
Int. J. Contemp. Math. Sciences, Vol. 2, 2007, no. 18, 891 - 901

On Functorial Properties

of Polynilpotent Multipliers

Mahboobeh Alizadeh Sanati

Department of Sciences

Golestan University, Gorgan, Iran

malizadeh@gau.ac.ir

Abstract

Let V be a variety of groups. Baer-invariant VM(−) is a functor from

the category of all groups, Group, to the category of all abelian groups,

Ab. In this paper, we show some functional properties of the polynilpo-

tent multiplier of a group G of class row (c1, . . . , ct), Nc1,...,ctM(G). In

fact, by using some results of the author and others, we try to concen-

trate on the commutativity of the above functor with the two famous

functors Ext and Tor.
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1. Introduction

Let G be a group with a free presentation

1 −→ R −→ F −→ G −→ 1 ,

where F is a free group and R a normal subgroup of F such that the above

sequence is exact. Then the Baer-invariant of G, after R. Baer [1], with respect
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to the variety V, denoted by VM(G), is defined to be

VM(G) =
R ∩ V (F )

V (R, F )
,

where V (F ) is the verbal subgroup of F with respect to V, as

{v(f1, · · · , · · · , fs) | v ∈ V, fi ∈ F, 1 ≤ i ≤ s},

and

V (R, F ) =< v(f1, . . . , fi−1, fir, fi+1, . . . , fn)v(f1, . . . , fi, . . . fn)−1 | r ∈ R,

1 ≤ i ≤ n, v ∈ V, fi ∈ F, n ∈ N > .

It can be proved that the Baer-invariant of a group G is independent of the

choice of the presentation of G and it is always an abelian group (See [7]).

In particular, if V is the variety of abelian groups, A, then the Baer-

invariant of G will be (R∩F ′)/[R, F ], which, following Hopf [5], is isomorphic

to the second cohomology group of G, H2(G,C∗), in finite case, and also is

isomorphic to the well-known notion the Schur multiplier of G, denoted by

M(G)(see [14, 15].

If V is the variety of nilpotent groups of class at most c ≥ 1, Nc, then the

Baer-invariant of the group G will be

NcM(G) =
R ∩ γc+1(F )

[R, cF ]
,

where γc+1(F ) is the (c+1)st term of the lower central series of F and [R,1 F ] =

[R, F ] , [R,c F ] = [[R,c−1 F ], F ], inductively. The above notion is also called

the c-nilpotent multiplier of G and denoted by M (c)(G) (see [7]).

If V = Nc1,...,ct , the variety of polynilpotent groups of class row (c1, . . . , ct),

then

Nc1,...,ctM(G) =
R ∩ γct+1 ◦ · · · ◦ γc1+1(F )

[R,c1 F,c2 γc1+1(F ), · · · ,ct γct−1+1 ◦ · · · ◦ γc1+1(F )]
,

where γct+1 ◦ · · · ◦ γc1+1(F ) = γct+1(γct−1+1(· · · (γc1+1(F )) · · ·)) are the terms

of iterated lower central series of F . See [4, corollary 6.14] for the following

equality

Nc1,...,ct(R, F ) = [R,c1 F,c2 γc1+1(F ), . . . ,ct γct−1+1 ◦ . . . ◦ γc1+1(F )].
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We shall also call Nc1,...,ctM(G), the (c1, . . . , ct)-polynilpotent multiplier of G.

Definition 1.1 [2]

The notion of basic commutators on letters x1, x2, . . . , xn, . . ., are defined

as follows:

(i) The letters x1, x2, . . . , xn, . . . are basic commutators of weight one, ordered

by setting xi < xj if i < j.

(ii) If basic commutators ci of weight wt(ci) < k are defined and ordered, then

define basic commutators of weight k by the following rules:

[ci, cj ] is a basic commutator of weight k if

1. wt(ci) + wt(cj) = k ,

2. ci > cj ,

3. if ci = [cs, ct], then cj ≥ ct .

Then continue the order by setting c > ci whenever wt(c) > wt(ci) and fixing

any order amongst those of weight k and finally numbering them in order.

Theorem 1.2 (P.Hall [2, 3])

Let F =< x1, x2, . . . , xd > be a free group, then

γn(F )

γn+i(F )
, 1 ≤ i ≤ n

is the free abelian group freely generated by the basic commutators of weights

n, n + 1, . . . , n + i − 1 on the letters {x1, . . . , xd}.

Theorem 1.3 (Witt Formula [3])

The number of basic commutators of weight n on d generators is given by

the following formula:

χn(d) =
1

n

∑
m|n

μ(m)dn/m

where μ(m) is the Mobious function, and defined to be

μ(m) =

⎧⎪⎪⎨
⎪⎪⎩

1 if m = 1,

0 if m = pα1
1 . . . pαk

k ∃αi > 1,

(−1)s if m = p1 . . . ps,
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Our main results are as follows that they are the generalization of [9].

