
lar methods of Theorem 3.4 we are going to look at the behaviour of functor
N eanee M(—) with Bzt (Zy,, —) = Hom(Z,, —), Exty(—, Zy,) = Hom(—, Z,)
and Tor(Z,,, —) = Z,, ® — as the following theorem.

Theorem 3.5

For any finitely generated abelian group G 2 Z™ @ Z,,, ®Z,, ®...® Z,,,
we have
(4) -/vcl o M(Hom(Zy,, G) = Z(fQ) D...D Z( —fr— 1)'

(ZZ) Hom(Zm,N01 s M(G)) Z(f"+1 f") D...D Z(fn+k frtk— 1)

(m,m1) (m,ng)

oM (Hom(Z,,, G) >~ Hom(Zpm, N, c,
W M(Hom(Zy,, G) % Hom(Zp, N, o

-----
-----

-----

..........

(iv)
/\/’61,02 ----- CtM(Hom(G7 Z,))= Hom(NCLC2 ----- aM(G), Zm)
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o~ Z(fn) ® Z(fn+1—fn) @ ® Z(fn-!—k_fn-&-k—l)‘

m (m,n1) T (m,ng)

o~ Z(fn) ® Z(fn+1—fn) S... D Z(fn-!—k_fn-&-k—l)‘

(m,n1) (m,ng)
Now, in the following we are going to show that our conditions in the

previous results are essential. In general case Fxty (A, —), Exty(—, A) and

-----

i=0,1.

Example (i). Let A= Z,$Z; and G = Z,, B Z,, where n|m and m|(r, s).
Then

.....

-----

the polynilpotent functor does not commute with the following functors:
Eati,(A,—), Eatiy(—, A), Tor%(A,—) for i =0, 1.

Example (ii). Hom(S,, Zs) = Zo, for n > 2. Also we know that M(S,) =
Z,, for each n > 4, see [6, theorem 2.12.3]. Thus

M(Hom(Zs, S,)) = M(Hom(S,,Zs)) = 1

%7y = Hom(M(S,),Zs) = Hom(Zy, M(S,)).

M(S, ®Zy)) =2 1% Zy = M(S,) ® Zs.

References

[1] R. Baer, Representations of groups as quotient groups, I-IIT Trans. Amer.
Math. Soc, 58 (1945), 295 -419.

[2] P. Hall, The classification of prime power groups, J. Reine Angew. Math,
182 (1940), 130 -141.



900

3]

[4]

[5]

[10]

[11]

[12]

[13]

Mahboobeh Alizadeh Sanati

P. Hall, Nilpotent Groups, Cand. Math. Congress, Univ. of Alberta
(1957). Queen Mary College Math. Notes, London (1970).

N.S. Hekster, Varieties of groups and isologisms, J. Austral. Math. Soc.
(Series A) 46 (1989), 22 -60.

H. Hopf, Fundamental gruppe und zweite bettische gruppe, Comment.
Math. Helvetici 14 (1942), 257 -309.

G. Karpilovsky, The Schur Multiplier, London Math. Soc. Monographs
(N.S.), Vol. 2, Oxford Univ. Press, London (1987).

C. R. Leedham-Green and S. McKay, Baer-invariant, isologism, varietal
laws and homology, Acta Math. 137 (1976), 99 -150.

B. Mashayekhy, On the nilpotent multiplier of a free product, Bull. Iran
Math. Soc. 28:2 (2002), 49 -56.

B. Mashayekhy and M. Alizadeh Sanati, Some Functorial Properties of
Nilpotent Multipliers, International J. of Mathematics Game Theory and
Algebra, 13:2 (2003), 129 -132.

B. Mashayekhy and M. R. R. Moghaddam, Higher Schur multiplicator of
a finite abelian group, Algebra Colloquium 4:3 (1997), 317 -322.

B. Mashayekhy and M. Parvizi, Polynilpotent Multipliers of Finitely Gen-
erated Abelian Groups, International Journal of Mathematics, Game The-
ory and Algebra 16:2 (2006), 93 -102.

M. R. R. Moghaddam, The Baer-invariant and the direct limit, Mh. Math.
90 (1980), 37 -43.

C. Miller, The second homology group of a group; relation among com-
mutators, Proc. Amer. Math. Soc. 3 (1952), 588 -95.

I. Schur, Uber die darstellung der endlichen gruppen durch gebrochene
lineare substitutionen, J. Reine Angew. Math. 127 (1904), 20 -50.



Functorial properties of polynilpotent multipliers 901

[15] I. Schur, Untersuchungen iiber die darstellung der endlichen gruppen
durch gebrochene lineare substitutionen, J. Reine Angew. Math. 132
(1907), 85 -137.

[16] L.R. Vermani, An Elementary Approach to Homological Algebra, New
York, A CRC Press Company (2003).

Received: January 7, 2007