Theorem A. Let Nc1,c2,...,ct be the polynilpotent variety of class row

(c1, c2, . . . , ct) and G be a finitely generated abelian group. Then for all n ≥ 0

Nc1,c2,...,ctM(ExtnZ(Zm, G)) ∼= ExtnZ(Zm,Nc1,c2,...,ctM(G)).

If G is finite,

Nc1,c2,...,ctM(ExtnZ(G,Zm)) ∼= ExtnZ(Nc1,c2,...,ctM(G),Zm).

Theorem B. If G is a finite abelian group and Nc1,c2,...,ct be the polynilpo-

tent variety of class row (c1, c2, . . . , ct), then for all n ≥ 0

(i) Nc1,c2,...,ctM(TorZ
n (Zm, G)) ∼= TorZ

n (Zm,Nc1,c2,...,ctM(G)).

(ii) Nc1,c2,...,ctM(TorZ
n (G,Zm)) ∼= TorZ

n (Nc1,c2,...,ctM(G),Zm).

2. Elementary Results

The following theorem permits us to look at the notion of the Baer-invariant

as a functor.

Theorem 2.1

Let V be an arbitrary variety of groups. Then, using the notion of the Baer-

invariant, we can consider the following covariant functor from the category of

all groups, Group, to the category of all abelian groups, Ab

VM(−) : Group −→ Ab ,

which assigns to any group G the abelian group VM(G).

Proof. See [7]. �

In [8] have been shown that the Baer-invariant functor is not additive nor

right and left exact even if we restrict ourself to abelian groups.

In 1952, C. Miller [13] proved that the Schur multiplier of a free prod-

uct is isomorphic to the direct sum of the Schur multipliers of the free fac-

tors. In other words, he proved that the Schur multiplier functor M(−) is
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coproduct-preserving. But the second nilpotent multiplier functor, N2M(−),

is not coproduct preserving, in general [8]. Also, in 1980 M.R.R. Moghaddam

[12] proved that in general, the Baer-invariant functor commutes with direct

limit of a directed system of groups.

Theorem 2.2 (M.R.R. Moghaddam [12])

Let {Gi; α
j
i , I} be a direct system of groups and V an arbitrary variety of

groups. Then

VM(
lim→ Gi) ∼=lim→ VM(Gi) .

In the rest, we need an explicit formula for the polynilpotent multiplier of

a finitely generated abelian groups which is recently proved by B. Mashayekhy

and M. Parvizi as follows.

Theorem 2.3 (B. Mashayekhy and M. Parvizi [11])

Let Nc1,c2,...,ct be the polynilpotent variety of class row (c1, c2, . . . , ct) and

G ∼= Z(n)⊕Zn1⊕. . .⊕Znk
be a finitely generated abelian group, where ni+1 | ni

for all 1 ≤ ı ≤ k−1. Then an explicit structure of the polynilpotent multiplier

of G is as follows

Nc1,c2,...,ctM(G) ∼= Z(fn) ⊕ Z(fn+1−fn)
n1

⊕ . . . ⊕ Z(fn+k−fn+k−1)
nk

,

where fi = χct+1(χct−1+1(. . . (χc1+1(i)) . . .)) for all n ≤ i ≤ n + k.

In Theorem 2.3 consider t = 1 and n = 0, then we immediately conclude

the following theorem which it is obtained in 1997 as follows.

Theorem 2.4 (B. Mashayekhy and M.R.R. Moghaddam [10])

Let G ∼= Zn1 ⊕Zn2 ⊕ . . .⊕Znk
, be a finite abelian group, where ni+1|ni for

all 1 ≤ i ≤ k − 1 and k ≥ 2. Then, for all c ≥ 1, the c-nilpotent multiplier of

G is

NcM(G) ∼= Z
(χc1+1(2))
n2 ⊕ Z

(χc1+1(3)−χc1+1(2))
n3 ⊕ . . . ⊕ Z

(χc1+1(k)−χc1+1(k−1))
nk .

By using Theorem 2.4, one can see that the c-nilpotent multiplier functors

can preserve every elementary abelian p-group.
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3. Main Results

In this section, we will see the behaviour of the functor N(c1, . . . , ct)M(−) with

the functors ExtnZ(A,−), ExtnZ(−, A) and TorZ
n (A,−). We know for all n ≥ 2,

TorZ
n (A, B) = 0 and ExtnZ(A, B) = 0 (see [16]). So, we concentrate ourselves

on n = 0, 1. First, we need the following lemmas.

Lemma 3.1

For any abelian groups A and B, we have

(i) Ext1Z(Z/mZ, B) ∼= B/mB.

(ii) If A and B are finite abelian groups, then

Ext1Z(A, B) ∼= Ext1Z(B, A).

(iii) TorZ
1 (Z/mZ, B) ∼= B[m], where B[m] = {b ∈ B : mb = 0}.

(iv) TorZ
1 (A, B) ∼= TorZ

1 (B, A).

Proof. See [16, Chapters 7, 8]. �

Lemma 3.2

Let A and {Bk}k∈I be abelian groups. Then for all n ≥ 0 the following

isomorphism hold.

(i) ExtnZ(A,
∏

k∈I Bk) ∼=
∏

k∈I ExtnZ(A,Bk), ExtnZ(
∐

k∈I Bk, A) ∼= ∏
k∈I ExtnZ(Bk, A).

(ii) TorZ
n (A,

∐
k∈I Bk) ∼=

∐
k∈I TorZ

n (A,Bk), TorZ
n (

∐
k∈I Bk, A) ∼= ∐

k∈I TorZ
n (Bk, A).

Proof. See [16]. �

It is obvious that the functor Nc1,c2,...,ctM(−) commutes with the functors

ExtnZ(Zm,−), and TorZ
n (Zm,−) for all n ≥ 2, by lemma 3.2. Now we are

going to pay our attention to the functors of Ext1Z(Zm,−), Ext1Z(−,Zm) and

TorZ
1 (Zm,−).

Theorem 3.3

Let G ∼= Z(n)⊕Zn1 ⊕Zn2 ⊕ . . .⊕Znk
, be a finitely generated abelian group,

where n ≥ 0, ni+1|ni for all 1 ≤ i ≤ k − 1. Then, for all (c1, c2, . . . , ct), the

following isomorphisms hold.

(i) Nc1,c2,...,ctM(Ext1Z(Zm, G)) ∼= Z
(fn)
m ⊕ (⊕∑k

i=1 Z
(fn+i−fn+i−1)
(m,ni)

).
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(ii) Ext1Z(Zm,Nc1,c2,...,ctM(G)) ∼= Z
(fn)
m ⊕ (⊕∑k

i=1 Z
(fn+i−fn+i−1)
(m,ni)

).

(iii) Nc1,c2,...,ctM(Ext1Z(G,Zm)) ∼= ⊕∑k
i=2 Z

(fi−fi−1)
(m,ni)

.

(iv) Ext1Z(Nc1,c2,...,ctM(G),Zm) ∼= ⊕∑k
i=1 Z

(fn+i−fn+i−1)
(m,ni)

.

(v) Nc1,c2,...,ctM(TorZ
1 (Zm, G)) ∼= ⊕∑k

i=2 Z
(fi−fi−1)
(m,ni)

.

(vi) TorZ
1 (Zm,Nc1,c2,...,ctM(G)) ∼= ⊕∑k

i=1 Z
(fn+i−fn+i−1)
(m,ni)

.

Proof. (i) By Lemma 3.3(i), Ext1Z(Z/mZ,Z) ∼= Z/mZ ∼= Zm. Now by

using Lemmas 3.3(i) and 3.2(i), we have

Ext1Z(Zm, G) ∼= (Ext1Z(Zm,Z))(n) ⊕ (⊕
k∑

i=1

Ext1Z(Zm,Zni
))

∼= Z(n)
m ⊕ (⊕

k∑
i=1

Zni
/mZni

) ∼= Z(n)
m ⊕ (⊕

k∑
i=1

Z(m,ni)).

Now, by Theorem 2.2 and noting that (m, ni+1)|(m, ni)|m we have

Nc1,c2,...,ctM(Ext1Z(Zm, G))

∼= Z(f2−f1)
m ⊕ Z(f3−f2)

m ⊕ . . . ⊕ Z(fn−fn−1)
m ⊕ Z

(fn+1−fn)
(m,n1) ⊕ . . . ⊕ Z

(fn+k−fn+k−1)

(m,nk)

∼= Z(fn)
m ⊕ (⊕

k∑
i=1

Z
(fn+i−fn+i−1)
(m,ni)

).

(ii) By Theorem 3.1 and Lemmas 3.3(i) and 3.2(i), we have

Ext1Z(Zm,Nc1,c2,...,ctM(G))

∼= (Ext1Z(Zm,Z))(fn) ⊕ (⊕
k∑

i=1

(Ext1Z(Zm,Zni
))(fn+i−fn+i−1))

∼= Z(fn)
m ⊕ (⊕

k∑
i=1

Z
(fn+i−fn+i−1)
(m,ni)

).

(iii) and (iv) By similar methods of (i) and (ii).

(v) By Lemmas 3.3(ii) and 3.2(ii) we have

TorZ
1 (Zm, G) ∼= (TorZ

1 (Zm,Z))(n) ⊕ (⊕
k∑

i=1

TorZ
1 (Zm,Zni

)) ∼= ⊕
k∑

i=1

Zni
[m].

Note that TorZ
1 (Zm,Z) ∼= 1 and Zn[m] ∼= Z(m,n). So we have TorZ

1 (Zm, G) ∼=
⊕∑k

i=1 Z(m,ni). Now by Theorem 2.2 the result holds.
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(vi) Again by using Theorem 3.1 and Lemmas 3.3(ii) and 3.2(ii), we have

TorZ
1 (Zm,Nc1,c2,...,ctM(G)) ∼= (TorZ

1 (Zm,Z))(fn)⊕(⊕
k∑

i=1

TorZ
1 (Zm,Z(fn+i−fn+i−1)

ni
)

∼= ⊕
k∑

i=1

Z
(fn+i−fn+i−1)
(m,ni)

. �

This theorem means that the polynilpotent multiplier functors of class row

c1, c2, . . . , ct, Nc1,c2,...,ctM(−) do not commute with TorZ
1 (Zm,−) and Ext1Z(−,Zm)

in infinite case.

Now you can find the proof of main results of the paper.

Proof A. (i) It is clear by parts (i), (ii) of the previous theorem.

(ii) The parts (iii) and (iv) of the previous theorem conclude the result. �

Proof B. Since G is infinite, so n ≥ 1. Hence the result holds by the

previous theorem parts (v) and (vi). The second part is similar to first one. �

We know that Hom(Zm,Z) ∼= 1 and Hom(Z,Zm) ∼= Zm. So by simi-

lar methods of Theorem 3.4 we are going to look at the behaviour of functor

Nc1,c2,...,ctM(−) with Ext0Z(Zm,−) = Hom(Zm,−), Ext0Z(−,Zm) = Hom(−,Zm)

and TorZ
0 (Zm,−) = Zm ⊗− as the following theorem.

Theorem 3.5

For any finitely generated abelian group G ∼= Z(n) ⊕Zn1 ⊕Zn2 ⊕ . . .⊕Znk
,

we have

(i) Nc1,c2,...,ctM(Hom(Zm, G) ∼= Z
(f2)
(m,n2) ⊕ . . . ⊕ Z

(fk−fk−1)

(m,nk) .

(ii) Hom(Zm,Nc1,c2,...,ctM(G)) ∼= Z
(fn+1−fn)
(m,n1) ⊕ . . . ⊕ Z

(fn+k−fn+k−1)

(m,nk) .

(iii)If G is finite, then Nc1,c2,...,ctM(Hom(Zm, G) ∼= Hom(Zm,Nc1,c2,...,ctM(G)).

If G is infinite, then Nc1,c2,...,ctM(Hom(Zm, G) �∼= Hom(Zm,Nc1,c2,...,ctM(G)).

(iv)

Nc1,c2,...,ctM(Hom(G,Zm)) ∼= Hom(Nc1,c2,...,ctM(G),Zm)
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∼= Z(fn)
m ⊕ Z

(fn+1−fn)
(m,n1) ⊕ . . . ⊕ Z

(fn+k−fn+k−1)

(m,nk) .

(v)

Nc1,c2,...,ctM(Zm ⊗ G) ∼= Zm ⊗Nc1,c2,...,ctM(G)

∼= Z(fn)
m ⊕ Z

(fn+1−fn)
(m,n1) ⊕ . . . ⊕ Z

(fn+k−fn+k−1)

(m,nk) .

Now, in the following we are going to show that our conditions in the

previous results are essential. In general case ExtiZ(A,−), ExtiZ(−, A) and

TorZ
i (A,−), where A is not cyclic, do not commute with Nc1,c2,...,ctM(−), for

i = 0, 1.

Example (i). Let A ∼= Zr ⊕Zs and G ∼= Zm⊕Zn, where n|m and m|(r, s).
Then

Nc1,c2,...,ctM(Ext1Z(A, G) ∼= Z(f2)
m ⊕Z(f4−f2)

n �∼= Z(2f2)
n

∼= Ext1Z(A,Nc1,c2,...,ctM(G))

i.e the functor Nc1,c2,...,ctM(−) does not commute with Ext1Z(A,−). Similarly

the polynilpotent functor does not commute with the following functors:

ExtiZ(A,−), ExtiZ(−, A), T orZ
i (A,−) for i = 0, 1.

Example (ii). Hom(Sn,Z2) ∼= Z2, for n ≥ 2. Also we know that M(Sn) ∼=
Z2, for each n ≥ 4, see [6, theorem 2.12.3]. Thus

M(Hom(Z2, Sn)) ∼= M(Hom(Sn,Z2)) ∼= 1

�∼= Z2
∼= Hom(M(Sn),Z2) ∼= Hom(Z2, M(Sn)).

M(Sn ⊗ Z2)) ∼= 1 �∼= Z2
∼= M(Sn) ⊗ Z2.
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